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PREFACE. 



-•o*- 



n^HIS work is prepared to meet the demands of our best 
High Schools and Academies. The plan pursued in 
the development of the subjects is substantially the same 
as that adopted in the author's Inductive Algebra, of 
which this is a revision, but the scope of the treatise has 
been considerably extended, so that it may more fully 
meet the demands of institutions that are preparing 
students for our higher scientific schools, and for advanced 
standing in our colleges. 

It is believed that the treatment of the subject will 
commend itself to teachers on account of its simplicity, 
its clearness, and its thoroughness. The student is led 
by natural and properly graduated exercises to a thor- 
ough comprehension of the principles of the science, and 
then he is given such abundant practice in applying 
them, that they become fixed in the memory, and the 
most rapid progress is secured. 

Improvement in methods of teaching has been very 
great in recent years, and it is necessary, therefore, that 
new text-books should keep pace with the very noticeable 
advance in educational science. This work is prepared 
for the purpose of meeting this demand, and it is con- 
fidently believed that it is constructed upon a plan 
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4 HIGH SCHOOL ALGEBRA. 

which exemplifies the methods of the best teachers of the 
subject. 

In no instance has the theoretical treatment of subjects 
been subordinated to the practical, and yet the theoretical 
is at all times illustrated and enforced by numerous 
practical exercises in which the book abounds. 

The author desires to express his obligations to others 
who have preceded him in preparing text-books upon 
this subject, particularly to the authors of the many 
excellent works which have recently appeared in Eng- 
land. He is also specially indebted to Professor Oliver 
S. Wescott, A.M., of Chicago, 111. His distinguished 
success as a teacher, his keen insight into the depths of 
mathematical science, and his eminently practical views 
of truth have peculiarly fitted him to give wise and 
valuable assistance in the preparation of the book. 

The High School Algebra is submitted to the public 
with the hope that its scientific arrangement, its progres- 
sive development of principles, its accuracy of statements, 
its precision in definition, its clearness in discussion, its 
abundant examples, and its special adaptation for its 
purposes, may meet what is believed to be a popular 
demand. 

WILLIAM J. MILNE. 

State Normal College, 
Albany, N.Y. 
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ALOBBRAIC PROCESSES. 

L Example 1. Two boys had together $21. If the elder 
had twice as much as the younger, how much had each ? 

ARITHMETICAL PROCESS. 

A certain sum = the money the younger had. 

2 times that sum = the money the elder had. 

3 times that sum = the money both had. 
Therefore, 3 times that sum = $ 21. 

The sum = $ 7, what the younger had. 
2 times $ 7 = $ 14, what the elder had. 

The above process may be abridged by using the letter s for 
the expressions, a certain sum and that sum. In Algebra it is 
common to use the letter a?, or some other one of the last let- 
ters of the alphabet, for a number whose value is to be found. 
Therefore, the following is the 

ALGEBRAIC PROCESS. 

Let X = the money the younger had. 

Then 2aj= the money the elder had. 

And 3 a; = the money both had. 

Therefore, 3 a; = $21. 

xz= J 7, what the younger had. 
2 a; = $ 14, what the elder had. 
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HIGH SCHOOL ALGEBRA. 

2. An Equation is an expression of equality between two 
numbers or quantities. 

Thus, 4 + 7 = 11, and 2x = 16, are equations. 

3. A Problem is a question requiring solution. 

4. A Solution of a problem is a process of finding the result 
sought. 

6. A Statement of a problem is an equation which expresses 
the conditions of the problem. 

Solve algebraically the following : 

2. A man paid $30 for a coat and a vest. If the coat cost 
4 times as much as the vest, what was the cost of each ? 

3. Two boys earned together $36. If James earned 3 
times as much as Henry, how much did each earn ? 

4. A farmer picked 24 bushels of apples from two trees. 
If one tree bore twice as many bushels as the other, how many 
bushels did each bear ? 

5. A and B together furnish $800 capital, of which A fur- 
nishes 3 times as much as B. How much does each furnish ? 

6. A man had 450 sheep in three fields. In the second he 
had twice as many as in the first, and in the third 3 times as 
many as in the second. How many were there in each field ? 

7. Two boys together solved 350 problems, of which William 
solved 4 times as many as Charles. How many did each 
solve ? 

8. A certain number added to itself is equal to 260. What 
is the number ? 

9. A farmer sold a horse and cow for $^50, receiving 4 
times as much for the horse as for the cow. How much did 
he receive for each ? 

10. A has 3 times as many sheep as B, and both have 420. 
How many has each ? 
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11. A farm of 480 acres was divided between a brother and 
a sister, the brother having 3 times as many acres as the sister. 
How many acres had each ? 

12. The greater of two numbers is 5 times the less, and 
their sum is 540. What are the numbers ? 

13. A and B had a joint capital of $ 1750. A furnished 4 
times as much as B. How much did each furnish ? 

14. A farmer raised 1320 bushels of grain. If he raised 
5 times as much corn as wheat, how many bushels of each did 
he raise ? 

15. A farmer raised 1350 bushels of wheat, corn, and rye. 
If he raised twice as much corn as rye, and 3 times as much 
wheat as com, how many bushels of each did he raise ? 

16. A, B, and C contributed f 560 for the relief of the sick. 
A gave a certain sum, B gave twice as much as A, and C gave 
twice as much as B. How much did each give ? 

17. The number 169 can be divided into three integral parts 
such that the second part is 3 times the first, and the third 9 
times thfe first. What are the parts ? 

18. The profits of a business for 3 years were $10,890. 
The second year the gain was twice the gain of the first year, 
and the gain the third year was twice as much as that of both 
previous years. What was the gain the third year ? 

19. The expenses of a manufactory doubled each year for 
three years. The third year they were $ 13,800. What were 
the expenses for each of the other years ? 

20. A lecturer received $ 300 for 2 lectures. For the sec- 
ond lecture he received 3 times as much as he did for the first. 
How much did he receive for each ? 

21. A, B, and C own 10,000 head of cattle. B owns 3 times 
as many as A, and C owns \ as many as are owned by A and 
B. How many does each own ? 

22. A number plus twice itself, plus 3 times itself, plus 4 
times itself, equals 30. What is the number ? 
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23. John has 5 times as many hens as ducks. He has in 
all 12 fowls. How many ducks has he ? 

24. A man has two daughters and one son. He wishes to 
divide $6000 among them so as to give the elder daughter 
twice as much as the younger^ and the son as much as both 
the daughters. How much must he give each ? 

26. Walter has 3 times as many slate-pencils as Albert has 
lead-pencils. The lead-pencils cost 3 cents apiece, and the 
slate-pencils 1 cent apiece, and together they cost 30 cents. 
How many slate-pencils has Walter ? 

26. Divide 36 into 4 parts so that the second shall be 8 
times the first, the third shall be J of the first and second, and 
the fourth shall be i of the other three. 

27. What number added to 5 times itself equals 90 ? 

28. What number added to twice itself, and that sum added 
to 4 times the number, equals 28 ? 

29. What number added to 7 times itself equals 104 ? 

30. A and B enter into partnership to do business. A fur- 
nishes 4 times as much of the capital as B, and both together 
furnish $ 15,500. How much does each furnish ? 

31. A gentleman dying, bequeathed his property of $ 14,400 
as follows : to his son 3 times as much as to his daughter, 
and to his widow twice as much as to both son and daughter. 
What was the share of each ? 

32. A farmer bought some grain for seed — in all, 32 bushels. 
He purchased 3 times as many bushels of oats as of barley, 
and as many bushels of wheat as of oats and barley. How 
many bushels of each kind did he purchase ? 

33. A merchant bought 3 pieces of cloth which together 
measured 144 yards. The second was 3 times as long as the 
first, and the third was 8 times as long as the first. What 
was the length of each piece ? 
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34. A fanner had aa orchard containing 560 trees. The 
number of peach trees was 3 times the number of cherry trees^ 
and the number of apple trees 8 times the number of peach 
trees. How many were there of each kind ? 

36. James has 6 times as much money as John. He finds 
also that he has 30 cents more than John. How much has 
each? 

36. A library contains 10,000 volumes. The books of fic- 
tion are 9 times as many as the scientific works, the books of 
travel and biography each one third as many as the books of 
fiction, and all the other works 4 times as many as the scien- 
tific works. How many books of fiction are there in the 
library ? 

37. Mary had 40 cents more than Sarah, and Mary's money 
is 5 times as much as Sarah's. How much has each ? 

38. A farmer had 217 cattle in three fields. The first field 
contained twice as many as the third, and the second twice as 
many as the first. How many were there in each field ? 

39. The earnings of a manufactory doubled each year. If, 
at the end of four years, they amounted to $ 15,000, what were 
the earnings the first year and the fourth year ? 

40. Three men engaged in business with a joint capital of 
$6000. A furnished three times as much as C, and B fur- 
nished i as much as A and C. How much did each furnish ? 

41. In a certain school there are 600 pupils. The pupils in 
the second class are twice as many as the pupils in the first 
class, the pupils in the third class are as many as in both the 
first and second classes, while the number in the fourth class 
is double the number in the third. How many pupils are there 
in each class ? 

6. Quantity is the amount or extent of any thing. 

Numbers are used to express quantity. In Algebra, however, the word 
quantity is frequently used for the word number. 
Thus 35 gallons expresses a quantity. 
2 a, (x-\- y), 4taz are called quantities in Algebra. 
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7. Known irnmbers, or Qnantitiesy are such as have definite 
values, or those whose vahies are given, or to which any value 
can be assigned. They are represented by figures and first Ut- 
ters of the alphabet. 

Thus, 6, 8, 216, representing given numbers, and a, 6, c, etc., repre- 
senting any numbers, are known numbers, or quantities. 

8. Unknown ITnmbers, or Quantities, are those whose values 
are to be found. They are represented by the last letters of 
the alphabet. 

Thus, 5C, y^ Zf Vj w, etc., are used to represent unknown numbers, or 
quantities. 

9. Algebra is that branch of mathematics which treats of 
general numbers, or quantities, and the nature and use of 
equations. 

The Signs in Algebra are, for the most part, the' same as 
those used in Arithmetic. 

10. The Sign of Addition is an upright cross : +. It is called 
Plus. Placed between quantities, it shows that they are to be 
added. 

Thus, a + & is read a plus h, and means that a and h are to be added. 

11. The Sign of Subtraction is a short horizontal line : — . It 
is called Minus, Placed between two quantities it shows that 
the second is to be subtracted from the first. 

Thus, a — & is read a minus &, and means that & is to be subtracted 
from a. 

12. The Ambiguous Sign is ±, a combination of the sign of 
Addition and the sign of Subtraction. 

Thus, a ±h shows that h may be added to or subtracted from a. 

The signs + and — are sometimes used for other purposes 
besides indicating operations to be performed. Thus, if dis- 
tances east from a given meridian are indicated by the sign -f 
prefixed to the number of degrees, distances west will be indi- 
cated by placing the sign — before the number of degrees. 
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If the sign 4- indicates gain, the sign ~ will indicate loss. 
If degrees of temperature above the zero point are marked 
with the sign -f ^ those below the zero point will be marked 
with the sign — . The signs 4- and — are, therefore, some- 
times, signs of opposition, as well as of operation, 

-4 -3 -2 -1 +1 +2 +3 +4 



13. The Sign of Mnltiplioation is an oblique cross : x . It is 
read multiplied by or times. Placed between two quantities, 
it shows that the one is to be multiplied by the other. 

Multiplication may also be indicated by a dot (•), or by 
writing the literal factors side by side. 

Thus, a y,h,a*b, and ab, show that a is to be multiplied by b. 

14. The Sign of Division is a short horizontal line between 
two dots: -f-. It is read divided by. Placed between two 
quantities, it shows that the one at the left is to be divided by 
the one at the right. 

Division may also be indicated by writing the dividend above 
the divisor, with a line between them. 

Thus, a-^b and - both show that a is to be divided by b, 

b 

15. The Sign of Equality is two short horizontal lines placed 
one above the other: =. It is read equals, or is equal to. 
When it is placed between two equal expressions an Equation 
is formed. 

Thus, a + & = 4 is an equation. 

16. The Signs of Aggregation are : The Parenthesis, ( ) ; the 

Vinculum, ; the Bracket, []; and the Brace, \ ], They 

show that the quantities included by them are to be subjected 
to the same process. 

Thus, (a -\- b)c<t a -{■ b x c, [a + 6]c, or {a + 6}c, show that the sum of 
a and & is to be multiplied by c. 

When quantities are under the vinculum, or are included within any 
of the other signs of aggregation, they are commonly said to be in paren- 
thesis. 
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17. The Sign of Involntioii is a small figure or letter, called an 
Exponent, writteu a little above and to the right of a quantity 
to indicate how many times the quantity is used as a factor. 

Thus, a^ shows that a is to be used as a factor 5 times. 

When no exponent is written, the exponent is 1. 

Thus, a is regarded as a^ ; 6 as 6^. 

An exponent is also called an Index. 

18. A Power of a quantity is the product arising from using 
the quantity a certain number of times as a factor. 

Thus, 4 is the second power of 2 ; a^, the third power of a. j 

Powers are named from the number of times the quantity is 
used as a factor. 

Thus, a^ is read the fifth power of a, or a fifth. 

The second power of a quantity is also called the square^ and the third 
power the cube of the quantity. 

19. A Boot of a quantity is one of the equal factors of the 
quantity. 

Thus, 2 is a root of 4 ; a is a root of a^. 

20. Eoots are named from the number of equal factors into 
which the quantity is separated. 

Thus, one of two equal factors is the second root, one of three equal 
factors the third root, etc. 

The second root of a quantity is also called the square root, and the 
third root the cube root of the quantity. 

21. The Sign of Evolution is V , called the Radical Sign. 
When it is placed before a quantity it shows that a root of 
the quantity is required. 

When no quantity or Index is written at the opening of the 
radical sign, the square root is indicated; if 3, as V^, the 
third root; if 4, as V^, the fourth root, etc. 

Thus, y/a is read the fourth root of a ; \/&, the seventh root of b ; 
y/x^ the wth root of x. 
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22. The Sign .*. is called the Sign of Deduction. It means 
therefm^e or hence, 

23. A Ooefficient is a figure or letter placed before a quan- 
tity to show how many times the quantity is taken. 

Thus, in the expression 7 &, 7 is the coefficient of b, and it shows that 
7 6 is equal tob-\-b-\-b-\-b + b + b-\-b. 

In the expression Sax,S may be regarded as the coefficient of ax, or S a 
may be regarded as the ooefficient of x, 

24. Coefficients expressed by numbers are called ITumeral 
OoefSdents ; those expressed by letters^ Literal Ooefficients ; those 
expressed by figures and letters, Kixed Ooefficients. 

When no coefficient is expressed, the coefficient is 1. 



ALGBBRAIO BXPRBSSIONS. 

25. An Algebraic Expression is the expression of a quantity 
in algebraic language. 

EXERCISES. 



1. Interpret in ordinary language a* 4- 3 Va* — a^. 

Interpretation. — The algebraic expression interpreted or read is, the 
sum of a square and 3 times the square root of the remainder when x 
square is subtracted from a square. Or, the sum of a square and 3 times 
the square root of the quantity a square minus x square. 

Copy and read the following expressions : 

2- « + ^- 9. V^+vff+c. 

3. 36 -a. a; + 4(a?-3y) 

4. a» + 6. 2-V4aj-» 

6. a-V6. ^^- VST6 + a^-4. 

6. a^ + b^<^, 12. ^ + ^ + ^ - 

Wa — {x-\-y) 

7. iia + b)-c. ^^ Sx + v'-V^ 

8. a,* + Vaj* — y. ' 4y*— 2 + 2ajy* 

ALGEBRA. — 2. 
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When a = 1, 6 = 2, c = 3, d = 4, e = 5, find the numerical 
value of each of the following expressions by using the num- 
ber for the letter which represents it : 



Thus, a + 6 + 3(l-e = H-2 + 12-5 = 10. 

1. 3a 4- 6. oo <^ 

2. 2c -6. 



22. ^(a + 6 + c)-Vd. 





3. 3d + a-b. «»• V66 + a + f . 

4. 2<^-a-b. 24. (2 + |)<*- 

^ ' 2e + a 

7. a' + V-d. gg a» + fts + c» + <f-c». 

8. {a + b)d-c. ^ Vd + (o + 6)'-e. 

9. (a + 6)(d-c). jjg („ + ft)(5_„)4„. 

10. (a« + 6')-i-(a + 6). , , 

11. 4(3a-6). . . 

- / ac , 3d\' 

12. 7a (3d -2a). <>• (^^qi^ + TJ' 

13. a6cd(a + 6 4-c-f d). Scfd^ — c*) — a 

14. (a 4-6 + c) (a + 6 + c). ' 2d 4- 6 

15. (d + e-6)-(c-6). 32. ^-.5V(a + c)» 

a 

16. (d — a + c)(e — 6). 

17. (6c + d)-6(a + c). '*• 2Ma' + c')-V(H+^- 

18. (6._a + c) + (c-a). '*• (« + «i)' + «*V(6d + a). 

19. (c + cP-a)-i-(d-6). 36. (^^j-*-- 

20. 26(a + c)(e-c). ^^ g + c^ «fe (a + e)» 

21. 3ad(c — a + d) — e'. ' e b + c 6 



37. 4(a6c-6c) + l^±^±i5±^. 
^ (6 + d) 



38. {[a + 6 xc(d + e) — a] 6}-r-6dV (a + d)'. 
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26. The Terms of an algebraic expression are the parts con- 
nected by 4- or — . 

Thus, in the expression 2a-\-Sx — 2cd, there are three terms. 

27. A Positive Term is one that has the sign 4- before it. 
When the first term of an expression is positive, the sign + 

is usually omitted. 

Thus, in the expression a + 3c — 2d + 5e, the first, second, and fourth 
terms are positive. 

28. A Negative Term is one that has the sign — before it. 

Thus, in the expression 3a — 2(1 — 3c + 2& — e, the second, third, 
and fifth terms are negative. 

29. Similar Terms are such as are formed of the same letters 
with the same exponents. 

Thus, 3 x*^ and 12 x^ are similar terms ; also 2 (a; 4- yy and 4 (x -f yy. 
ax^ and bx^ are similar terms when a and b are regarded as coefficients. 

30. Dissimilar Terms are such as contain different letters, or 
the same letters with different exponents. 

Thus, 3 xy and 2 yz are dissimilar terms, as are also 3 xy and 3 xy^. 

31. A Monomial is an algebraic expression consisting of but 
one term. 

Thus, xy, 3 a6, and 2 y are monomials. 

32. A Polynomial is an algebraic expression consisting of more 
than one term. 

Thus, X'\- y -{- z and 3 a + 2 6 are polynomials. 

33. A Binomial is a name applied to a polynomial of two 
terms. 

Thus, 2 a + 3 6 and x — y are binomials. 

34. A Trinomial is a name applied to a polynomial of three 
terms. 

Thus, x-\-y-\-z and 2a + 36-2c are trinomials. 
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35. 1. How many books are 5 books, 3 books, and 7 books ? 

2. How many 6'« are 46, Sb, 5b, and 26 ? 

3. How many a^a are 3a;, 5a;, 9a;, 13a;, and 10a;? 

4. How many a6'« are 2a6, 3a6, 4a6, 6a6, and 9a6 ? 

6. James has no money, and owes one person 5 cents, 
another 3 cents, and another 2 cents. What is his financial 
condition ? 

6. If the sign — is placed before each sum which he owes, 
what sign should be placed before the entire amount ? 

7. What sign will the sum of negative quantities have? 

8. How many — a'« are — 9a, — 3a, — 7a, — 8a? 

9. Asa owes one person 10 cents, another 12 cents, and 
another 15 cents. If James owes him 5 cents and Henry owes 
him 9 cents, what is Asa's financial condition ? What is the 
value of - 10, - 12, - 15, +5, and -f 9 ? 

10. How much is the debt in excess in the following : — 8 
dollars, — 7 dollars, — 9 dollars, 5 dollars, and 12 dollars ? 

11. Which is in excess, and how much, in the following: 
3a, —5a, --2a, 7a, —6a, 9a, —2a? 

12. When no sign is prefixed to a number, or quantity, 
what sign is it assumed to have ? 

86. Addition is the process of uniting several quantities so 
as to express their value in the simplest form. 

87. The Sum is the result obtained by adding. 

20 
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38. Principles. — 1. Only similar quantUiea can be uiiited in 
one term, 

2. Dissimilar quantities are added by tvriting them one after 
the other with their proper signs. 

In Algebra an indicated operatipn is often regarded as an 
operation performed, as in Principle 2. 

39. To add similar monomials. 

1. What is the sum of 3a, a, 4a, and 5a? 



PROCESS. 


3a 


a 


4a 


5a 



Explanation. — The sum of 6 a, 4 a, a, and 8 a is deter- 
mined by adding the coefficients, or numbers, which tell 
how many d*9 there are. Hence, the sum is 13 a. 



13 a 



2. What is the value of 2a-|-4a — 2a4-3a — a — 3a? 

PROCESS. 

2 a — 2 a Explanation. — Since the quantities are similar, 
4. a — a they are written in columns. 

3 a — 3 a '^® ^'"^ ®^ ^® positive quantities is 9 a, and the 
sum of the negative quantities is — 6 a. 

9a —6a 9a — 6a = 3a. Hence, the value is 3 a. 

9a — 6a = 3a 

Find the sum of each of the following : 

3. 4. 6. 6. 7. 

46 3aaj ^ix^y —^z^y^ —2ca^ 

b 2ax la^y -SzY - ca? 

lb ax Sa^y — «V — 8ca5^ 

96 4aa 2oi^y —82V ~ ^^ 

5b 9aa; 9x^y -TzY - ca? 

8. Find the sum of a«, 3aa?, 7aa?, 9 ax, Sax, and 2aa;. 

9. Find the sum of 7mn, mn, 2mn, Smn, 3mn, and 5mn. 
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10. Find the sum of -3ajy, -o^f, -5ajy> -7«*y*, 

— 9a;V, and — as^y*. 

11. Find the sum of 3aV, 4ajy, Sar^jr*, ary, Toy, and 

Express in the simplest form : 

12. 3a + 4a — 2a + 7a — 3a-"6a + a. 

13. 9a*a; — 3a*a;-|-a^a;-l-2a'a;— 7a^a; — a^ic. 

14. 4 V«y + 2 Va?y — 3 V«y -H Vipy + 4 V«y — 2 Viy. 

15. 3 (a;y)8 -f 4 (ajy)» - 3 {xyY - (a^)^ - 7 (ajy)3. 

16. 2 (a; + y)* -f 6 (a; + y)* - 7(a; + y)*-3 (a;-|-y)*-.4(aj+y)* 
+ 9(aj + y)*-9(aj + yy + 8(a; + yy-(a: + yV. 

17. 3(a:-.y)-f5(aj-y)-2(a;-y) + 7(a:-y)-(aj-y) + 
9(«-y)-6(a;-y)-8(a;-y) + 4(a;-y). 

18. 7(a4-6) +3(a + 6) -5(a + 6) + 6(a4-&)-4(a + 6) 

- 2 (a + 6) + (a + 6) - 3 (a -f ft). 

19. (a — a;) + 6 (a — aj) — 2 (a — a;) + 4 (a — a?) 4- 5 (a — «) — 
7 (a — «) + 5 (a — a;) — 3 (a — a;) . 

20. 5 (a - 6)"- 5 (a - 6)«+ 5 (a - 6)^+ 7 (a - 6)2-8(a-/^)*^ 
+ 2(a-6)'^-.(a-6)«. 

21. 3 (aj + y)»+ 5 (a? + y)8+ 7 (x + y)^- 4 (« + y)8-3(»+y)3 
+ 6(aj + y)»-7(a; + y)3 + 9(aj + y)3. 



22. 6Va*-"a52+2Va2-a:*-5Va2-aj*+3Va^-a:'-4Va'-a^ 
-f 7 Va* - aj* 4- Vo^^^. 

40. To add when some terms are dissimilar. 

1. Find the sum of a? + 2y x «, 2 — y, and a; + 3y + 22. 

PROCESS. Explanation. — For conyenience in adding, simi- 

^ lar terms are written in the same column. Since 

35 + ^ y + 2 there are three different sets of similar quantities, 

X — y their sum, or the simplest expression, is the sums of 

X -\-Zy -\-2% ^^ different sets of quantities connected by their 

proper signs, for only similar quantities can be 



3a;-h4y-f32 united in one term. 



\ 
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2. Express in its simplest form the following: 3aj-|-2icy 
-l-a; — 3»y 4- 2aj — 32 + 4aj — Sicy — 2a?y + 62 — 7a? 4- 2 w. 

PROCESS. Explanation. — The quantities are ar- 

3x4-2anj 4- z ranged so that similar terms are written 

in the same column. Beginning at either 

zx — oxy — oz hand, each column is added separately, 

^x — Sxy -^62 and the dissimilar terms of the result are 

_7a; — 2ajy 4-2w connected by their proper signs, for the 

dissimilar terms can not be united in one 

2aj — 6a?y4-42 + 2w term. (Prin. 2.) 

EuLE. — Write similar terms in the same column. Add each 
column separately by finding the difference of the sums of the 
positive and negative terms. Connect the results with their proper 
signs, 

BXAMPLBS. 

3. 4. 6. 

3a-|-26 Bx-^-Sxy 3a:4-42— oez 

— 2a + 36— c 2x — lxy 2a; — 42 

2a -h2c — 3a; — 6a:y Sz — Aosz 

3b-7c 4a;y — 32 3a; + 62 — 4a;2 

3a — 46 3a; +42 7a» 



Express in their simplest form the following : 

6. 3a; + 2y — 32-2y-f 32 — 6a;-|-4y-|-32+3a;+32-6y. 

7. 4a;y + 2 — y + 32 — 2^ — 3a^ + a^ — y-i-2 + 4a; — 33/ + 2. 

8. 3ac-\-4,ay-\-2a^ — 3ay-\-2ay-\'2ac — 3ac-\-ay, 

9. 96 + 2cd-3e-3cd + 96-|-3cd-6e-26-4c + 3cd. 

10. 3a;*y + 3a;y — 32 + 6a;2^ — 6a;*y + 22 — 3a;y-i-62 — 42. 

11. a4-66 + 3c — 4a + 3c-|-3a — 66 + d + 2c — 3a + 7d. 

12. a^-\-y-\-w-^3y-^2w-\-2Qi^-\-z — 3a:^y — 3y + 2w. 

13. da'b^ - 3(^f + 2d* - ^c'f -f 4a^62 -3^2 + 2^2 -3a^b^ 



24 HIGH SCHOOL ALGEBRA. 

14. Add 3a6-|-3V^ + 4, 4V^-2o6+7, 7ab+3+2^/xy, 
2^xy'{-A:''^ab, and 3a6--2V^ + 7. 

15. Add 3aJ»-4aj«-a:-f7, 2ir»--aj« + 3ic- 10, 2aj«~7ar» 
~2a;4-4, 3ir»-2a?4-12-3ic, llir^-f 5a^ + 6a?-7. 

16. Add |aaj*-f ia«4-2aJ^ + 6*, 3air* + i«V4-3a»-2y, 
2aaj' + 3ajV-a«-|6*, and ^air« + |aj»y4-3a*-f 6*. 

17. Add ac* + ay + ia»-a*6 4-ia^5 + ia«c, a'6 + 6*4-a6* 
+ 6c«4-2a&c + i&^c, and a*c - ac' + 6*c - 6c* + c? + a^. 

18. Add 2(a--a:)-f4aj*, (a- a?) -So*, 6aj*-3(a-aj), 
7(a — ») — Saj*, and a^ — (a — a). 

19. Add 7(a + 6)2+6V, 6&*c»-.5(a4-6)*, 3(a + 6)«-46V, 
66V + 8 (a 4- 6)', and 7(a4-6)*-86«c*. 

20. Add 6(a64-c)+7(a— a;)-f aaj, 5aa?— 8(a6+c)— 5(a— a;), 
3(a — a;) — 2(a6 + c) — 4aa5, and 3(a6-f c)-l-2aa? — (a — a;). 

21. Add (a4-c)2-3a(a?+y), 5a(a:+y)— 6(a4-c)', 7(a+c)* 
— 7a(aj + y), and a (a? + y) — 9 (a + c)*. 

22. Add a(aj+l)-4(y-2)4-a*, 3(y-2)-5a«-2a(a;+l), 
7a* + 4a(a;4-l)-2(y-2), and 3a(a;4-l) + (2^-2) + 3al 



23. Add Va — a; -H 5a^, 7a:* — 3 Va — a?, 7 Va — a; — ija^^ and 
30* — 4Va — a;. 

24. Add 5a - 6 (6 + c) 4-7, 6(6 + c)-6a-4, 8a-9(6-fc) 
— 9, and 3a — 5(6 + c) + 2. 

25. Add 7(aj4-3)-42^ + a6*, 32^-2a6*-6(a?-h3), 6a6* 
-52^ 4- 3 (a; + 3), and 72^-2a6*4-(« + 3). 

26. Add aaj(a-l) + (6*-2) +y*, 2(6*-2) -33/*+3aaj(a-l), 
6y*-6aaj(a-l)-6(6*-2), and 4aaj(a-l) + (6*-2)-7y*. 
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27. Add 7Va + b + x^/a — Sb-^-abc, TscVa — 36— 5Va-f 6 

— 3a6c, 4Va+6+2a6c— 5a?"v^a— 3&, and 6Va-f 6— 5a;^a— 36 

— Toftc. 



28. Add 4aV6 — c — 3 Va; + y, 8Vi — 5a V6 — c — 5y, 6y 
-f 7 Va; -H 3aV6 — c, and a\/6 — c — 7VS + 22^. 

29. Whatisthe sumof 4aj' + aaj» — 6aj» + 2ar^? 

PROCESS. 

+ 4 SB* Explanation. — The quantities 4, a, — 6 and 2 may 

+ o^ ^ regarded as the coefficients of x", and the sum 

_ j9 obtained by adding these quantities and prefixing it 

to a^. The sum of the coefficients is 6 + a — 6. 
"h ^^ /. the sum of the quantities is (6 + a — 6) ac*. 

(6 + a - 6) ir» 

30. What is the sum of 2ax — 36a: 4- 4caj -f 3da;? 

31. Whatisthe sumof 2aa:»-f 46«*-|-3<»*4-4a^? 

32. Add 2 (a + 6), Sa(a-{'b), 4 (a + 6), 2a(a-|-6). 

33. Add 5 (a + 3), 2 (a + 3), 3a (a + 3), 26 (a + 3). 



34. Add 3aVaJ + y, 2^x-\-yf 2aVa;-i-y, 3Var-|-y. 

35. Add 5(X'\-y), a(x-{-y), h(x-\-y), -4(a:-f y). 

36. Add 6(a;-y), b^x-y), 6*(aj-y). 

37. Add a^a — 6, 4cVa — 6, 3aVa — 6, 2cVa — 6. 

38. Add 66(a^-fy*), a(aj»+y*), -c(aj»4-y*), -.56(aj«+3^), 
2c(a^-h2^). 

39. Add BVc^^^y 3a?Va*-c*, Qy/aT^, 2a;Va^^^. 

40. Add 7 (a; -h 2^ -f 1), 26(a; + y + l), -5(a? + 2/ + l)» 
36(a? + y-fl). 

41. Add a-y/x — y, 6Vaj — y, c Va? — y, (a 4- 6 + c) Va; — y. 
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EQUATIONS AND PBOBLBMS. 

41. Simplify the following and find the value of x : 

1. 3a:4-4aj-h2aj — 3aj — 2a; -h 4a; = 16. 

Solution. 

3a; -I- 4a; 4- 2a; — 3a; — 2a; + 4a; = 16 
Uniting terms, 8 a; = 16 

Whence, a;= 2 

2. 5a;4-2a; — 3a;-f 4a; — 6a;-f 7a; = 18. 

3. 5a;-h6a; — 9a; — 3a; + 2a; + 4a; = 20. 

4. 3a;-2a; + 5a;-i-7a;-h4a; — 3a; = 26-f 2. 

5. 3a; — 4a;-|-2a; + 6a; — 4a;+ a; = 16 + 3 — 2. 

6. a;-h4a; + 6a; — 3a; + 7a; — 9a; = 21-h7— 4. 

7. 9a; — 2a; — 3a; -h 7a; — 6a; + 4a; = 35 4- 9 — 4. 

8. 8a; — 4a; -h 7a; 4- 3a; — 6a; — 4a; = 37 — 3 4-2. 

9. lla;-3a;4-7a;-4a;4-6a;-3a; = 234-7-2. 

10. 10a; — 4a; + 2a; 4- 7a; — 6a; 4- 2a; = 35 4- 6 + 3. 

Solve the following problems : 

11. James solved twice as many problems as Henry, and 
Henry solved 3 times as many as Harvey. If they all solved 
70 problems, how many did each solve ? 

12. A had twice as much money as 6, and B had twice as 
much as C. If they all had $ 140, how much had each ? 

13. William had twice as many marbles as Henry, and 
Henry had 3 times as many as Samuel. How many had each, 
if they all had 50 marbles ? 

14. A merchant owes B a certain sum of money, and C 
twice as much. Various persons owe him in all 10 times as 
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much as he owes B. After paying all his debts he will have 
$ 1400 left. How much does he owe B and C ? 

15. After taking 5 times a number from 13 times a number 
and adding to the remainder 8 times the number^ the result 
was 5 more than 155. What was the number? 

16. A circulating library contained 10 times as many books 
of reference and 3 times as many historical books as works of 
fiction. The works of reference exceeded the works of fiction 
and history by 12,000 volumes. How many volumes were 
there of each ? 

17. A merchant failed in business, owing A 10 times as 
much as B, G three times as much as B, and D twice the 
difference of his indebtedness to B and G. The entire debt 
to these persons was 9 36,000. How much did he owe each ? 

18. At a local election there were three candidates for an 
office who polled the following votes respectively : A received 
twice as many as B, and B 1^ times as many as G. The vote 
for all lacked 3 votes of being 1125. How large a vote did 
each receive ? 

19. A man earned daily for 5 days 3 times as much as he 
paid for his board, after which he was obliged to be idle 4 
days. Upon counting his money after paying for his board he 
found that he had 2 ten-dollar bills and 4 dollars. How much 
did he pay for his board, and what were his wages ? 

20. A man loaned the same sum of money to each of 4 men. 
One man had the money for 2 years, another for 3 years, an- 
other for 4 years, and another for 5 years. If the entire inter- 
est money received was $ 420, how much did each man pay ? 

21. In a company of 77 persons it was found that there 
were twice as many women as men, and twice as many children 
as women. How many were there of each ? 

22. A man gave to a hospital a sum of money equal to 
twice what he gave to a library, and to a school four times 
what he gave to the library. If he gave to all $70,000, how 
much did he give to each ? 
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42. 1. What is the difference between 7 miles and 9 miles ? 

2. What is the difference between 9m and 3m ? 

3. What is the remainder when 8 a is taken from 12 a ? 

4. What is left when 3a% is taken from 12 a% ? What is 
the sum of 12 a% and — 3a% ? 

6. What is left when bpq^ is taken from ISpg* ? What is 
the sum of 13pg* and — bp(f ? 

6. Instead of subtracting a positive quantity, what may be 
done to secure the same result ? 

7. What is the remainder when 7 is subtracted from 13 ? 
When 7 — 3 is subtracted from 13 ? 

8. How does the result when 7 — 3 is subtracted from 13 
compare with the result when 7 is subtracted from 13? 

9. What is the remainder when 8 a is subtracted from 11 a ? 
When 8a — 6a is subtracted from 11 a ? 

10. How does the result when 8a — 5a is subtracted from 
11a compare with the result when 8 a is subtracted from 11a? 

11. Instead of subtracting a negative quantity what may be 
done to secure the same result ? 

43. Subtraction is the process of finding the difference be- 
tween two quantities ; or 

The process of finding a quantity which, added to one given 
quantity, will produce another. 

44. The Minuend is the quantity from which another is to 
be subtracted. 

28 
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46. The Subtrahend is the quantity to be subtracted. 

46. The Differenoe, or Bemainder, is the result obtained by 
subtracting. 

47. Principles. — 1. The difference between similar quanti- 
ties, only, can he expressed in one term. 

2. Stibtra^ing a positive quantity is the sam^ as adding a 
numerically equal negaJtive quantity, 

3. Subtracting a negaJtive quantity is the same as adding a 
numerically equal positive quantity, 

48. To Bubtraot when the terms are podtiye. 

1. From 9 a subtract 3 a. 

ExPLANATioir. — When 3 times any number is subtracted 

PROCESS. from times that number, the remainder is 6 times the 

Q^ number; therefore, when 3a is subtracted from 9a, the 

remainder is 6 a. Or, since subtracting a positive number or 

^^ quantity is the same as adding an equal negative quantity 

— — (Prin. 2), 3a may be subtracted from Oa by changing the 

6 a sign of 3 a and adding the quantities. Therefore, to subtract 

3a from Oa, we find the sum of Oa and — 3a, which is 6a. 

2. From 13a take 15a. 

PROCESS Explanation. — After subtracting from 13 a as much as 

we can of 15 a, there will be 2 a yet to be subtracted, or the 

13 a result wiU be - 2 a. Or, since subtracting a positive quan- 

15 a tity is the same as adding an equal negative quantity 

— (IMn. 2), 15a may be subtracted from 13a by finding the 

~~2a ®^™ ^^ ^^^^ *"*^ "" ^^^' which is —2a. Therefore, when 
15 a is taken from 13 a, the result is — 2 a. 

3. 4* 5* 6* 7. 8. 

From 15 a ISxy 15 x^ 19 xyz Sa?fz 10 aVc 
Take 6a Sxy 17a^f 22xyz 15x^fz ISa'^l^c 

Subtract the following : 

9. Sx + 2y from 12a; -f6y. 

10. 9a + 36 from 10a + 26. 

11. lxy-\'2z from 5ajy-f 42?. 
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12. 3a:V-f 62 from Sar^y'-f 32. 

13. Sxy^z-\-3xy from 6xy^Z'\'2xy, 

14. ^p^q8'\'3p^8 from 5p^q8 -{- 6pq^s. 
16. 5m*na;-f3m7wc from lrn?nX'\'2mnx, 

16. 5xh/-\'2f from 9aj*y+7yl 

17. 3a5^-f4« from icy'-fz. 

18. 5pV + ^PQ fro™ i>*9* 4- ^P9- 

19. a^y^z^ + Ay^ from 15iB^/2;*4-2^. 

20. 8^21^ + ^*2 from 3y2*-|-3^2. 

21. SpY + ^qs from 9i>V4-2gs. 

22. 10x^2;^ + 4 ajy2 from xys^ + xyz, 

49. To snbtraot when some terms are negative. 

23. From 6a — 26 subtract 3a — 46. 

PROCESS. Explanation. — Since the subtrahend is composed of 

6 a — 2 6 *^^ terms, each term must be subtracted separately. 
Subtracting 3 a from Qa — 2b leaves 3 a — 2 6, or the re- 
o a — 4 g^j^ jj^y ^jg obtained by adding — 3a to 6a — 26. But 
~ "'" since the subtrahend was 4 b less than 3 a, to obtain the 

3 a 4- 2 6 *^® remainder, 4 6 must be added to 3 a — 2 6, which 
gives 3a + 26. Therefore, the subtraction may be per- 
formed by changing the sign of each term of the subtrahend and adding 
the quantities. 

Rule. — Wiite similar terms in the same column. Change the 
sign of each term of the subtrahend from -f ^o — , or from — to 
-f, or conceive it to be changed, and proceed as in Addition, 

24. 25. 26. 27. 28. 

From 4a^a; 3a^y^ 2x-\- y 6y — 22 lax — ^by 
Take ^2a^x -Ba^f ^2x-2y 3y-f42 3aa;-96y 

29. 30. 31. 

From 3a + 26-3c 4a; + 3y — 32 4ajy + 32+ x^ 
Take 2a--464-5c 2x — ^y — 5z 2xy — Sz-^-Aa^ — y 
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32. From a + b-\'C subtract a + 2b — c, 

33. From 3x + 2y — 3z subtract 2x — 3y-\-^z. 

34. From 6a* + 262 + 30* subtract 3a*-362-2c*. 
36. From 3a«-2c»-4(P subtract 4c»-3a«-f 2(f. 

36. From 8aj* - 33^» -f 2«« subtract 42^-3aJ* + 228. 

37. From 9i?» + 4g' + r* subtract 31^-4^-2^*. 

38. From ax + 2ay-\-z subtract 2aX'-2ay + z, 

39. From 2xy + 5yz + Sxz subtract 2xy-^3yz^^xz, 

40. From 8a^2^+16a^+10a5y subtract 14a5y— 8«v^— 4ajy. 

41. From 5a5V-flOaj*y— 6^ subtract lOa^ — 4a^^-f 5^2;^. 

42. From 3aj* + 2a?y + «* + «) subtract 2a? — 3xy^4z^. 

43. From ISa^ + lOy^ + Sa;*-/* subtract Sy^-f 42^ + 6 r^. 

44. From 4aJ2^ + 3aj*y + 4a; — 3 subtract 4a^ — 3aj — 7. 
46. From 46a^-f3a^ + 4 — cy subtract cy^5 — ba?, 

46. From 3aj*y^ + 3«y — 5a; subtract 2a^y* — 2xy + 4:X — 5. 

47. From 4ar^/-3«y*-7«* subtract 2ar^y2+6a^+22;*-f 9. 

48. From 7ar*-46»»-f 3r« subtract 3a7^+p-{-2b^-\-7, 

49. From 15 ar^ - 24 arV- 16 y^ subtract 15a»2/«+4«-5y+a;*. 

60. From So* — 4«"y"* + 42r subtract 4ar + 2iB*2r-4ar^"*. 

61. From 3 ic**— 2 «*•!/"•— y*"^ subtract 32/"*^+2ar*"y"*-4ar^». 

62. From 3 V^^ + 22 - ^y^ subtract 2 Viy - 32 - 2^/f. 

63. From 4(a + 6)2 — 3a + 4c subtract a — 2(a + 6)* — 2c. 

64. From 5 Vo+'ft* __ 3^^. ^ y subtract 6\^aj+y-7V«+y. 
66. From 5Va+F-3^v^cTd subtract 4Va+P+2A/c4^. 
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66. From dx + by subtract cx-^dy. 

PROCESS Since a and c may be regarded as the coeffi- 

cients of Xf and b and —d the coefficients of y, 
o>x-rOy ^g difference between the quantities may be 

cx — dy found by writing the difference between the 

~ T ~7 T7~ coefficients as coefficients of x and y respectively, 

(a — C)X + {P'\- a)y ^^^ ^ cannot be subtracted from a, the sub- 
traction is indicated by (a — c), and since ^d 
cannot be subtracted from 6, the subtraction is indicated by (& + d), 
consequently the remainder may be written (a — c)x + (6 + d)y, 

67. From ay-\-2x subtract cy — dx, 

68. From cx + 2xy — Sdz subtract 3ax + 2xy~'2az, 

59. From 2cd — 3ah-\-<^ subtract 2ad-\-Sab-'2de^. 

60. From ax + hy —z subtract hx — ay — cz, 

61. From 5ay-^2cz — 6x subtract cy — az — dx. 

62. From aa? -{'2cy -\-3a?y subtract 2biK^ — 3ay — ca^y. 

63. From 2p7^ -\-'nf ^3qxy subtract ra^ -{- sxy — py^, 

64. From ex — 14 ahy -f 7 a^V subtract 9 a? — 14 aby + 15 b\ 

65. From 3aj-f7y — 82; subtract bcx — oy-\'qz. 

66. From (a — 6)a;-f (a-f-6)y subtract {a — c)x — (b-'C)y. 

67. From (a-f 6--c)a;-f(a--6-f c)y subtract (a-f6— c?)a;-- 
(a + 6 - c)y. 

68. From 46(aj — y)-f 4 cdo; subtract 4c(aj — y)-faic. 

69. From 5V« + 3Vy subtract 3Vi-f 2aVy. 

70. From (aJ'^b^)x- {a^-b')y subtract (b^^€^)x- {ct?'\'(?)y. 

71. From a V« + y 4- & V« — y + cto subtract b^x-\-y 
—a-y/x — y—cx. 

72. From n VaS? — (w + n) -y^ subtract (m — n) V^ — 
(n + 3)V^ + y=. 
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SIGNS OF AQGRBQATION. 

50. The subtrahend is sometimes expressed with a sign of 
aggregation, and written after the minuend with the sign — 
between them. 

Thus, when 5 + c — d is subtracted from a + b, the result is some- 
times indicated as follows : a-\-b —(b -\- c — d), 

1. What change must be made in the signs of the terms of 
the subtrahend when it is subtracted from the minuend ? 

2. When a quantity inclosed in a parenthesis, in brackets, 
or similar signs, is preceded by the sign — , what change must 
be made in the signs of the terms when the subtraction is 
performed or when the parenthesis or other similar sign is 
removed ? 

The term parenthesis is commonly used to include all signs 
of aggregation. 

51. Principles. — 1, A parenthesis, preceded by the minus 
sign, may be removed from an expression by changing the signs 
of oM the terms within the parenthesis, 

2. A parenthesis, preceded by the minus sign, may be used to 
indose an expression by changing the signs of all the terms to be 
inclosed within the parenthesis. 

When quantities are inclosed in a parenthesis preceded by the plus 
sign, the parenthesis may be removed without any change of signs, and 
consequently any number of terms may be inclosed in a parenthesis with 
the pltts sign without any change of signs. 

The student should remember that in expressions like —(x^ — y + z) 
the sign of as^ is plus, and the expression is the same as if written 

Simplify the following : 

1. a-'(a + b). 6. a — (a — ft). 

2. a?-(aj-y). 6. y-.(-a;~y). 

3. a-fft — ( — a). 7. 4a — (2a-fy). 

4. a — (-a-6). 8. Sx-\-2y -{2x-'2y), 

▲LOEBRA. — 3. 
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9. ox-3y — ( — 2x + 4jf)- 

10. 7« + 32-(x + y + 2). 

11. 2x-33^-(x-f 2*-3y%). 

12. 3«y + 2a?y — (4xy — jjV + ^)- 

13. 3aj* + 22^-(-4a?-2y'-2*). 

14. 3ay-2ae*-(-3ay-6cw*). 
16. (a + 6)-f(a-fe)-(2a-26). 

16. (a-f-6 — c — a?) — (6 — c — x + o) + (a5 — a). 

17. (3a; - 4c) + (a; -3c) -(4a; -7c -4). 

18. (3a*-2o2«-7)-(7 + 3a*-4a*x + 2)-3. 

19. (a* + 2a6 4-6*)-(a*-2crf> + &*)-(-4crf>). 

20. l-(l-a;)-f (2-f «)-(l + a?-«). 

21. |(a + 6)a;-f 4}-(a--6)a; + 7. 

When the expression contains two or more parentheses, they may be 
removed in siuxession by beginning with the outside or the inside one. 

Thus, a + 6 -(c -a + [<i + 6]-c + 26-d) 

= a+6-c + a-[<2+6]+c-26 + d 
= a-\-b-c + a-d-b-\-c-2b-\-d 
= 2a-2b. 

Simplify the following : 

22. 2a-(22>-d)-ia-6-(2c-2d)|. 



23. 2a-[32> + (26-c)--4c + j2a-(36-c--26)i]. 

24. 2a-[2a-|2a-(2a-2a'~"a)J]. 

26. a5«-i6mc2-[aJ -(3c-3wc2)4-3c-(ar'-2mc2-c)]|. 

26. a-6-c-(<i4-2a-f [3fe-2c-f c?]-4a-26). 

27. a;»-f2y-(rB» + [2.v + 3a^-4a7»]-62/ + 3a;«) + 4a;8. 

28. -(a:»y + 2y-3)-(a;^?/-[6t/ + T-3a:^]+9). 

29. ab + bc- (3a6 + [36c + 26d - Sab'] -f 26d) - 6c. 
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30. - {3aa; - I2xy + Sz] -f 2 - (4ajy +[Sax -f 62] + 3z)\, 

31. aj -[-{-(- a:) -|-«|-2aj]. 



33. (a-6)-{-a~(6-a) + (a-6)}. 



34. 3a--(2a + l)+ |a-(3-4-a)|. 



35. — 7— [— f — a — (-tt — a — 3)^- 



36. (ar' + 1) - [ao: - 1 - ( - 2aa; 4- 7) - aa; - ar»- 7| + 2ar^]. 

TRANSPOSITION IN EQUATIONS. 

52. 1 . If a; — 5 = 20, what is the value of x ? 

2. If a; -f 5 = 20, what is the value of a? ? 

3. In the equation aj — 5 = 20, what is done with the 5 in 
obtaining the value of aj? In the equation a; = 20-f5, how 
does the sign of the 5 compare with its sign in the previous 
equation ? 

4. In the equation a? + 5 = 20, what is done with the 5 in 
obtaining the value of a; ? In the equation a? = 20 — 6, how 
does the sign of the 5 compare with its sign in the previous 
equation ? 

5. In changing the 5's from one side, or member, of the 
equation to the other, what change was made in the sign ? 

6. When a number, or quantity, is changed from one mem- 
ber of an equation to the other, what change must be made in 
its sign ? 

7. If 6 is added to one member of the equation 2 + 3 = 5, 
what must be done to the other member so as to preserve the 
equality ? 

8. If 5 is subtracted from one member of the equation 
2 + 3 = 5, what must be done to the other member so as to 
preserve the equality ? 



1 
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9. If one member of the equation 2 -f 3 = 5 is multiplied 
by 5, what must be done to the other member to preserve the 
equality ? 

10. If one member of the equation 2 -f 3 = 5 is divided by 
5, what must be done to the other member to preserve the 
equality ? 

11. If one member of the equation 7 -f 9 = 16 is raised to 
the second power, or if the second root of one member is 
found, what must be done to the other member to preserve 
the equality ? 

12. What, then, may be done to the members of an equa- 
tion without destroying the equality ? 

53. The Members of an Equation are the parts on each side of 
the sign of equality. 

64. The First Member of an equation is the part on the left 
of the sign of equality. 

55. The Second Member of an equation is the part on the 
right of the sign of equality. 

56. Transposition is the process of changing a quantity from 
one member of an equation to the other. 

57. An Axiom is a truth that does not need demonstration. 

Axioms. — 1. Things that are equal to the same thing are 
equal to each other. 

2. If equals he added to equals, the sums will be equal, 

3. If equals be subtracted from equals, the remainders will 
be equal, 

4. If equals be multiplied by equals, the products will be equal, 

5. If equals be divided by equals, the quotients will be equal, 

6. Equal powers of equal quantities are equal, 

7. Equal roots of equal quantities are equal. 
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58. Principle. — A quantity may he transposed from one 
member of an equation to the other by changing its sign from 
-\- to — , or from — to -h- 

EQUATIONS AND PROBLBMS. 

59. 1. 2aj — 3 = 05 + 6. Find the value of a?. 

PROCESS. Explanation. — Since the known and unknown 

2x* — 3==a; + 6 quantities are found in both members of the equa- 

__ ,. lion, in order to find the value of z, the knowq 

"^ *^~ "* quantities must be collected in one member and the 

2x = a; 4- 9 unknown in the other. 

Since - 3 is found in the first member, it may be 
^ ~^ caused to disappear by adding 3 to both members 

X -.9 (Axiom 2), which gives the equation 2a; = a; + 0. 

Since z is found in the second member, it may 

OK, be caused to disappear by subtracting z from both 

2a;--3 = a; + 6 members (Axiom 3), which gives, as a resulting 

2a; - a: = 6 + 3 equation, x = 9. 

Or, since a quantity may be changed from one 
35 = 9 member of an equation to the other by changing its 

sign (Prin.), - 3 may be transposed to the second 
member by changing it to +3, and z may be transposed to the first mem- 
ber by changing it to - z. Therefore, the resulting equation will be 
2x - a; = 6 + 3. By uniting the terms the result is x = 0. 

The result may be verified by substituting the value of x f or x in the 
original equation. If both members are then identical, the value of the 
unknown quantity is correct. Thus, if be substituted for x in the origi- 
nal equation, it becomes 18 — 3 = + 6, or 16 = 15. Therefore, the value 
of X is 9. 

Rule. — Transpose the terms so thai the unknown quantities 
stand tn the first member of the equation, and the known quan- 
tities in the second. 

Unite similar terms, and divide each member of the equation 
by the coefficient of the unknown quantity. 

Verification. — Substitute the valu£ of the unknown quan- 
tity in the original equation. If both members are then identical 
in value, the value of the unknoum quantity found is correct. 

1. The same quantity, with the same sign upon opposite sides of an 
equation, may be cancelled from both. 

2. The equality will not be destroyed if the signs of all the terms of 
an equation are changed at the same time. 
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Transpose, and find the value of x in the following : 



2. 


«+ 3= 7. 


14. 


2a;-f 2= 6+a;. 


3. 


2a;- 4 = 12. 


16. 


3a;- 4= 6-f «. 


4. 


2a;- 10 = 14. 


16. 


3a;-f 5 = 11 —x. 


5. 


3a; -f 7 = 28. 


17. 


4a;4- 2 = 3a; + 8. 


6. 


3a;- 5 = 25. 


18. 


4a; -11= 9 -a;. 


7. 


7a;- 3 = 25. 


19. 


4a: -h 3 = 3a; + 10. 


8. 


9a; + 6 = 24. 


20. 


7a;— 5= 19-f4a;. 


9. 


8a; -13 = 27. 


21. 


9aj- 3=30-2a;. 


10. 


7a;+ 5 = 26. 


22. 


2a;-f 35 = 5a;-f2. 


11. 


10a;- 5 = 35. 


23. 


3a;-. 15 + 24 = 25 -10. 


12. 


12 a; + 6 = 30. 


24. 


4a; + 13 + 38 = 10a; -3a;. 


13. 


13a;- 4 = 35. 


25. 


3a;-6 = a; + 14-4. 



Solve the following problems : 

26. What number increased by 9 is equal to 34 ? 

27. What number diminished by 15 equals 31 ? 

28. What number increased by 9 equals 27 ? 

29. What number diminished by 10 equals 33 ? 

30. What number added to twice itself gives a sum equal 
to 45? 

31 . What number added to three times itself gives a sum 
equal to 72 ? 

32. What number is there whose double exceeds the num- 
ber by 10 ? 

33. .What number is there such that, if 10 be added to it, 
twice the sum will be 44 ? 

34. Twice a certain number increased by 4 is equal to the 
number increased by 15. What is the number ? 
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36. Three times a certain number diminished by 5 is equal 
to the number plus 21. What is the number ? 

36. A man walked 71 miles in three days, walking 3 miles 
more the second day than the first, and 5 miles more the third 
day than the second. How far did he travel each day ? 

Solution. — Let x = the number of miles he traveled the 1st day. 

Then, x + 3 = the nmnber of miles he traveled the 2d day. 

And, x + S = the nmnber of miles he traveled the 3d day. 

Therefore, a5 + a5 + 3 + a; + 8 = 71 

Transposing, a; + x + a!=71 — 3 — 8 

Uniting similar terms, 3 x = 60 

Whence, x = 20, the number of miles he traveled 

the Ist day. 
x + 3 = 23, the number of miles he traveled 

the 2d day. 
x + 8 = 28, the number of miles he traveled 

the 3d day. 

37. Three boys had together 85 cents. James had 10 cents 
more than John, and Henry had 5 cents more than James. 
How much had each ? 

38. A farmer remembered that he had 395 sheep distributed 
in three fields, so that there were 20 more in the second than 
in the first, and 25 more in the third than in the second, but 
he could not tell how many there were in each field. Find the 
number in each field. 

39. A drover being asked if he had 100 head of cattle, 
replied that if he had twice as many as he then had and 4 
more he would have 100. How many had he ? 

40. A gentleman left his estate, amounting to $ 6900, to be 
divided among his four sons, so that each should have $ 150 
more than his next younger brother. How much was the 
share of each ? 

41. The expenses of a manufacturer for 4 years were $ 9500. 
An examination showed an annual increase of f 250. What 
were his yearly expenses ? 
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60. 1. If a man walks 4 miles per hour, how far will he 
walk in 3 hours ? 

2. How many m'a are 3 times 4m ? 2 times 4m ? 5 times 
6m? 

3. If a boy can gather 3 quarts of chestnuts per hour, how 
many quarts can he gather in 4 hours ? How many q^s are 4 
times 39? 

4. A vessel sails 6 miles north per hour, indicated by + 6. 
How far will she sail in 3 hours? What sign should be 
placed before the product to indicate the direction sailed ? 

6. How many are 3 times + 6 ? 3 times + 6a ? 2 times 
+ 56? 3times+7a?? 4times+3a*? 

6. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

7. If a vessel sails 5 miles south per hour, indicated by 
— 5, how far will she sail in 4 hours ? What sign should be 
placed before the product to indicate the direction sailed ? 

8. How many — m'5 are 4 times — 5m? 3 times — Qm ? 
How many are 5 times — 46 ? 6 times — 3a; ? 

9. When a negative quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

10. How does the product of 4 x 5 compare with the product 
of 5 X 4 ? What effect has it upon a product to change the 
order of the factors when they are abstract numbers ? What, 
then, is the product of -4x +3? Of +3 x -4? Of -6a? 
X + 7? Of +7x-5a;? 
40 
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11. When a positive quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

12. What is the product of — 3 x 6 ? 

13. Since — 3 x 6 is — 18, if — 3 is multiplied by 6 — 2, how 
many times — 3 must be subtracted from ~ 18 to obtain the 
true result ? 

14. If the subtraction is indicated, what are the signs of 
the remainder when — 6 is subtracted from — 18 ? 

16. What is the product of —6x4? 

16. Since — 5 x 4 is — 20, if — 5 is multiplied by 4 — 3, how 
many times must — 5 be subtracted from — 20 ? If the sub- 
traction is indicated, what are the signs of the remainder when 
— 15 is subtracted from — 20 ? 

17. Since, in the results just obtained, —3 multiplied by 
— 2 gives -h 6 and — 5 x — 3 gives + 15, what may be inferred 
as to the sign of the product when a negative quantity is mul- 
tiplied by a negative quantity ? 

18. What is an exponent ? What does it show ? In the 
expression 5", what does the 3 show ? In the expression of, 
what does the 5 show? 

19. When a' is multiplied by a', how many times is a used 
as a factor ? How many times is a used as a factor when a' 
is multiplied by o^ ? 

20. How, then, may the number of times a quantity is used 
as a factor in multiplication, be determined from the exponents 
of the quantity in the expressions which are multiplied ? 

21. How is the exponent of a quantity in the product deter- 
mined? 

22. Multiply 3 a' by 2 a. How is the coefficient in the 
product obtained from the coefficients in the factors ? 

61. Multiplioati(m is the process of taking one quantity as 
many times as there are units in another. 
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62. The Mnltiplioand is the quantity to be taken or mul- 
tiplied. 

63. The Multiplier is the quantity showing how many times 
the multiplicand is to be taken. ^ 

64. The Froduot is the result obtained by multiplying. 

65. The multiplicand and multiplier are called the fadtora of 
the product. 

66. The Signs of Multiplication. (See Art. 13.) 

67. Principles. — 1. Either factor may be used cw muUiplier 
or multiplicand when both are abstract, 

2. The sign of any term of the product is -f when its factors 
have LIKE signs, and — when they have unlike signs, 

3. The coefficient of a quantity in the product is equal to the 
product of the coefficients of its factors, 

4. The exponent of a quantity in the product is equal to the 
sum of its exponents in the factors, 

68. The principle relating to the signs of the terms of the 
product is illustrated as follows : 

-j- a multiplied by + & = -^ab 

— a multiplied by -f- & = —ab 
-f- a multiplied by — 6 = —ab 

— a multiplied by — & = -j- a6 

69. To multiply when the multiplier is a monomial 

1. What is the product of 3a*a? multiplied by 2a'a^? 

PROCESS. Explanation. — Since the multiplier is composed of the 

factors 2, a^, x^^ and y^ the multiplicand may be multiplied 
oax \yy gach successively. 2 times ^a^ = 6a^x; a' times 6a^ 

2aVy = 6a^x (Prin. 4); a^ times 6a^x = Qa^ufi (Prin. 4); y times 
6a^x^ = dc^x^f since literal quantities when multiplied may 
oa ary \^q written one after another without the sign of multiplica- 
tion. Or, 
The coefficient of the product is obtained by multiplying 3 by 2 
(Prin. 3). The literal quantities are multiplied by adding their expo- 
nents (Prin. 4). Hence, the product is 6a^x^, 
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2. What is the product of 2a — b* multiplied by — 36 ? 



PBOCESS. 

2a - b* 
-36 

-6a6 + 3&* 



ExPLAKATioN. — Since 2a multiplied by - 36 is the 
same as 2a times - 36 (Prin. 1), the product of 2a 
multiplied by - 3 6 is - 6 a6. But, since the entire 
multiplicand is 2 a - 6^, the product of 6^ multiplied by 
- 36 must be subtracted from - 6a6. 6* multiplied 
by - 36 gives as a product - 36*, which subtracted 
from - 6a6 gives the entire product ~ 6a6 + 36*; or, 

Since 2a and - 36 have unlike signs, the sign of their product is - 
CPrin. 2) ; and, since - 6^ and - 36 have like signs, the sign of their 
product IS + (Prin. 2). Hence, the product is — 6a6 + 36». 

Rule. — Multiply each term of the multiplicand by the multi- 
plier, as follows : 

To the product of the numerical coefficients, annex each literal 
fouUor vnth an exponent equal to the sum of the exponents of that 
letter in both factors. 

Write the sign -f before each term of the product when its 
factors have like signs, and — when they have unlike signs. 





3. 4. 5. 


6. 7. 8. 


Multiply 


-8 4 7a 


-3a; 4a; 3aj» 


By 


3-3 3 


4 -5 2aj* 




9. 10. 11. 


12. 13. 


Multiply 


3a? 4a^ 3xy 


— 4awiy — 10a?y2* 


By 


2a?* 2xhf 2aj»y* 


3a^y* 4a5V2 




14. 16. 


16. 17. 18. 


Multiply 


-2afy2« -4a*6 


6a6a^ -Sx^f -5a^b^xy 


By 


— Soeyz 5a6* — 


ia^b^x -2ar»y ^Sa^b^xy 




19. 20. 


21. 22. 23. 


Multiply 


— 3 c^dy 4 a^y 


5a«a;2y3 _4aj«y -67?fz^ 


By 


4c«d -5aY - 


Sa^a^z 5xyhi — 4a^y* 




24. 26. 


26. 27. 


Multiply 


4a*a;V 5aa:*y 


(x-^y) 4(a + 6) 


By 


-3y»2« -36a^« 


2 -3 



44 HIGH SCHOOL ALGEBRA. 





28. 


22 


1. 


30. 


Multiply 
By 


-3(y + «)' 


(a- 
4(a- 


-6)» 

by 


2(c + if)* 
3(c+dr 


Multiply 
By 


31. 
36. 36. 


32. 
4af 


33. 

4a" 
-So*- 


34. 

— 5ax 
3a«a* 




37. 


38. 


Multiply 

By 


2ax" 3a«af* 


-4af2r 


3a- " 



Multiply : 

39. a?— 2yby3y. 50. 5aftc — 3ac(f by — 4a6cd. 

40. afy-2zhy2t. 51. 3a*a^-2a*6c by -2aa^. 

41. 4«' — 2a?y by 3a^. 52. Sxy-\'7zhj2a^. 

42. -3a?-2y'by 205^. 63. 4a6*-3c» by 36c». 
48. 4a?y^ + 2«« by - 4a^a;*. 64. 5a^a^ - 4aa:* by 3aV. 
44. 3a5'y*-2y« by 3a:y2. 66. 4a?*y + 3y* by 5«"y*. 
46. 4aj' + 2y + 32;by ajy. 66. 6a*»- 9aa:* by Sa^a?. 

46. Saj'y + y-Sa^ by 2a». 57. 2 aV- 3 oaf by 3 a^-a:. 

47. 6aj»y« + 4y' by 3a?y*. 68. 7 aJ^bc^ + 4da; by 5dy\ 

48. iab — 3ac by 3acd. 69. JaV — |a» by f aV. 

49. 6ac-6aa:by - 5acaj. 60. 2a"6 + 3a6* by 7a"6*. 

70. To multiply when the multiplier is a polynomial. 
1. Multiply a:- 2y by 2a; + y. 

PROCESS. 

a -2y 

2a? +y 

2a; times (x — 2y) = 2a* — 4a!y 
y times (a? — 2y) = «y — 2y* 

(2x + y) times (a:-2y) = 2a:*-3a-y-2y« 
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Rule. — Multiply each term of the multiplicand by eacJi term 
of the m\dtiplier, and add the partial products. 

2. 3. 

Multiply ah-^2c Sa^-aasy 

By 2a6-3c 2x^'\-3axy 

2a*6» + 4a6c 6aJ*-2aaj»y 

-3a6c-6c» -^-daa^y-S a'xy 

Product, 2a^b^-^ ahc-%(? 6 a?* + 7 aoihf - 3 a Vy* 

Multiply : 

4. x-\-yhYx^y, 14. 3a^-42» by 2aj*2r' + 32;«. 

5. 3a 4- c by a-f-3c. 16. 3aj222 4.2y by 2xi^-\'Z, 

6. 4a-26 by 3a-36. 16. 4a62-f-36c* by 2a6+26c». 

7. 2y + 32; by 3y — 4«. 17. 5ar*y— 3 oaj by 5 ajy*— 2 aa?. 

8. 2x-\'y hy 2x + 2y, 18. a« + 2a6 + ft« by a + 6. 

9. 3aj-4y by 3aj-4y. 19. ar» + 4aj + 4 by a;4-2. 

10. 5a 4- 2c by 3a — 7c. 20. a^ -{-ay — f hj a — y, 

11. oaj+^y by aaj + &y. 21. 2a*+a5— 2ft* by 3a— 3&. 

12. 2ac4-36c by 2ac — 3&c. 22. a^ + a* + a^ by a*— 1. 

13. 36d-46c by 26d4-36c. 23. a?* + aj*y* + y* by 7? -f. 

24. 2a; — 3y-f-42; by 3aj4-2y — 5«. 
26. 2a* + 5a6 -3c« by 3a«-2a6 + 5c*. 

26. 3a^-4«y + 52^ by 7«*-2a?y-32^. 

27. l-3a; + 3«* by l-2aj + 2a;*. 

28. of + ax + Qi? by a* — aaj + «*. 

29. x-^2y — zhyx + y — 2z. 31. a" + y" by a" -j- y . 

30. a*" + 6'* by a** — 6*. 32. af + y" by aJ*4-y". 

33. a;*+» + y'»+" by «"+"-!- y*+^ 

34. a**"" + 6*"* by a"*""" — 6*" 



I— n 



The multiplication of polynomials is sometimes indicated by placing 
them in parentheses. When the multiplication is perfonned, they are 
said to be expanded. 
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Expand : 

36. (x + y){x-^y). 

36. (2x — y)(2x-'y), 

37. {3x — Ay){Sx-\-4y), 

38. (4ic + 6y)(4a;-6y). 

39. {3ax-^2y)(3ax-\'2z). 



40. {2x-^xy){2x — 2z), 

41. (3a^-2bc){3aJ' + 2bc). 

42. (a* + ft) (a + 6*). 

43. (a -f 6 + c) (a — 6 — c). 

44. (a-f &)(a + &)(a-h6). 



45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 
56. 



a — b)(a + b){a — b) (a + 6) . 
a^ + 2x + l){a?-2x-\-l), 

a2 - 2a6 -h ^) («' + 2ab + 6*). 
I4.a)(l-a)(l + a)(l + a). 

a^ 4- 62) (a2 - 6^) (a* - 6*) (a« - 6«). 

a262 - 62) (^2^2 ^ ^2) (^4^4 __ ^4) (^8^8 _ ^8) 

x-\-y — z){x — y-^z){y — X'\'Z){X'\'y-^z), 

l-x){l+x)(l-\-a^){l-^ai'){l + a^). 

2x-3)i2x-\-3)(4a^-\-9), 

SyP-3y^){%y^ + 3y^), 

m* — rn^n + m^^i^ — mW 4- mn^ 4- n*) ( wi^ -f- n*) . 



Multiply ; 

57. aj3 + 3iB2-5a; + 20 by a^-4a;-10. 

58. ir2__2aJ*4-2-a^ + 3aj by 4-3x4-2iB2. 

59. a* — a6 + 6^ + a 4- 6 4- 1 by a + 6 — 1. 

60. ic*-2a^-a^ 4-2a;4-l by iB2-«4-l. 

61. 3m^ — 2m^p + 3mp^— p® by m^ — mp4-p*. 

62. a — 26 + 3c by a4-26 — 3c. 

63. a' 4- 6 — 2c by a^ — b — c. 

64. m^ + 2mn + n^ 4-p^ by m^ — 2mn + n — |}^. 
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66. r^-'2H — t^ hy r^ + 2rt + fi. 

66. m'"^— M^"^ by m — n. 

67. af+^'^'-af-^y^-^-^^+y^-^-^ by af^^^y*^^-\ 

68. x-^—afy^ + y^-^ by or^— — y^*. 

69. c^+c^d'+cP' by c^— d*. 

70. a^+V-hc^+cP bj a^-V+c^-cP. 

71. a^+ft- by ar+b\ 

72. ac^— 2iry + ^ by a^—y^. 

73. a*-a»y + ay-ay* + 3^ by a + y. 

EQUATIONS AND PBOBLBMS. 

7L 1. 6 (aj- 3) =2 (a; + 3) +3. Find the value of a:. 

PBOCESS. 

6(a;-3)=2(aj + 3) + 3 
Multiplying, 5a:— 15 = 2a; +6 -f3 

Transposing, 5a; — 2x=15 4-6 -f-3 

Uniting, 3 a; = 24 

a; = 8 

Explanation. — Since the multiplication is indicated in one term on 
each Bide of the equation, in finding the value of x, the multiplication 
must be performed. 

The known quantities are then transposed to the second member and 
the unknown quantities to the first member, similar terms are united, and 
the value of x is found. 

Find the value of x and verify the result in the following : 

2. 3(2a;-5) = 21. 7. 5(a; + 6) = 2(a; + 3) + 30. 

3. 4 + 3(3a;-7) = 19. 8. 3(2a;-4) = 4(a;-5) + 32. 

4. 3(4a; + 7)+5 = 50. 9. 3(« + 2) = 4(a;-2) +16. 

5. 5a; + 3(2 -a;) = 40. 10. 3a?-2(a; + l) = 13-7. 

6. 6a; + 3(4a; + 3) = 41. 11. 5a;-3(a;-4) = 4a? + 7. 
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12. 4(aj-5)-3(ic-h6)=0. 

13. (2 + a?)(aj-f 3)=aj»-f 2aj + 18. 

14. 5(2aj-2) = 27 4-3(2aj4-l). 
16. 10(aj-5)=(aj+l) + 5(a-hl). 

16. 5(a; + 3)-2(2a-7) = 3(a-7). 

17. 3 + 7(aj-2)-4(2a;-7)=16 + (x-2). 

18. 6a: = lo + 3(a;-3)-3(a?-10). 

19. 19 = 2(4 -a?) + 5(7 + 2a;) -48. 

20. 2aj + 3(6a-5)— 6 = a;-l. 

21. 3(a;-7) = 14 + 2(a;-10) + 2. 

Solve the following problems, and verify the results : 

22. There are two numbers whose sum is 40. One is twice 
the other increased by 5. What are they ? 

Solution. — Let x represent the first number. 
Then, 2(x + 6) will represent the second number. 
And, a; + 2(x + 6)=40 

x + 2x+ 10 = 40 

3x = 40-10 
3x = 30 
X = 10, the first number. 
2(10 4- 6)= 30, the second number. 

23. What number is that to which, if 3 times the sum of 
the number and 2 is added, the result will be 22 ? 

24. If B were 5 years younger, A's age would be twice B's. 
The sum of their ages is 20. How old is each ? 

26. Two boys find that they have together 21 cents. They 
discover that if Henry had 5 cents less, John's money would 
be just 3 times Henry's. How much has each ? 

26. Two pedestrians travel toward each other at the rate of 
5 miles per hour until they meet. Whep. they meet they dis- 
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cover that one has traveled 3 hours longer than the other, and 
that the entire distance traveled by both is 55 miles. How far 
does each travel ? 

27. Three men, A, B, and G, each had a sum of money. A 
had twice as much as B, and B twice as much as G. A and 
B each lost 10 dollars and G gained 5 dollars, when the dif- 
erence between what A and B had was equal to what G then 
had. How much had each ? 

28. A farmer plowed two fields containing together 50 
acres. If the smaller field had contained 10 acres more, it 
would have been half the size of the larger. How many acres 
were there in each field ? 

29. A commenced business with twice as much capital as 
B. During the first year A gained $ 500 and B lost 9 300, when 
A had 3 times as much money as B. What was the original 
capital of each ? 

30. A man wishing to buy a quantity of butter found two 
firkins, one of which lacked 6 pounds of containing enough, 
and the other weighed 14 pounds more than he wanted. If 
three times the quantity in the first firkin was equal to twice 
the quantity in the second, how many pounds did he wish to 
purchase ? How many pounds were there in each firkin ? 

31. Ten persons bought a bicycle, but four of them being 
unable to pay their share, the others had each to pay $ 8 more. 
What was the cost of the bicycle ? 

32. Two men start at the same time from two towns 49 
miles apart and travel toward each other. One travels 4 miles 
per hour, but rests 2 hours ; the other travels 5 miles per hour 
and rests 3 hours. How many miles has each traveled when 
they meet ? 

33. A man bought 13 dozen bananas for $3.50. For a part 
of them he paid 25 cents per dozen, and for the rest he paid 
30 cents per dozen. How many did he buy of each kind ? 

34. A is three times as old as B, and 8 years ago he was 
seven times as old as B. How old is each now ? 

▲IX^EBRA. — 4. 
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SPBOLAIj cases in MULTIPIilOATION. 

72. The square of the snm of two qnantities. 

(a + 6) (a -f- ft) = a' + 2 a5 + ft« 

1. When a quantity is multiplied by itself, what power is 
obtained ? 

2. How are the terms of the second power, or square, of the 
quantities, obtained from the quantities ? 

3. What signs have the terms ? 

73. Principle. — The square of the 8um of two quantities is 
equal to the square of the first quantity, plus twice the product of 
the first and second, plus the square of the second. 

Since a^ 'Ka^^a^; a^ xa^=^a^; a* xa* = a^; it is evident 
that the exponent of the second power or square of a quantity 
is equal to twice the exponent of the given quantity. 





EXAMPLES 


. 


Write out the products or powers 


of the following : 


1. (c + c«)(c + d). 


12. 


Square 2aj4-4y. 


2. (m + w)(m4-w). 


13. 


Square Sa-\-2b. 


3. (r + s)(r + s). 


14. 


Square aj^4-y'. 


4. (aj + 2)(aj + 2). 


16. 


Square 4a5 4-3y. 


5. (a 4- 3) (a 4- 3). 


16. 


Square 3j9 4-2g. 


6. (3 a 4- as) (3 a 4- aj). 


17. 


Square 2a^-\-5f. 


7. (26 + c)(2&4-c). 


18. 


Square 2/ 4- 30*. 


8. (2y4-l)(2y + l). 


19. 


Square af-{-y\ 


9. (m + 2w)(m + 2n). 


20. 


Square 7^*-\-y^, 


10. (2c4-2d)(2c4-2d). 


21. 


Square x^~^-^y^. 


11. (2aj-f 3)(2a;4-3). 


22. 


Square a;"^*4-y^", 
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23. Find the square of 31. 
Solution. 31 = 30 + 1. 

3ia = (30 + 1)2 = 302 + 2 X 30 X 1 + 1» = 061. 

Square : 

24. 22. 27. 52. 30. 91. 33. 202. 

25. 23. 28. 71. 31. 101. 34. 207. 

26. 41. 29. 82. 32. 103. 35. 303. 
36. Find the square of 4^. 

Solution. 4} = 4 + | 

(4 4- i)« = 4« + 2 X J X 4 + (i)a = 16 + 4 + J = 20J 

Observe that the middle term of the sqoare of any number expressed 
by an integer and the fraction ^ is equal to the integer. Hence the square 
of such a number will be the integer multiplied by itself for the first term 
4- the integer for the middle term -f the square of } for the third term ; 
the sum of the first two terms of the square will be the integer multiplied 
by the integer increased by 1 ; and the third term will be |. 

Thus, (71)2 = 8x7 + J=56J 

Find the square of : 

37. 5|. 40. 12f 

38. 8f 41. lOf 

39. 7f 42. 9f 

74. The square of the differenoe of two quantities. 

(a - 6) (a - 6) = a« - 2a6 + V 

1. How are the terms of the power obtained from the terms 
of the quantity squared ? 

2. What signs connect the terms of the power ? 

3. How does the square of (a — b) differ from the square 
of (a + 6)? 

75. Principle. — The sqtmre of the difference of two quantities 
is equal to the square of the first quantity, minu^ twice the product 
of the first and second, plus the square of the second. 



43. 2.5. 


46. 45. 


49. 8.5. 


44. 3.5. 


47. 7.5. 


50. 85. 


45. 4.5. 


48. 75. 


51. 35. 
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EXAMPIiBS. 



Write out the products of : 



1. {a — c)(a — c). 


12. 


Square 2a-\-2d. 




2- (y-«)(y-2;)- 


13. 


Square 2r — 3«. 




3. (r — s)(r — «). 


14. 


Square 2 s — q. 




4. (6--c)(6 — c). 


15. 


Square 3 m — 4 n. 




5. (a;-l)(a;-l). 


16. 


Square 2v — to. 




6. (a;-2y)(aj-2y). 


17. 


Square 2iB* — 2^*. 




7. {x^2yz){X'-2yz), 


18. 


Square 2a? — 3. 




8. (2a; -32) (2a -32). 


19. 


Square 3aaj — 2aj*. 




9. (2a — c)(2a — c). 


20. 


Square oT—y^, 




10. (3y-22)(3y-22). 


21. 


Square a"""— y^^\ 




11. (3a;-4y)(3aj-4y). 


22. 


Square2a*-3aJ*y» 


• 


23. Find the square of 19. 








Solution. 19 = 20 • 


- 1 






192 - (20 - l)a = 203 


- 2 X 20 X 1 + 19 = 361 




Find the square of : 








24. 18. 27. 38. 30. 


59. 


33. 78. 36. 


997. 


25. 29. 28. 49. 31. 


58. 


34. 99. 37. 


998. 


26. 39. 29. 48. 32. 


79. 


35. «70. 38. 


999. 



76. The product of the sum and difference of two quantities. 

(a + &) (a - ft) = a^ - 6' 

1. How are the terms of the product obtained from the 
quantities ? 

2. What sign connects the terms ? 

77. Principle. — The product of the sum and the difference 
of two quantities is equal to the difference of their squares. 
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 



r-h«)(r — s). 
m -\-n)(m — n). 
c-j-a)(c — a). 
a:-l)(x + l). 
2-a;)(2-haj). 
c-j-2d)(c-2d). 
2a; +3) (2aj- 3). 
3m-j-4n)(3m-4n). 
2x + 5y){2x^5y). 



12. (2aj+4)(2x-4). 

13. (2a:« + y)(2»«-y). 

14. (a:' + y*)(«»-y'). 
16. (a?*-y*)(«*-fy*). 

16. {3v-\'2w){3v-2w). 

17. (5«y-3)(6a^ + 3). 

18. (2a« + 3ft«)(2a«-.36«). 

19. (3a6*+56c«)(3ay-56c«). 

20. (4x»i/»-j-5)(4a»y8-.5). 

21. (5af 4-4y")(6ar — 4y"). 

22. (7aVar*-f-62")(7a«ya:8-6af"). 



a6-fiCd)(a6 — cd). 

23. Find the product of (a: + y + 2) (a; -h y — z). 
Solution. a; + y + z=(x-fy)-f2r 

By Prin. 77, [(x + y)+ z] [(a; -f y)- «] = (x + y)2 - z^ 

= x2 + 2xy + y«- «« 

24. Find the product of (a? — y -f- «) (a? + y — 2) . 
Suggestion, x — y + z = x — {y — z) and a: + y — « = x+(y — 2) 

Find the product of : 

26. (a4-6 + c)(a-&-c). 28. (aj«+2x+l)(aj*-2a?+l). 

26. (a-6 + c)(a-6-c). 29. (a;- y -i-4)(4 - a; + y). 

27. (m + n-f r)(«i — n-r). 30. (fl5*-f «y4-y*)(aJ*— a^+y*). 

31. (4a4-36-c)(4a-36 + c). 

32. (2a? + 3«- 4) (2a; + 32 4- 4). 

33. (2m* + mn + 3n) (2m* — mn 4-3 w). 

34. What is the product of 32 times 28 ? 

32 = 30 + 2; 28 = 30-2 



SOLrTlON. 



32 X 28 = (30 + 2) X (30 - 2) = 900 - 4 = 896 
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Find the product of : 

35. 19 X 21. 39. 74 X 66. 43. 34 X 26. 47. 99 x 101. 

36. 29 X 31. 40. 89 X 91. 44. 38 x 42. 48. 98 x 102. 

37. 33 X 27. 41. 78 x 82. 46. 57 x 63. 49. 96 X 104. 

38. 56 X 64. 42. 97 x 103. 46. 45 x 55. 50. 94 x 106. 

51. What is the square of 97 ? 

Solution. (a + 6)(a - 6)= a« - 6* (1) 

Transposing (1), (a + 6)(o - 6) + 6* = a^ (2) 

Let a = 97 and 6=3 

Equation (2) becomes (97 + 3) (97 - 3)+ 9 = 97^ 

.-. 972 = 100 X 94 + 9 = 9409 

52. What is the square of 38 ? 

Solution. — Let a = 38 and 6 = 2 

Equation (2) becomes (38 + 2)(38 - 2) + 4 = 38* 

.-. 382 = 40 X 36 + 4 = 1444 

Square by a similar process : 

53. 19. 57. 59. 61. 94. 

54. 29. 58. 49. 62. 78. 

55. 31. 59. 98. 63. 79. 

56. 39. 60. 96. 64. 68. 

Form a rule for squaring numbers like those given above, 
and then square each number without writing the results. 

78. The product of two binomials. 

(a; + 2)(a; + 3) = x2 + 5» + 6 

(» + 2)(a?-3)=aj2-a;-6 
(a: - 2) (a; -- 3) = 0^2 _ 53. ^ g 

1. How many terms are alike in each factor? 

2. How is the first term of each product obtained from the 
factors ? 



65. 


103. 


66. 


107. 


67. 


112. 


68. 


997. 
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3. How is the second term of the product in the first exam- 
ple obtained from the factors ? In the second example ? In 
the third example ? 

4. How is the third term of the product in each example 
obtained from the factors ? 

5. How are the signs determined which connect the terms ? 

79. Principle. — The product of two binomial quantities hav- 
ing a common term is equal to the square of the common term^ 
the algebraic sum of the other two multiplied by the- common term, 
and the algebraic product of the unlike terms. 



Write out the products of the following : 


1. 


(a: + 4)(ar + 3). 


17. ( 


[3a; -7) (3a: + 5). 


2. 


(x-5)(x + 3). 


18. { 


[2y-3)(2y-4). 


3. 


(x + 3)(a?-4). 


19. { 


[4a + 6)(4a + c). 


4. 


(aj-4)(x-6). 


20. 1 


[5a + 26)(5a-2c). 


5. 


(a + c)(a-|-6). 


21. 


(3aa; + 4)(3a»-7). 


6. 


(a + m)(a-hn). 


22. 


(2a*a? + 2)(2a*a;-6). 


7. 


(2a; + 4)(2aj-.5). 


23. 


(2a;y + 4)(2x«y»-f-7). 


8. 


(3aj-5)(3a: + 2). 


24. \ 


[3ac*4-3)(3ac*-5). 


9. 


(^^^S){x^ + 7). 


25. \ 


[5c*cP + a;)(5c«(f-y). 


10. 


(ar»-a)(ar»-h2a). 


26. 1 


[3aar^4-4)(3aar» + 7). 


11. 


(3aj-6)(3a;-6). 


27. 1 


[5c(fa;-|-l)(5c(fa;-5). 


12. 


(2a+i^)(2a + a;). 


28. 1 


[4(r» + a6)(4<r»-d). 


13. 


(5&-c)(56 + 3c). 


29. { 


[aa;-9)(ax + 5). 


14. 


(3a* + 2) (3a* -3). 


30. 1 


(2aaj + 4)(2ax-6). 


15. 


(4d + 5)(4d + 2). 


31. 1 


(3a;" -hm*) (3a:" + 71'"). 


16. ( 


(7y-3)(7y-4). 


32. 1 


[acPar^ - 10) (ad'ar'- 3). 
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80. To square any polynomial. 

(a 4- 6 4- c)* = a* 4- 6« + c* + 2a& 4- 2ac + 26c 
(a 4- 6 - c 4- dy^a^ -h 6' + c* + d' 4- 2a6 - 2ac + 2ad - 26c 

4-26d-2cd 

i. In the square of the polynomials what terms are squares ? 

2. How are the other terms formed ? 

3. How are the signs of the terms determined ? 

81. Principle. — The square of a polynomial is equal to the 
square of each of the terms and twice the product obtained by 
multiplying each term by all the terms that follow it 

Find the square of : 

1. a:4-y — «. 16. x + y-|-2 4-4. 

2. X'-y-^-z. 16. 3a: 4- 2y + 32! 4- 3. 

3. a-b-c. 17. 2a: -3y- 22 -1-5. 

4. a + 6 — c. 18. 2a: 4- 5y 4-24- w. 

5. a: + y+3. 19. 3a: + y 4- 22 4- 5. 

6. 2a: + y-7. 20. 2a:4 3y-5 + 22. 

7. 2a:-y-2. 21. 3a:-7 + 2y-5. 

8. 3a:4-y-4. 22. 4a:- 2y - 22 4-6. 

9. 2a:4-3y-6. 23. 2a -36- 2c. 

10. x — ^y-b. 24. 4an + 3a64-6. 

11. 3a:-2y4-32. 25. 3aa:2-26y«4- 7. 

12. a-|-6 4-c4-c^. 26. 2a:4-3y — 22 -j- 4. 

13. a — 6 — c— d. 27. a:* 4- y" 4- 2* 4- w*. 

14. a: + y — 2 - d. 28. ar^" 4. y" — ^i^n _ g 



DIVISION. 



82. 1. What is the product of a* xa*? 

2. Since the product of a* x a' is a*, if cf is divided by a' 
what will be the quotient ? What will be the quotient if a* is 
divided by a' ? 

8. What is the product when 05* is multiplied by a?* ? 

4. What is the exponent of the quotient when aj'is divided 
byaj»? Byaf? «»byaj»? a^hyofi? aj»byaj*? 

6. How is the exponent of a quantity in the quotient 
determined ? 

6. How many times is 6x contained in lOo^ ? 6^ in 18^ ? 
82 in 40 2«? 

7. How is the coefficient of the quotient determined? 

8. When + 6 is multiplied by + 3, what is the product ? 

9. Since +15 is the product of +5 x -f-3, if -f-15 is divided 
by + 3 what is the sign of the quotient ? 

10. What is the sign of the quotient when a positive 
quantity is divided by a positive quantity ? 

11. When + 5 is multiplied by — 3, what is the product ? 

12. Since —15 is the product of +5x— 3, if —15 is 
divided by + 5 what is the sign of the quotient ? What when 
it is divided by — 3 ? 

18. What is the sign of the quotient when a negative 
quantity is divided by a positive quantity ? 

14. What is the sign of the quotient when a negative 
quantity is divided by a negative quantity ? 

57 
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16. What is the product of - 4 by - 3 ? 

16. Since + 12 is the product of — 4 x — 3, if + 12 is 
divided by — 3 what is the sign of the quotient ? What when 
it is divided by — 4 ? 

17. What is the sign of the quotient when a positive 
quantity is divided by a negative quantity ? 

88. Division is the process of finding how many times one 
quantity is contained in another. Or, 

The process of finding, from a product and one of its 
factors, the other factor. 

Division is therefore the converse of multiplication. 

84. The Dividend is the quantity to be divided. 

86. The Divisor is the quantity by which we divide. It shows 
into how many equal parts the dividend is to be divided. 

86. The Quotient is the result obtained by division. The 
part of the dividend remaining when the division is not exact 
is called the Remainder. 

87. The Signs of Division. (See Art. 14.) 

88. Principles. — 1. The sign of any term of the quotient is 
-f when the dividend and divisor have like signs, and — when 
they have unlike signs, 

2. The colifflcient of the quotient is equal to the coefficient of 
the dividend divided by thai of the divisor. 

3. The exponent of any quantity in the quotient is equal to its 
exponent in the dividend diminished by its exponent in the divisor. 

89. The principle relating to the signs in division may be 
illustrated as follows : 



— ax + & = — a& 
+ ax — b = — ab 

— ax — 6 = + a& 



Hence, 



-f a6 -s- -f 6 = + a 

— a6-5 — b = -{-a 
, -}-ab-i — b=:^a 
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90. To diyide when the diyiaor is a monoiniAl. 

1. Divide -16ajV^ by 3a^. 

PROCESS. Explanation. — Since the dividend and divisor 

Soey^s^) — 15aj*yV have unlike signs, the sign of the quotient is ~. 
-5x1/^ (Prin. 1.) 

Then — 15 divided by 3 is — 5 ; a;' divided by x 
is a; ; y* divided by y^'iBy; and «♦ divided by z^ is z^ (Prin. 3). There- 
fore, the quotient is — bxyz^. 

2. Divide 12a*ay by 5aV«*. 

PROCESS . Explanation. — Since division may be 

12 M y^ 1 2 i^ indicated by writing the divisor under the 

iL = — ^ dividend with a line between them, the 

o a TTTT oz- division may be expressed as in the mar- 

gin. And since the same factors are 
found in both dividend and divisor, they may be cancelled without chang- 

ing the quotient. Hence, the quotient is ^ . 

bz'^ 

3. Divide 9a^a^-12a^a^-}-ea3ii^ by 3aaj*. 

PROCESS. Explanation. — Dividing 9 a^c* by 

3aa5*^9aV - 12aW 4- 6ax* 3aa^, the result is Sox; dividing -12a^ 

'-z ,^ by 3 ax\ the result is - 4 a^y? ; divid- 

6ax — 4a aj° -f- Ja^ j^^g g^* ^y Zax\ the result is 2xK 

Therefore, the quotient is 3 ox — 4 a^ + 2 a^. 

EuLE. — Divide each term of the dividend by the divisor, as 
follows : 

To the numerical coefficient of the dividend divided by thaJb of 
the divisor, annex each literal factor with an exponent eqnal to 
the component of that letter in tlie dividend minus its exponent in the 
divisor. 

Write the sign + before each term of the quotient when the 
terms of both dividend and divisor have like signs, and — when 
they have unlike signs, 

1. An equal factor in both dividend and divisor may be omitted, since 
it forms no part of the quotient. 

2. When the division is not exact, the common factors should be can- 
celled and the remaining factors vnritten as a fraction. 

4. 5. 6. 7. 8. 

Divide 6 a - 12 a*aj 15 ay -20aj8y* 24 y*^^ 

By 3a 3a*aj —bay — 6oi?y — 8y^2 
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Eind the quotient in the following : 



9. — 25aj*yVH-5ajy2;*. 

10. 20 cd^V^c-h 10 abc. 

11. 30 ccPf-*- 15 ccP. 

12. Seaxlh/'i-lSay. 

13. — IS a^yz-i- 9 xy. 

14. —21vW7?-i-lV7^, 

16. -33r*«2;«-«-llr«. 

16. 35m*naj-«-5m*aj. 

17. 20a82/V-i-10a^. 

Divide : 



18. — 14aVy*7-s-aicy*. 

19. 32r*««g-i-8Ag. 

20. — 18 i;*aj*y -«- v*a?y. 

21. 24a*"&c"-!- — a*'&c". 

22. SGn^^cy*"-!-— 4n*ajy**. 

23. 25xys?'i — 5a?j^, 

24. -28y*22«^4yij;3a. 

26. -30nV-?-6mV. 

26. 2Six^fz^-h7xyz. 



33. a* — 3a6 + ac* by a. 

34. iB^ — aJ3^ + «*2/* by icy. 
36. ic^ — 2xy + y^ by a?. 

36. z^ — Sxz + Ss^ by 2. 

37. m*n + 2mn — 3m* by mn. 

38. c*d-3ccP + 4d» by cd. 



27. a7?y^2xfi^ by ajy. 

28. Sxt^ — Soi^y by a^. 

29. 4aj8y*-|-2aj*y« by 2ajy. 

30. 3a26*-6a6» by Sab, 

31. abc^ — a^Vc by —abc. 

32. 905^ + 305^21* by 3a^z. 

39. a(6 + c)*-|-6(6-|-c)' by -(6 + c). 

40. 9(a-c)-6(a-c)» by 3(a — c). 

41. 6a»«* -15aV + 30aV by -3a«a^. 

42. 20aj*2^-14aJ2r^4-8aj*3^ by 20%*. 

43. 28 ab^a^ + 36 a*6V - 32 a»6»a^ by 4 a*6'. 

44. 18c*doj» + 24c3d*oj*-30c*cPo?* by 6c*d*a?. 
46. xy^ -i- CQi^y^ + da^y* by ojy'. 

46. a(6-c)» + 6(6-c)*-c(6-c)* by (6-c). 
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47. S(x + y)^9{x-hyy + 6(x + yy by -(aj-|-y)». 

48. aj*-iaj»-ta^-2a-l by 2x. 

49. of +^ 4- ar+2 + ar+* +ar+* by aj*. 

50. y*+i — y«+2 — y«+8 — y»«-H by y*+^ 

91. To diyide when the diyisor is a polynomial. 
1. Divide a? + 3a^'{-Sxt^ + ^ by x + y. 

FBOGESS. 



X +y 



a^ + 2xy + y' 



afl + Sxhf + Sxy' + f 

2Qi^-}-Sxf 
23i^ + 2xf 

xf + rf 

xy^-\-f 

Explanation. — For convenience, the divisor is written at the right of 
the dividend, and both dividend and divisor are arranged according to the 
descending powers of x. 

^^en the first term of the dividend is divided by the first term of the 
divisor, the result will be the first term of the quotient x is contained in 
x^, Q^ times ; therefore, x^ is the first term of the quotient o^ times the 
divisor equals Tfi + a^. Subtracting, there is a remainder of 2 a^, to which 
the next term of the dividend is annexed for a new dividend. 

When the first term of the new dividend is divided by the first term of 
the divisor, the result will be the second term of the quotient x is con- 
tained in 2 xhff 2 xy times ; therefore, 2 x^ is the second term of the quotient. 
2 xy times the divisor equals 2 xhf + 2 xy^. Subtracting, there is a remain- 
der of x^, to which the next term of the dividend is annexed for a new 
dividend. 

The third term of the quotient is f oimd by dividing the first term of the 
new dividend by the first term of the divisor, x is contained in xy^^ y^ 
times, y'^ times the divisor is xy'^ + y^. Subtracting, there is no remainder. 
Hence, the quotient is x^ -f 2xy -f y^, 

EuLE. — Write the divisor at the right of the dividend, arrang- 
ing the terms of each according to the ascending or descending 
powers of one of the literal quantities. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient. 

Multiply the divisor by this term of the quotient, subtract the 
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product from the dividend, and to the remainder annex as many 
tei'ms of the dividend as are necessary to form a new dividend. 

Divide the new dividend as before, and continue to divide in 
this way until the first term of the divisor is not contained in the 
first term of the dividend. 

If there he a remainder after the Ubst division, write it over the 
divisor in the form of a fraction, and annex it to the quotient 
with its proper sign. 



2. a^ — aV-|-2a*aj —a* 
flg*4-aar^ — a^a? 
— aa^ +2a^aj —a* 
-aa^ - aV + g'a? 

. a V -f- a^x — a* 
g V + a^x — a^ 



g' 4- ga? — g* 



0^ — ga; + g' 



3. a?* — 



a;' — 



1 

aj8 



X -1 



a^4-iB* + a; + l 



a^-1 



ar^-1 
a* — a; 



a;-l 
aj-1 



4. g^ 



a 



3 



a^x 



a —X 



g^ -f- GM5 + aj* 



a^x^a^ 
a^x — ax^ 



aa^ — a^ 



5. 48a^-76gaj2-64g2aj + 105g3 
48 a^- 72 gg^ 

— 4g^ — 64g'aj 

— 4 gar^ + 6 g^a; 

-70g2a: + 105g« 
-70g2a;4-105g» 



2x -3g 



24ar^~2ga;-35g2 
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6. a;* + 4a* 



a^ + 2ax-\-2a^ 



ar*-2aa; + 2a* 



-2aaj»-2aV + 4a* 
-- 2aa^ — 4ta^a^ — 4a^a; 

2aV-|-4a8aj4-4a* 

2aV + 4a«g4-4a^ 

Divide : 

7. a^-2ab + V by a-b. 

8. «* + 4aj4-4 by aj-l-2. 

9. 9 + 6a; + a^ by 3 + a?. 

10. oi?-^Qi^y + xf + ^ by x-\-y, 

11. a* + aV + ay« + y* by a-i-y, 

12. a' + 3ic2y^3a^_|.y8 by aj^y 

13. r8 4-3r»« + 3r««4-a« by r* + 2rs-|-«*. 

14. a5* + 4»^ + 6aV + ^^^ + y* by x-^-y. 

16. c* + 4c»d + 6c*d2 + 4ccP + (i* by c*4-2cd + f«'. 

16. a?*-3a;8-36ar*--71aj-21 by ««-8a;-3. 

17. a3 + 5a2a; + 6a«* + »8 by a* + 4aaJ4-a*. 

18. a2 + 26c-&*-c* by a-ft + c. 

19. ct*-4a»y + 6ay-4ay'4-y* by a^-2ay + f. 

20. aa^ — a^x^ — boE^ + V by ax—b, 

21. 20a*6~25a«-186» + 27ay by 66-5a. 

22. 3aJ*-8a2y* + 3aj^2' + 5y*-3yV by a'-yl 

23. 4a*-9a^ + 6a-l by 2a*-|-3a-l. 

24. 2ay + 3by -^ 10 ab + 15b^ by y + 5b. 
26. 6-66«-.2a + 54a'-3a'6 by 2a-6. 

26. 25a*-a»-8a-2a2 by 5a* -4a. 

27. a^-i-j^ + s^ — Sxyz by aj + y4-«. 

28. 18aJ*-45a»4-82ar^-67aj + 40 by 3ar*-4aj + 6. 
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29. 16aJ*-72aV-f 81a* by 2aj-3a. 

30. a* + 4aV + 16a:^ by a* + 2aaj-f4a^. 

31. a?* + ar'2' + 2* by a? — a» + 2*. 

32. a?* — y* by a? — y. 

33. aj' + y* by aj+y. 

34. aj' 4-1 by a? 4-1. 

36. aj* — Sly* by x^3y. 

36. 81a* -166* by 3a 4- 26. 

37. af — y" by 05 4- y to three terms. 

38. a* 4- 2aV 4- 96* by 0^-206 4-361 

39. 8aj«4-272^ by 2a?4-3y. 

.40. aJ*— aV4-2a«aj — a* by aj» — aaJ4-a'. 

41. a* — 4a*a5 4-6aV — 4aa?4-aJ* by a* — 2aa54-aj'. 

42. aJ*4-llaj*-12a?-5a^4-6 by 3-3aj4-a5*. 

43. 8m*-27n« by 2m«-3n*. 

44. 6aj*2/'"~^^~^^ + y* + ** by 05 — y. 
46. aJ«4-a' — a?*4-2aj — a?* — 1 by aj2 4-« — 1. 

46. a^-6*by (a» 4- 6») (a 4- 6) 4- aW. 

47. a«-6« by a»- 2a*6 4-2a6«- 6*. 

ZERO AND NEGATIVE EXPONENTS. 

92. 1. How many times is a* contained in a* ? a' in a* ? 

2. When similar quantities have exponents^ how may the 
division be performed ? 

3. What, tien, will be the quotient when a* is divided by 
a* by subtracting exponents ? a' by a? ? a* by a"* ? 

4. Since a* h- a*, a' -^ a% and a* -i- a"* are each equal to aP and 
to 1, what is the value of aP, or any quantity with for an 
exponent ? 
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6. What will be the quotient when a? is divided by a* by 
subtracting exponents ? a* by (J ? of by cf ? 

6. What will be the quotient when a' is divided by a* with- 
out subtracting exponents ? a* by a* ? 

7. Since a^-\-a^^ a~* and -r, a^-i-aP=i a"* and — -, to what 

or a' 

is any quantity with a negative exponent equal ? 

93. The Sedprooal of a quantity is 1 divided by the quantity. 
Thus the reciprocal of a is -, of x + y is 



a x + y 

94. Principles. — 1. Any quantity having for an esyponent 
is equal to 1, 

2. Any quantity having a negative exponent is equal to the 
reciprocal of the quantity with an equal positive exponent. 



BQUATIONB AND PROBLEMS. 

95. 1. Find the value of a in the equation aa; + 4 = a^ — 2 a?. 

SoLtJTioK. OX + 4 = a* — 2x 

Transposing, ax + 2x =a* — 4 

Then, (a + 2) x = a» - 4 
Dividing by (a + 2), x = a - 2 

2. Find the value of x in the equation 6a;--6* = 4aj 
9& + 20. 

Solution. 6x-&« =4x-9& + 20 

Transposing, 6x - 4x = 6^ - 96 -f 20 

Then, (& - 4)x= 6^ - 9& + 20 

Dividing by (6 - 4), x=6 -6 

Find the value of x in the following : 

3. ca — 9 = c^ + 6c — 3*. 6. 3aj — 12a = 4a* — 2aa; + 9. 

4. aa?4-16 = a'* — 4aj. 6. dx-^da^^cP — Sax, 

ALGSB&A. — 6. 
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7. ax-d?=^2ab + l}^'-bx. 

8. cue — 5a6 = 2a' 4-36* — &x. 

9. ax^(? = af-\-(ic-\-d^c — ex. 

10. 2aa;-6a' = 13a6 4-6ir-36x. 

11. 2aa;-10a6-156 = i4a-|-21-3x. 

12. ax-\-hx — ba? -\-lcib-\-2W-\-Dac-\-2hc — cx. 

13. 2cx-4.(?-\-d^ = 2.<?d-2cd-dx. 

14. 6«a: + 362c-|-6c3 = &» + 26c*-2c*aj. 

16. 4m* — 2 m^x — 3 wiaj = 1 — 6m 4- 9m* — as. 

16. a'4-3ic-9a2 = aaj-27a4-27. 

17. 2m*ajH-3mn^ + 7mV — 4m* = 3mnaj. 

18. 5aaj = ISa^ - 5a6 4- 5a6* + 2&a? - 6a*6 + 26* - 268. 

19. A man being asked how much money he had, replied 
that if he had $ 25 more than 3 times what he then had, he 
would have f 355. How much money had he ? 

20. A gentleman divided $ 10,500 among four sons, giving 
to the second twice as much as to the first, to the third twice 
as much as to the second, and to the fourth one half as much 
as to the other three. How much did he give to each ? 

21. A man who met some beggars gave 3 cents to each and 
had 4 cents left, but found that he lacked 6 cents of having 
enough to give them 5 cents each. How many beggars were 
there ? How much money did he have ? 

22. A man has six sons, each 4 years older than the one 
next to him. The eldest is 3 times as old as the youngest. 
What is the age of each ? 

23. A vessel containing some water was filled by pouring 
into it 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel contain 
at first ? 
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24. A man borrowed as much money as he had and spent 
a dollar; he then borrowed as much as he had left and 
spent a dollar; again he borrowed as much as he then had 
and spent a dollar; he then had nothing left. How much 
had he at first ? 

25. Divide f 3400 among A, B, and C, giving A $ 100 more 
than B^ and $200 less than G. What is the share of each ? 

26. There are 360 sheep in two flocks. If 40 are taken 
from the second and added to the first flock, the first flock will 
then contain twice as many as the second. How many sheep 
are there in each flock ? 

27. Two persons invest equal sums of money in trade. 
One gains $ 252, and the other loses $ 174. The one has now 
twice as much as the other. What did each invest ? 

28. Three persons have 9 152. The first has 9 20 less than 
the second, and the third as much as the first and second. 
How much has each ? 

29. Divide the iiumber 37 into three parts, such that the 
second shall be 3 more than the first, and the third 5 less than 
the second. 

30. A manufacturer shipped a certain number of harvesters 
to Denver, 10 more than that number to Omaha, 5 more than 
3 times as many to St. Paul, and twice as many to Chicago as 
to St. Paul? How many did he ship to each place, if the 
whole number shipped was 1215 ? 

REVIEW EXERCISES. 

96. 1. Add 6aaj-140 + 3VflB, 5aj' + 4aaj + 9aj*, 7air + 4Va 
-f-160, and Va + 3aaj-4aj«. 

2. Add 3am + 2a — 3Vy — 2, 2Vy + Sz — 2a? + 3amj 
4aj8 — 3« + 2Vy + 3a?, and 2Vy-4am + 2«-3a^. 

3. Fro m Va^ - &* - 2 (a? + y) - 6 subtract 4 (a; + y) - 
3 Va> - V. 
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4. From ^/x + 2^/y — z + 6 subtract 3Vy~2V« — y-f 
2«-16. 

6. From aV + 2ay - 3y* + 2^ subtract b^a^ + Say — 
q/^ + isf. 

6. From the sum of a^ + Sa^ — Syz-^az and ^af-^Syz 
+ 2z + 3ahr subtract Sa^ — Az + eo^-Saz, 

7. Multiply a5* + 2aj*y + a^ by aj^ + 2a?y — y*. 

8. Multiply af 4.2aj"y + y by aJ* + 2aJ^•'-|-y^ 

9. Multiply 3aJ* + 2ic*^ — y* by af^—t^ + xTy*. 
10. Multiply 3aj*^* + 2y-^ + »- by 3iB*-2y'' "• + 2;** 



Expand : 


.y • 


^ w • 


11. 1 


(a.-l)(aj-2). 


22. 


(p + 12)(p + ll). 


12. 1 


(x-2)(a; + 3). 


23. 


(y-2)(y + 9). 


13. 1 


{x + S){x^6). 


24. 


(d4-20)(d + 15). 


14. 1 


[a?-10)(ic4-9). 


25. 


(18-4ic)(18 + 4a:). 


15. { 


[a -7) (a + 4). 


26. 


(10 + 1) (10-1). 


16. { 


[x-S){x-^2). 


27. 


(x + 2y)(x + 2y). 


17. 1 


[x^5){x + 6y 


28. 


(a*-6«)(a» + 6*). 


18. 1 


[a-l)(a + 2). 


29. 


(3m' -2m) (3m* + 2m). 


19. ( 


y-7)(2^ + 4). 


30. 


(af'-\-x){af — x). 


20. ( 


;c + ll)(c-4). 


31. 


(a-\-b + c){a + h — c). 


21. < 


[w — l)(m + 4). 


32. 


{x-y)(x + y)(a?-f). 




33. (1 + «)(!- 


•x)(l + a^){ 


l+aj*)(l + a?). 



34. {X'{-y)(x + y)(x + y){x-\-y)(x + y). 

35. (a + 2)(a + 2)(a-2)(a-2). 

36. (3a -6) (3a -6) (3a + 6) (3a + 6). 



BEVIEW. 
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Square : 

37. jJ^ — q* 

38. aj' + y*. 

39. 20 + 5. 

40. 60 + 4. 



41. 15 + 3. 45. 2ax + Say. 

42. 2x + 5y, 46. 4a-' -'Say. 

43. 3»* — 23^. 47. 2a- + 6*'. 

44. 3a-2&. 48. iB*' + 2y*». 



49. of^-%^. 

50. o + 6 + c. 

51. a — h'\'C. 

52. a + 6 — c. 



58. (5&« + 6c«)(6&*-6c«). 
69. (8ajy + 3aj*)(8ajy-3aj*). 

60. (9am+8a5y)(9am— 8xy). 

61. (aa» + ^) (aa» — y") . 

62. (aaj*'+ay*'')(a«*"— ay**). 



Write out the product of : 

53. {2x + y){2x-y). 

54. (3aj + 7y)(3«-7y). 

55. (4aj*-23^)(4ic« + 2y*). 

56. (3a«6 + 2y)(3a*6-2&«). 

57. (7a« + 26)(7a«-.2&). 

63. (o + aj)(a-aj)(a' + aj*)(a* + ic*). 

64. (flj' + y»)(ic*-y»)(a?* + y*)(a^ + y«). 

66. (2aj + 3) (2a:- 3) (4aj« + 9) (16a?* -81). 

Divide : 

66. 4a*-6a'^y + 6* by 2a*-3a6 + &*. 

67. 6a*y +a^ + y* + 6ay* by a5* + y* + 4a5y. 

68. m*-6m*+7m*-4m-12 by m* — 2m + 3. 

69. a^ + 2aj* + 7a:« + 6a*-46aj-120 by «» + 4aj + 6. 

70. a^ + o?*- 4a^ — a^ + a; by 05* — a?- 1. 

71. a«-a* + a«-a* + 2a-l by a* + a-l. 

72. a^-5a?V + 10ay-10a^/ + 5ajy*-y* bya? + y*-2ajy. 

73. 6a^-16a:V+14a^-4y8_2a^+4a?y-2y* by 3aj-2y-l. 

74. aj^-6a^ + 21a^y*-31ajy + 23ay + 3«y-8a^ + 6/ 
by a*-2a^+2j^. 

76. a^c--aV + a4^ — ad? — abc + V^hcd'\-hd? — a(?'\-ct^ — 
c^d + ccP by ae — V-\-cd — iP, 
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Remove parentheses and simplify by collecting like terms : 



76. (a«-2aaj-a»)-{a*-(2aic-aj«-i.7)}. 



77. a«-[(- a'- a^6 4- od^- &s) _ {a«6 - (06*- &»- a*6) }]. 



78. 4a«-(a«-62)-.[-|6«-(a*-6«-a«)}]. 



79. l-.[4-.{7-(2-}3-4-a})}]. 



80. 14-|-7 4-(3-4 + a;)-a;}-[-{-(-ic-4)[]. 

81. a -[26 -.(3c + 25) -a]. 

82. a-j2a-[36-(4c-2a)]{. 



83. 7a:-[3ic — (4» — 5a;-2aj)]. 

84. -.[5a-(116-3a)]-[56-(3a-66)]. 
86. aj-{2aj-|-3ir — [4aj-5x — (6a? — 7a;)]}. 

86. 8aj-{16y-[3aj-(12y-a;)-8y]-|-a;J. 

87. a-26-|-|3c-[3a-(a-|-6-|-2a-6)]j. 



88. 2x-|2aj-[2»-(2aj-2aj-aj)]j. 

89. a-{26-[3c-2a-(a + 6 + 2a)]|. 



90. 2x - {3y 4- (2y - 2) - 4z H- \2x - (3y - 2 - 2y)] |. 

Collect in parentheses the coefficients of x, y, and z in the 
following : 

91. 005 — 6y -I- &« — ay — ca? — C2. 

92. 2aaj — 362-1- 4cy + 3a« — 5aj — y. 
J93. cy -f- 4aa; — Zdz -f Zaz — 5ax + by, 
94. 3aaj — 66a? -[- 2ay — 4y 4- 5a2; — 3bz. 
96. 4:by + 2cZ'-Sbx — 4:Cy + az — 2cx — ay, 

96. aaj — 26y-h3cz — 46aj — 3cy-|-a2 — 2ca; — ay. 

97. 6aa:-|-5ay-f26y — 662 — 6ca;-f 6cy-f 3c2. 

98. 3aaj — 26y — 4c2 — 26a; — 2caj-f8c2 — 2ca; — 2cy. 
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109. ( 


30? + 2a) (3aj- 2a). 


110. ( 


;6aj« + 3)(5a*-3). 


111. { 


;76c4-tP)(76c-d*). 


112. { 


;2a; + 6)(2ic-hl). 


113. ( 


;2aj-5)(2ic-3). 


114. 1 


[aaj + 36)(aaj-26). 


115. 1 


{x + y-\-zy. 


116. { 


[x-^2y^3zy. 


/»). 117. ( 


[x^3y^2zy. 


118. 1 


[m-n+p-qy. 
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Expand the following : 
99. (a* + y*)*. 

100. (iB*-y*)*. 

101. {2x-^iy. 

102. (3aj« + 42^)8. 

103. (5a*'-2c*)^ 

104. (2ad + 3cd)*. 

106. (6aj2-3jr*)*. 

106. (3aV+2cV)«. 

107. (2a5*4-33r^)(2aj»-3j/«). 

108. (2a» + &«)(2a3-6«). 

Find the value of x in the following equations : 

119. 7a;-36-10a;-|-12=:80-33a; + 46. 

120. ex - 2(9 - Ax) -h 3(5aj - 7) = lOa - 4 - 16aj - 35. 

121. 3a;-6(aj-5)-f 2aj = 2(aj + 5)4-5(a?-4). 

122. a: - 7 (4 a? - 11 ) + 30 = 14 (oj - 5) - 19 (8 - a?) - 31. 

123. 17 a? - (8aj - 9) - [4 - 3« - {2x - 3)] = 30. 

124. (aj + 12)(a;-8)==(a;-|-l)(aj-6). 
126. 4(aj-3)-3(aj-2)-|-2(aj-l) + 2 = 0. 

126. (a;-l)(2aj-|-l) + 14 = (2aj + 3)(aj-|-3). 

127. (a;-f 2)(a;-|-l)(« + 6)-9aj* = a:»-f4(7a;-l). 

128. a(a? — a) — 2a6 = — 6(aj — 6). 

129. (a* H- a) (6» + «) = {oh + x) I 

130. aaj + 6*=a' + 6». 

131. bx-\-SV=7bc + 3cx. 

132. a{x-^a) + b{b-~x)=si2ab, 

133. 2aa:-f 12a6-4a* = 96* + 3&a;. 

134. 3a:-9-3c=12a~2aa? + 4a*-|-2ac. 
136. 2aa?-|-9c» + 3cd = 4a* + 3ca? + 2ad. 



FACTORING. 



07. 1. What is the product of 4 x 5a ? What relation do 
4 and 5a bear to their prodnct ? 

2. What are the integral factors of 5 ? x? 6? 4a? 

3. Since 5 and x cannot be separated into any integral 
factors except themseWes and 1, what kind of quantities are 
they called? 

4. Since 6 and 4 a can be separated into other factors besides 
themselves and 1, what kind of quantities are they called ? 

6. Since 3 and 2, the factors of 6^ are prime numbers^ what 
kind of factors are they called ? 



I. The Factors of a quantity are the quantities which multi- 
plied together will produce the quantity. 

Thus, a, 2>, and (x + y) are the factors of ab(x + y). 
Factors of a quantity are exact divisors of it. 

99. A Prime Qnantity is a quantity that has no integral fac- 
tors except itself and 1. 

100. A Oompoflite Qnantity is a quantity that has integral 
factors besides itself and 1. 

101. A Prime Factor is a factor that is a prime quantity. 

102. Factoring is the process of separating a quantity into its 
factors. 

103i To separate a monomial into its factors. 

1. What are the prime factors of 2Aoi:^y^z ? 
Solution. 24 x^^z = 2.2.2.3.a;.ic-y.y-2^.« 
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BuLE. — Separate the numerical coefficient into its prime 
factors. 

Separate the literal quantities into their prime factors by writ- 
ing each quantity a« a factor as ynany tim^s as there are units in 
its exponefiit. 

Find tlie prime factors of the following : 

2. ^a^h. 4. 15ay2. 6. 42aay». 8. 28aVa:. 

3, lOoihf. 6. 20aaj»y. 7. 36a:yV. 9. 35ajVc». 

104. To separate a polynomial into monomial and polynomial 
factors* 

1. What are the factors of 6o*6c + 10a*c - 20a*6c ? 

Explanation. — By examining the 

5 a*c) 5 a*6c -I- 10 a*c — 20 a*6c <«rm8 of the polynomial it is found 

1^ , 2 _4J, that 6a^ is a factor of every term. 

Dividing by this common factor the 
5a*c(6 + 2 — 46) other is found. Hence, the factors 

are 6a^c and (& + 2 - 46). 

Bulb. — Divide the polynomial by the highest factor common 
to all the terms. The divisor and the quotient vnll be the factors 
sought 

Find the factors of the following polynomials : 

2. 5a*6-|-6a*c. 13. 46V- 12a6c-9c«. 

3. 8aj«y* + 12ajV. 14. 3a% + a6c-a6d. 

4. 6xyz + 12a^. 16. 5aV-5aV + 10aV«. 

5. 9a^z + lSxyV. 16. 63fy/h -- SxyV + xy, 

6. dfohfz 4- ofosyT?, 17. 12a*cx + 15 cmAc — 12 acx. 

7. a«c + yc + c»(P. 18. 6a*6» + 21aW-24aV. 

8. 4ajV + cajy« + 3a^. 19. 20<f'»*- 15 c*a?-|- 5 c^a?. 

9. 4a6aj+6aV + 8aa;. 20. 56«y+112a?y-216a5y- 

10. 3a»y-6ay4-9ay'. 21. 65ar*2^-85aj'/ + 255a^2/». 

11. 2a*c-2aV4-3ac. 22. 75 ay -h 150 aV- 225 a/. 

12. 5acd^2c'd^-\-bcd. 23. 486V- 1446V - 1926V. 
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106. To separate a tri&omial into two equal f aoton. 

(a 4- 6) (a 4- ft) = a* 4- 2 a6 + y 
(a-6)(a-6) = a»-2a6 + &* 

1. What is the product of (a-|- 6)(a-|-6)? What, then, 
are the factors of a* + 2a6 4- 6* ? 

2. What is the product of (a — b)(a — b)? What, then, 
are the factors of a* — 2 a6 4- 6* ? 

8. How do the two trinomials differ ? How do the factors 
of the trinomials differ ? What term of the trinomial deter- 
mines the sign which connects the binomial factors ? 

One of the two equal factors of a quantity is called its 
Square fioot 

Rule. — Find the square roots of the terms that are squares^ 
and connect these roots by the sign of the other term. The result 
ivUl be one of the equal factors. 

Find the equal factors of the following trinomials : 

1. a«4-2a5 4-6*. 13. 16aW-8aW4-&*c*. 

2. iB*4-2a^4-/. 14. 9m*4-18mn4-9n*. 

3. 62-26C4-C*. 15. 94-6«4-a*. 

4. r*4-2r84-A 16. l'-2a? + ix^. 
6. a? + 2x-\'l, 17. 16n* — 8n4-l. 

6. aj*4-4aj4-4. 18. 16 + 16a + ^a\ 

7. 2^-21^4-1. 19. 364-12a*4-a*. 

8. 43^-41^4-1. 20. 49-14aj»4-a^. 

9. 9a*4-6aJ4-l. 21. 81a? — 18 oa? 4- a*. 

10. 16aj*4-16a4-4. 22. 4a«*4-12a*6"4-96*». 

11. 9y* — 18y4-9. 23. aj«-30«4-225. 

12. «« 4- 162^4- 64. 24. 4aJ*-64aj2 + 256. 

26. 49a?-112«y4-64y*. 

26. 196 a«W 4- 128 a V(?d + 16 Wd^. 
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Expressions in which either or both the terms of the squares 
are polynomials may be factored in the same manner. 

27. Factor a^ + 2x{x — y) + (x — yy. 
Solution. jc* + 2 x(x — y) + (« — yy 

= [a; + (a;~y)][a;-|-(a;-y)] 
= (a; + aj-y)(x + x-y) 
= (2x-y)(2x-y) 

28. Factor (a + 6)«-.2(a + 6)(6-c) + (6-.c)«. 

Solution. (a + by - 2(a 4- 6)(& - c) + (6 - c)^ 

= [(a + 6)-(6-c)][(a + 6)-(6-c)] 
= (a + & - ft + c)(a 4- 6 - 6 -H c) 
= (a + c)(a4-c) 

Factor : 

29. aj* + 4a(a5 — y)H-4(a — y)*. 

30. 4 + 4(a?-y) + (aj-y)«. 

31. (a + 6)* + 6(a + 6) + 9. 

32. 16 4-8(a-6)-f (a-6)«. 

33. 4a(aj — y)-f 4a? + (aj — y)*. 

34. 9a^-6»(a?-|-y) + (aj-4-y)l 

36. 4»*4-9(a?-y)*-hl2a;(a-y). 
86. 12y(a:-y)-f4(«-y)« + 9yl 

37. (a + 26)« - 4(a 4-26) (6 - c) -f 4(6 - c)«. 

88. 4(a + 6)' - 4(a + 5) (2 6 - c) 4- (2 6 - c)l 

89. (x + yy^2{x + y)(y^z) + {y--zy. 

40. 9(a?4-2^)'-6(a: + y)(3y-2)-h(3y-2;)l 

41. (a + 56)2 - 10(a 4- 56) (6 - c) + 25(6 - c)^. 

42. 4(a + 36)«-12(a + 36)(6-c)4-36(6--e)«. 

43. 16(a 4- «)* - 32(a + x) {x-y)-\- 16{x - yy, 

44. 25(a? + 2^)«^50(a; + y)(y-2) + 25(3/-2)'^. 
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108. To lesolye a binomial into two fainomial faoton. 

(a-h6)(a-6) = a«-6» 

1. What is the product of (a + 6) (a — 6)? What, then, 
are the factors of a' — 6' ? How do these two factors differ ? 

2. What is the product of (a? + 2^) (a* - y*) ? What, then, 
are the factors of aj* — y*? What is the difference between 
these two factors ? 

Rule. — Find the square root of each term of the binomial, 
and make the sum of these square roots one factor, and their 
difference the other. 

Sometimes the factors of a quantity may themselves be resolved into 
factors. 

Thus, «* - y* =(a:2 + y2)(aj« - j^) 

Resolve into their factors : 

1. a«-6*. 13. 4aj«-.92^. 25. 121a«-366*. 

2. c»-(P. 14. aj2y2_4^2^ 2% 169c* -49cr. 
8. m^-n\ 16. m*-w*. 27. lOOaW-64. 
4. 4aj2-.4y«. 16. a^-fel 28. 64-25ajy. 
6. 90^-2^. 17. m^-n^. 29. 49-36ajy. 

6. aj» — 9y". 18. 9a*' — 46*". 30. 16m'» — n**. 

7. 16aj2-.16y«. 19. a^-fe^. 31. 289a;«-y^. 

8. 9c»-16cP. 20. 9a*6«-4c*. 32. 256a* -SGz^. 

9. 25a« -96». 21. aV-9c»d*. 83. 196a?*»-9. 

10. 9y»-l. 22. aj«-y'^ 34. 225a*3^-12l2J*. 

11. 25aJ*-16y«. 23. 46V -25rf«. 36. 324a:y««-81. 

12. 362^-492«. 24. 81 6* -16. 36. 225ajy-144. 
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37. Factor 9a«- (2a + 6)«. 

Solution. — One factor is 3 a 4- (2 a + &)f and 3 a — (2 a + 6) is the 
other. 

3a+(2a + 6)=6a4-6 



and 



3a-(2a4-&) = (a-6) 
/. 9a« -(2a + 6)2 = (6a + 6)(a - h) 



38. Factor (5aj + 3y)»-(3a;-2y)«. 

Solution. — One factor is (6 x 4- 3 y) -j- (3 x — 2 y), and (6 x 4- 3 y) — 
(3 X — 2 y) is the other factor. 

(5x + 3y) + (3x-2y)=8x-y 

and (6x + 3y) — (3x- 2y)=2x+ 6y 

.-. (6x + 3y)»-(3x-2y)« = (8x-y)(2x + 6y) 

Factor : 

(a4.6)«-(a~6)«. 
(« + y)»-(2aJ-f3)». 
(aj + y)«-(2a:-4)l 
(2aj + 3)*-(3a;-4)«. 
(2aj + 33/)»-(3a?~4y)l 
(5aj4-2y)«-(4«-3y)^ 

(7aj-3y)«-(2a: + y)'. 
(Sx + 5yy'-(Sx-2yy. 

(9aj + 3y)*-(2aj-5y)l 

Polynomials may sometimes be expressed in the form of the 
difference of two perfect squares, and factored like the pre- 
ceding examples. 

67. Factor a» + 2a6 4- &* - c". 

Solution. a« 4- 2a6 4- 6* - c« =(a + 6)«- <$• 

(a 4- 6)« - c« = [(a 4- 6) 4- c2l(a 4- 6) -c] 

or (a 4- 6 + c)(a + 6 — c) 
.-. a* + 2 od 4- &* - c» = (a + 6 + c)(a +b - c) 



39. 


c2-.(a4-6)». 


48. (( 


40. 


^^-Ca^-y)'. 


49. (. 


41. 


4c*-(a;4-y)^ 


60. ( 


42. 


9c2-(aj-y)». 


61. ( 


43. 


aj2-.(a + 26)^ 


62. ( 


44. 


c«-(3a4-6)'. 


53. ( 


45. 


y_(2a + 3c)l 


54. ( 


46. 


4c«-(2o + 36)«. 


65. ( 


47. 


9c»-.(2a-36)«. 


56. ( 
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68. Factor 2cd + 62-c*-2a6-cP + a». 

Solution. 2cd -f- 6» - c« - 2a6 - <P + o" 

Arranging terms, = a' — 2 a6 + 6^ — c^ + 2 cd — d* 

= a« - 2a6 + 6« - (c« - 2cd + d^) 
= (a-6)a-(c-(l)« 

= [(a-6) + (c-d)][(«-6)-(c-d)] 

= (a — 64-c — d)(a — 6 — c4-d) 
Factor ; 

69. V-{'2bc + (?-cP. 64. aj«-6«-2ajy + y'. 

60. aH2aic4-»* — 42^. 66. a? + 4:xy - 4:S? + 4:f, 

61. 4a* -aj' + 2x^ + 2^. 66. a^-9y' + 6ic + 9. 

62. a*-6aic + 9aj2-4c*. 67. 4a^ + 12a^-9c2 + 9yl 
68. 4aj*-f 4ajy4-2^-42«. 68. 4a* + 96*- 16c*- 12a6. 

69. 9af-25^ + 16f + 24:xy. 

70. a*-h26d4-c*-&* + 2ac-.cP. 

71. 46*-iC* + 2»y + a* + 4a6-4y*. 

72. d*-a* + 4aaj-4cd + 4c*-4aj*. 

107. To factor a quadratic trinomial. 

(a? + 3) (aj -f 4) = aj* + 7aj + 12 
(aj-3)(a; + 4) = a^-f »-12 
(a; + 3)(aj-4) = ar^- a;-12 
(a;-3)(a;-4) = a^-7a;+12 
(a? - 2) (» + 6) = «* 4- 41^ - 12 

1. In what respects do the factors differ in the first four 
examples? 

2. What terms in the products are alike in each instance ? 

3. How may the first term of each factor be found from 
the product ? 

4. How is the last term of the product found from the 
factors ? 

6. How is the coefficient of the second term of the product 
found from the last terms of the factors ? 



FACTORING. 79 

108. A trinomial of the form of si?±ax±by in which b is 
the product of two quantities and a their algebraic sum^ is 
called a Quadratic Trinomial 

1 . Kesolve a^ ^ 9 a; — 36 into two factors. 

PROCESS. ExPLANATiow.— The first term is evidently x. 

a^ — 9aj — 36 Since 36 is the product of the two other quantities, 

(6x6 ax^d 6, or 4 and 9, or 3 and 12, or 36 and 1 are the 

36 = -5 4 X 9 other quantities. 

1 Since their sum is — 9, the quantities must he 3 

Ko Xl2 jm^i _i2, for the other sets of factors of 36 cannot 

— 9 = 3 ~ 12 be combined so as to produce this result. 

(x + 3) (« — 12) Therefore, (x + 3) and {x - 12) are the factors. 

Rule. — Far the first term of each factor take the square root 
of one term of the trinomial, and for the second term such 
quantities that their product vnU be another term of the trinomial, 
and their algebraic sum muUiplied by the first term of the factor 
wiU be equal to the remaining term of the trinomial. 

Separate into factors the following trinomials : 

2. iB' + 3fl; + 2. 16. xY+7xyz + 10i?. 

3. aj*-f7a4-12. 17. aj*-|-9aj — 36. 

4. a«-.4aj — 21. 18. ir"-57aj + 66. 
6. aj«-.7aj-.18. 19. a^-10ic--39. 

6. a^ + 6x + 8. 20. »*-12ic-64. 

7. aj» + 12a; 4-32. 21. 4:;* -10a; + 6. 

8. &2_86 + 15. 22. 9a;* -27a; +18. 

9. 52 + 5-. 12. 23. 4a;« + 16aa; + 12al 

10. 6?- 6 -12. 24. 9a« + 30a6 + 246l 

11. 6« + 26-36. 26. 4a* + 11a -3. 

12. 3^ + y-56. 26. 46^ + 6-. 14. 

13. 2^+3y-40. 27. 3a* -19a -14. 

14. 6* + 196c + 48c*. 28. 6c* - 31c -f 35. 
16. c8(f + 7c*d* + 12. 29. 8a;* + 14a;y- 15i/«. 
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30. Gf + ldyz-^Tz^, 32. 2f-lSyz + 6z^. 

31. Gar'-lOa^ + lOy*. 33. 12af^ + 3 ar^y- 15 f. 

109. To separate other trinomiaLi into binomial faoton. 

(2« 4- 3) (3a; + 4) = 6aj» + 8a; + 9a? + 12 

= 6a;2 + 17a;-hl2 
(2a; -f 3) (3a; - 4) = 6a;* - 8a; + 9a; - 12 

= 6a;* + «- 12 
(2 a; -3) (3a; - 4) = 6a;* -8a;- 9a; + 12 

= 63;* -17 a; + 12 

1. How is the first term of the product in each of the above 
examples obtained ? 

2. How, then, may the first term of each of the binomial 
factors be found from the first term of the product ? 

3. How is the last term of the product in each of the above 
trinomials formed? 

4. How, then, may the second term of each binomial factor 
be found from the last term of the product ? 

5. What signs must connect the terms of each of the bi- 
nomial factors, when the last term of the product is + ? What 
when it is — ? 

6. How is the second term of the trinomial formed from the 
terms of the binomial factors ? 

SXAMPUSS. 

1. Find the binomial factors of 3 a;* — 10 a; + 3. 

Explanation. — Since 3 x^ can be separated only into the factors 3 x 
and X, 3 a; is the first term of one binomial factor, and x of the other. 

Since the last term, 3, is positive, it must be the product of + 3 and 
-f 1, or — 3 and — 1 ; and since the middle term is negative, the factors 
must have been — 3 and -- 1. Hence, — 3 is the second term of one 
binomial factor, and — 1 the second term of the other factor. 

The factors will, therefore, be either (3 x - 1) (as — 3) or (3 x — 3) (x — 1) . 
It is readily seen that the first set must be taken. Hence, the factors are 
(3x-l)(x-3). 
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Find the binomial factors of : 

2. 2a^-h3aj — 2. 10. 4oi^-{-xy — 3y', 

3. 3a^ + 4aj4-3. 11. 4a:*-5a:y-f .y*. 

4. 3ar^-17a;-f 10. 12. a^- 130^ + 36^*. 

5. 5iB«-38aj + 21. 13. 7a^-|-123aj-54. 

6. 3aj*-a?-2. 14. 10jc* + 3xy-y«. 

7. 3iB* + 7aj-6. 16. 3aj* + 7ajy--6y'. 

8. 3aj2-|-llic-.20. 16. 4a^-f4a;-15. 

9. 2aj» + ll«-hl2. 17. 6«*-a;y-2y«. 

110. To factor by grouping terms. 

1. Factor a?y -h ay + 6aj + aaj. 

Solution. a^ + ay + 6« + ckc = y(a5 + a) + 6(x + a) 

2. Factor aaj — 605 — ay 4- by. 

Solution. ax — bx —ay + by = ax — bz — (ay — by) 

— x{a —b)—y{a — b) 

Factor the following : 

3. a^-^-bx + cx-^bc, 11. bx — cx + bc — x^. 

4. oM — by + bx — ay. 12. dxy — cxy -\- cda^ ^ y^. 
6. b^ — be + (lb — ac. 13. abj? — axy -\- bxy — y^. 

6. ay — 63/ + a6 — y*. 14. bcPx —b^dy -^ abcy — acdx. 

7. 6y — ftaj-f 3aa; — 3ay. 15. 36c — 4arf-h6ac--26r?. 

8. a6c + acd -I- M -f aV. 16. 15aaj— 20 ay -f 96a;— 12 6y. 

9. 2a-f 6aj*-f26-|-aar^. 17. 45a6- 186»-18al 

10. a* — «y + 3y — 3a;. 18. 12ax — 9ay — 86a;-|- 66y. 

19. a4xc -f bcx + adx -f bdx -f acy + bey + ady -f 6cfy. 

20. 2aaa— 2 ava; 4-36 va;— 3 6a»— 4 avy 4-4 ay2;+ 6 6y2;+ 6 6vy. 

ALGEBRA. — 6. 
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111. To factor a trinomial of the form of a* + a%« + b*. 

1. Factor a^ -h a^f + r/*. 

Explanation. — Since oii^-^x^^+y* lacks x^ys of being a perfect square, 
if x^^ is added to the expression and then subtracted from it, the value 
of the expression will not be changed. The quantity added and then sub- 
tracted must be such as will render the trinomial a square with all its 
terms positive. Adding and subtracting x^, the expression becomes 

ic* + x'^* + y* = X* + 2xV + y* - «V 
= (xa + y8)«-xV 
= [(«« + 2^)+ xy][(ai» + y')- xy] 
= (»« + y^ +xy)(x^ + y3 - xy) 
= (x* + xyA- y2)(x« - a^ 4- y2) 

2. Factor a*-f a* + l. 

Solution. a* 4- a' + 1 = a* +2o« + 1 - a^ 

= (o2-|-l)a-oa 

= [(a2 + l)+a][(a24-l)-a] 
= («•-'+ i + a)(a2 + l-a) 

Factor the following : 

3. 6*4.6V-fc*. 11. 6Aa* + 12Sa^b^ + Slb^ 

4. a;^-fa^-|-l. 12. 49a^-f 34iB«y«-f 252^. 

5. 96*4- 216V 4- 25c*. 13. 9 c* -f 38 0*^^ + 49 d*. 

6. 96*-|-36V-}-4aj*. 14. 36 a* - 16 a*^^ 4. 49 ^,4 

7. 25a^-9x'f-^16y\ 16. 256*4-316^4- 74c*. 

8. 16a*-17a%*-f 6*. 16. 25 6* -6V 4- 64c*. 

9. 36aj*4-23aj22^4-16y*. 17. 81 a* 4- 20 0^2^24- 4 y*. 
10. 496*- 116V 4- 25 c*. 18. 81aj*- 64 ar^^^ 4-4 y*. 

112. To factor the difference of the same powers of two quantities. 

(a* - 6^) -f- (a - 6) = a + 6 

( aS - 6«) ^ ( a - 6 ) = a* + a6 4- 6* 

(a* - 6*) -5- (a - 6) = a^H- a«6 + a^^ + V 

1. How does the first term of the quotient compare with 
the first term of the dividend? What quantities does the 
second term of the quotient contain ? The third term ? The 
fourth term ? 
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2. What is the sign of each term ? 

3. What are the exponents of a and b in each term when 
the difference of the same powers of two quantities is divided 
by the difference of the quantities ? 

113. Pkinciple. — The difference of the same powers of two 
quantities is always divisible by the difference of the quantities. 

Write out the quotient of : Factor ; 

1. (aj8-y8) -t-(aj-3(). 6. (a' -27). 

2. (a^-y*) -*-(«- y). 7. (a«-64). 
8. {x*-l) ^(aj-1). 8. (8a»-63). 
4. (a^-16)-f-(x-2). 9. (27»»-/). 
6. (a^-2^) -*-(»^-y^). 10. (343-a?'). 

114. A course of reasoning which discloses the truth or 
falsity of a statement is a Demonstration. 

116. The following is a general demonstration of the princi- 
ple given in Art. Ill : 

Let X and y represent any two quantities, and n the expo- 
nent of any power. Then, af^ — y"* will be the difference of the 
same powers of two quantities, and x^-y the difference of the 
two quantities. 







PROCESS. 




«"- 


-r 


x-y 




af*- 


-xr-^y 


x*""' -f a;"~^y 


1st Rem., 


^-'y- 


~r 






af~^y — x""^ 


2d Rem., 




Qfi-2y2 __yn 


nth Rem., 




^-nyn — yn 








2/* — y» = 



Demonstration. — By dividing as" — y* until several remainders are 
obtained, it is found that the first term of the first remainder is v^-^y ; of 
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the second, x^-^y'^ ; of the third, af»-8y' ; of the fourth, x*^'^y^^ and, conse- 
quently, of the »th, x^-^\ But x**-" is x'', which equals 1 (Art. 93, 1). 
Therefore, the first term of the nth remainder reduces to ^. 

Since Uie second term in the nth remainder is — jTi the entire nth 
remainder is y** — ^, or ; that is, there is no remainder, and the division 
is exact. Therefore, a?» — y" is divisible by x — y when x and y represent 
any two quantities, and n the exponent of any power ; or, 

The difference of the same powers of two quantities is always divisible 
by the difference of the quantities, 

116. It has been shown that the differenjce of the same powers 
of two quantities is always divisible by- the difference of the 
quantities; it is yet to be shown when it is divisible by 
the sum of the quantities. 

(a^ - y«) -^ (a; -h y) = « - y. 

(a^ — 2/^) -5- (aj -I- y) = a^ — ajy + y^. Rem. —2t^. 

(a^ — 2/*) -^ (a; + y ) == »3 - aj2y + a^ — 3/8. 

(ar^ — 3^) -^)x + y) = i»* — arV + ar^/ — »/ + y*. 
Rem. — 2y*. 

1. What are the signs of the terms of the quotient when 
the difference of the same powers is divided by the sum of 
the quantities ? 

2. What is the law of the exponents in the quotient ? 

3. What are the exponents of x and y when the difference 
of the same powers of two quantities is exactly divisible by 
the sum of the quantities ? 

117. Principle. — The difference of the same powers of two 
quarUities is divisible by the sum of the quantities only when the 
exponents are even. 

Write out the quotient of : Factor similarly : 

1. (a^ - /) -t- (aj -f 2/) . 6. a;* — 81. 

2. {3t^^-y^^)^(x+y). 7. aj«-64. 

3. (a.*-l)^(a; + l). 8. 16a^-166*. 

4. (aj* - 16) -T- (a; -f 2) . 9. a^afi-f, 
6. (a^s - y«) -^ (ar^ -f y2) . lo. a^^^-i^d^. 
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11. Demonstrate the truth of the above principle. 



PROCESS. 



of — y" 



x + y 



1st Eem.^ — x^~^y — y" 

— of ~^y — af'-y 
2d Rem., af-y - y" 

3d Rem., — a^~*2/^ — ^ 

— af -y — a;""V 



4th Rem., a:"-*y* — y" 

SuGOESTiON. — Since the second term of each remainder is a negative 
quantity, the remainders can reduce to only when the first term is a 
positive quantity. Show what remainders reduce to 0. 

118. To factor the sum of the same powers of two quantitias. 
(aj* 4- y*) -H (« -h y) = a; — y. Rem. 2y*. 

( x^ + 3/») -t- ( a? 4- y ) = «* - ay + y*. 

(a?* + y*)-^-(« + y) = ar* — a5V + ^ — y*- I^em. 2y*. 

(aj' -h y*) -5- (« 4- y) = iK* — a^y 4- ay — ajy* + y*. 

1. What are the signs of the terms of the quotient ? 

2. What is the law of the exponents ? 

3. What are the exponents of x and y when the sum of the 
same powers of two quantities is exactly divisible by the sum 
of the quantities ? 

119. Principle. — The sum of the same powers of two quan- 
tities is divisible by the sum of the quantities only when the 
eopponents are odd. 

Write out the quotient of : 

1. (aj'4-j^)-t.(aJ4-y). 4. (a^ + «'&")-«- (ay + «&). 

2. (a*4-y')-*-(a4-y). 6. (aj^0 4-3^2^)^(a^4-3^). 

3. (aJ»4-l)-j.(a?4-l). 6. (aJ» 4- 1) -f- («« 4- 1). 
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Factor: 

7. a*-|-6*V^ 10. aW^4-c*d^^. 

8. aj' + yV. 11. aV« + 6'y^. 

9. m'^n'^ + r^s/^. 12. a^y + zV*^. 

13. Demonstrate the truth of the above principle. 

120. REVIEW IN FACTORING. 

Factor the following : 

1. a»-2a-8. 21. {x^yY^z^. 

2. 9a2-.6«. 22. x" -{-ISxy -\-S6f. 

3. (a-|-6)«-(a-6)*. 23. a*"-6^ 

4. /-|-2ym + m*. 24. 4aV-12ac8 4-9c*. 
6. 62-126-45. 26. c» + 5c-14. 

6. a?* — y*. 26. y*4-6y4-8. 

7. w« + 2n-80. 27. a«-l. 

8. m* + n\ 28. xy -:■ y^ + ocz — yz. 

9. ac -I- 6c -f ad + 6d. 29. 9a* -f 12 0^24.42;*. 

10. ^_4gr-h4r*. 30. 4a«-46« 

11. 9aj*-24ajc + 16c'. 31. iB*"4-2af + l. 

12. ar*4-y*. 32. 4aj*»-f 4a^y'» + y**. 

13. a^-Ta- 30. 33. 4p2_8i>r-f 4r*. 

14. a* -9a + 14. 84. 16a^-81y**. 
16. x^^ — f. 35. m*-m-90. 

16. ax — ay — bx -{- by, 36. aj*-f2ic — 35. 

17. az-'Z + 2a — 2. 37. oc — ad* -f 6c — 6d*. 

18. p2-42>-5. 38. m*-3m-28. 

19. a^*-6"'. 39. aj* + 14aj + 40. 

20. 6a' -31a +35. 40. 85 + 12y-y*. 
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41. Aa^ + Sx + 3. 61. 66* -76 -3. 

42. a?*4-flj» + l. 62. 100a^-(10a;-hy)«. 

43. a' + 6* — c* — 2a6. 53. 6a*— 3am— 2an-f-mn. 

44. 4c*-25c«. 64. 100 c* + 40 cd-f 100 (?. 
46. c* — 8c*+16. 66. 4ir*-9y*. 

46. c* — c* — 12. 56. 2a»H-4aH-a6H-26. 

47. y*-3yH-2. 57. flj»-2aj-360. 

48. 2*-102«-24 68. 2r>p'"-36a^. 

49. p* + 7i>-fl0. 69. 12c*H-7c-12. 

50. aj* — 2^. 60. 2*H-(a?— y)*— 22f(aj— y). 

61. (aj«-a^)«-2(iB»-a!y)(a:y-l)4-(fl^-l)'. 

62. (3aj - 4y)* 4- (2aj - 32^)* - 2(3a; - 4y) (2a: - 3y). 

63. (a + 6-f-cH-d)* — (a — 6-f-c — d)«. 

64. {x'^f + :^--2xy + 2xz-2yz)^{y^zy. 

65. a^y — a^z — xt/^ -{- yz. 

66. a^ + aac^ — aV — a'. 

67. a6ay + 6*y* -h oca; — c*. 

68. 3/*^ — 2a^ — 6y* + 2a6y + a^y — a*6. 

69. 2mn — m* — n* + a* 4-6* — 2a6. 

70. a»-2cd-f 6*-c*-d«-2d6. 

71. (a*-6*)2-m«-2mw-n*. 

72. 3a*-6a6H-66* + 6ac-66c. 

73. (a^_l)«_2(a^-l)(y*-l)H-(y*-l)*. 

74. (a>4-6*4-2o6)*-(a*-f-6*-2a6)*. 

75. 2aaj 4- 2a3/ — 2a« 4- 26aj 4- 26y — 26«. 
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121. 1 . What quantity will exactly divide both 3 a* and 2 oa; ? 

2. Give all the exact divisors of 12 a^xy and IS aa^y. Which 
is the highest of these common divisors ? 

3. What is the highest common divisor of 24 a*6^c and 
48 a'b<^ ? 

4. What prime factors, or divisors, are common to 24a*6*c 
and 48 a^bc^ ? 

6. How may the highest common divisor of 24:a^h'c and 
48 a%c^ be obtained from their factors ? 

122. A Oommon Divisor of two or more quantities is an exact 
divisor of each of them. 

Thus, 6 a is a common divisor of 12 a, 24 a^, and 30 aV 

123. A divisor of a quantity is a factor of it. 

124. The Highest * Oommon Divisor of two or more quantities 
is the quantity of the highest degree that is an exact divisor 
of each of them. 

Thus, 4 a'hi is the highest common divisor of 12 a^xy and 8 a^x^y. 

125. When quantities have no common divisor they are 
prime to each other. 

Thus, 6 rr, Sy, and 8 z are prime to each other. 

126. Principle. — The highest common divisor of two or more 
quantities is the product of all their common prime factors. 



* The letters H. C. D. are used to abbreviate the expression Highest Common Divisor. 
88 
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127. To find the highest oommon divisor of quantities that can be 
factored readily. 

1 . What is the highest common divisor of 8 afl^i? and 12 aV(? ? 

PROCESS. 

8a*6V =:2x2x2xaax66xccc 
120^0* =3x2x2xax66xcc 



H. C. D. = 2 X 2 X a X 66 X cc = 4 a6 V 

Explanation. — Since the highest common divisor is the product of all 
the common prime factors (Prin.)t the quantities are sei>arated into their 
prime factors. The only prime factors common to the given quantities 
are 2, 2, a, b, b, c, c; and their product, 4 a&^, is therefore the highest 
common divisor. 

2. What is the highest common divisor of a(a5* — y*) and 

PROCESS. 



H.C. D. =a x(a; + 3/)=a(aj-|-y) 

Explanation. — Reasoning as in the preceding example, the quantities 
are separated into their prime factors, and the product of the common 
factors will be the highest common divisor. 

The common factors are a and (x + y); therefore, a{x-^y) is the 
highest common divisor. 

Bulb. — Separate the quantities into their prime factors, and 
find the product of all the common factors. 

Find the highest common divisor of the following : 

3. 12mVir* and 18 m*naj*. 

4. 16r^««aj» and 20r*s*«». 
6. 21aj*yV and Ua^y^. 

6. 16aj*/2* and 20 or^y^*. 

7. lla*a^, 8aaj*y, and 9axy. 

8. ISaVy*, 9a*ajy, and Sa^xy^. 
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9. ISWcP, 8W(P, and 12aVc. 

10. lOc^ajy, 8a*ajy, and 12a*a?y*. 

11. 18r««V, lOr'A and 16r««V. 

12. 20a«iry, 15a*ajy, and 10 a*a?y*. 

13. 12ajy2*, ISajyz*, and 15aj*yV. 
U. a*-6« and a*-2a6 + 6'. 

16. aj*-2aj and 2a?y*-4y*. 

16. 16a? "f and IGic'-Sa^ + y*. 

17. aj*-2aj-15 and aj*-f 9aj + 18. 

18. ir*H-9ajH-20 and aj* + 2aj-15. 

19. a^ + x-SO and aj*-f 12aj + 36. 

20. a^ — aj — 12 and a^ — 4a; — 21. 

21. x*H-9a;+14 and «*H-2a;-35. 

22. «* + «-30 and «*-f9ajH-18. 

23. a(a^ — y*) and a^ + 2ar^y-f-aV. 

24. 4a2-9a;« and 4a«-12aa;H-9a». 
26. 6*-27a36 and (6 -3a)*. 

26. 4 a&« - 4 aftc* and 12 a*6* - 12 aV. 

27. yz- z and y*» — y». 

28. 6a*-2a-3 and 6a*-lla + 6. 

29. 92^-4 and 93^-15y-14. 

30. a* — 6*, a^ — aib, and a* — 205 4-6*. 

31. 8(a;-y)*, 10(a5*-y*)«, and 12(a^-y*). 

32. a*-6*, a*-2a6 + 5*, and a^h-ah^ 

33. z^ + z-e, 2!*H-7z + 12, and 2*-22-15. 

34. 7?Jf-5x'\'%, iB2 + 7a; + 10, and a^H-12aj + 20. 
36. l-a«, l-f-a^ and a* + 5a + 4. 
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128. To find the highest oommon diyisor of qnantitieB that cannot 
be factored readily by inspection. 

1. What are the exact divisors of aa?? What are these 
also of 2 times aa? or 2aaj* ? Of c times aa^ or cooj* ? 

2. If a quantity is an exact divisor of some quantity, what 
will it also be of any number of times that quantity ? 

3. Since a is a divisor of 2 ah and 3a&, what will it be also 
of their sum ? What of their difference ? 

4. What is the H.C.D. of 2a* and %a^'^ Of 2a" and b 
times 6 a», or 6 a»5 ? Of 2 a* and 6 be times 6 a», or 30 a'5c ? Of 
2a* and I of 6a», or ^dJ" ? Of 12 times 2a* or 24a* and 6a« ? 

5. When, then, is the H. C. D. of two or more quanti- 
ties not affected by multiplying or dividing any one of them 
by other quantities ? 

129. Principles. — 1. A divisor of any quantity is a divisor 
of any number of times thai quantity. 

2. A divisor of two or more quantities is a divisor of their 
sum and of the difference between any two of them, 

3. The highest common divisor of two or more quantities is 
not affected by multiplying or dividing any of them by quaixtities 
which are not factors of the others, 

130. 1. Find the H. C. D. of 2«*-.6aj+2 and 4aj8+12aj*-aj--3. 

PROCESS. 

2ic*-5ajH-2)4«8 + 12aj*- »- 3(2aj + ll 

4g»-10g*+ 4a; 

22iB*- 5a;- 3 

22 0^-55 a; 4- 22 

25 )50a;-25 

2aj-l)2a;*-6a; + 2(a5-2 
2a^- X 
-4a;-f 2 
.-. 2a; - 1 is the H. C. D. ~4a;-h2 
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ExFLAv ATioii. — It 18 evident that the highest aMnmon divisor cannot be 
hi£^ertlian2x>-52:+2. The hig^iest common divisor wiU be 2 z^- 5 x+2 
if it is contained without a remainder in 4z* + 12x* — as — 3. By trial it 
is found that it is not an exact divisor of 4aE^ + 12ai^ — z-S, inasmuch 
as there is a remainder of 50x — 25. Therefore, 2z^ — 5z + 2 is not the 
hi^iiest common divisor. 

Since 2as^ — 5x -f 2 contains the hi^est common divisor, (2x + H) 
times (2 o^— 6 x+2) will also contain the hi^est conmion divisor (Frin. 1) ; 
and since that product and 4x* + 12x* — x — 3 both contain the highest 
common divisor, their difference, or 50 x — 25, will contain their highest 
common divisor (Prin. 2). Hence, the hi^^est common divisor cannot 
be higher than 50x — 25. 

Since 25 is a factor of 50 x — 25, but not of the quantities whose highest 
common divisor is sought, it may be divided by 25 without changing the 
highest common divisor (Prin. 3). Therefore, the highest conmion divisor 
cannot be higher than 2 x — 1. 

2x^1 will be the highest common divisor if it is an exact divisor of 
2 2^-5 x+2, since, if it is contained in 2 x3-5x-|- 2, it will be contained in 
any number of times 2x^ — 5x + 2 (Prin. 1) and in the sum of (2x + 11) 
time^X' - 5x + 2 and 50x - 25 (Prin. 2). By trial it is found to be an 
exact divisor of 2 x^ — 5 x + 2. Therefore, 2 x — 1 is the highest common 
divisor of the quantities. 

« 

2. Find the H. C. D. of 3ai* + 11a; -f 6 and 2x* + 11a; + 15. 

Solution. 

2a5«H-lla; + 16)3a;*-flla-f 6 

2 

6a;2^_ 22 a; + 12(3 
63;* + 33 a; + 45 
-11 ) -11a; -33 

a; -h 3)2a^ -f 11a; 4- 15(2a; -f 5 
2a;^+ 6x 

5a; + 15 
5 a; + 15 

SuooESTiONs. — Since the divisor is not contained in the dividend an 
entire or integral number of times, the terms of the quantity which con- 
tains the highest coefficient of x^ are multiplied by 2 so that the quotient 
may be integral or entire. The same result might have been obtained by 
multiplying the quantity 2 x^ + 11 x + 15 by 3 (Prin. 3). 

The remainder — 11 x — 33 may be divided by — 11 since — 11 is not 
a factor of 2x« + 11 x + 15 
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3. Find the H. C. D. of 2aJ*-12iB» + 17jr» + 6a; -9 and 
4ar'-18«*H-19a;-3. 

Solution. 

4ar5-18a;2+i9x-3)2x*-12jK8+17x2+ 6x- 9 

2 

4x*-24a^+34xH12a~18(a; 
4x*-18g8+19xg- 3g 
~3 )- 6gH15a;g+16g-18 

2a^- 6«2- 5x+ 6)4x«-18a;«+19x- 3(2 

4x«-10xa-10x+12 



- 8«a+29x-16 



2x8- 6x3- 535^ e 

4 

-8x2+29x-16)8x»-20xa-20x+24(-x-l 

8x»-29xg+15x 

9x2-36x+24 
8x2-29x+16 



a^- 6x+ 9)-8x2+29x-16(-8 

-8x2+48x-72 



-19 )-19x+57 

x-3)x2-6x+9(x-3 
x^-3x 
-3X-I-9 
-3X-I-9 



The H. 0. D. is a? - 3. 



Suggestions. — The highest quantity is multiplied by 2 so that the 
other quantity may be contained in it an entire or integral number of 
times. Then the first remainder is divided by — 3 because — 3 is not a 
factor of the preceding divisor and consequently not of the H. C. D. 
Another dividend is multiplied by 4, and another divisor divided by — 19. 

KuLE. — Divide the higher quantity by the lower, and if there 
be a remainder, divide the lower quantity by it, then the preceding 
divisor by the last remainder, and so on until nothing remains. 
The last divisor toiU be the highest common divisor. 

Jfmore than two quantities are given, find the highest common 
divisor of any two, then of this divisor and another, and so on. 
The last divisor will be the highest common divisor. 
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1. If any quantity contains a factor not found in the other, the factor 
may be omitted before beginning the process. 

2. A common factor of the quantities may be removed before begin- 
ning the division, but it must appear as a factor of the highest common 
divisor. 

3. When necessary, the dividend or divisor may be multiplied or divided 
by any quantity not a factor of the other quantity. 

4. The signs of all the terms of either dividend or divisor, or both, may 
be changed without changing the highest common divisor. 

Find the H. C. D. of the following : 

4. 2«* -16a; 4- 14 and ic*- 5a; -14. 

6. 3a;«-hl4a;-f-8 and 4a;» + 19a;-|-12. 

6. 6a;«-23a;-f 15 and 2a;»-12a;-f 18. 

7. 4a;* -h 21a; -18 and 2a;* -h 15a; + 18. 

8. 21a;*-26a;H-8 and 6a;*-a;-2. 

9. a;* — 6a^-|-8y* and ar' — 8a;y-f 16y*. 

10. 01^ — y^ and a;* — 2a;y-|-y*. 

11. a;*-2a;*H-l and a;*-4a;«-h6a;*-4a; + l. 

12. 2a;'-f 6ar^ -|-6x -f 2 and 6a;' 4- 6ar^- 6a; -6. 

13. 3a;'-f 3a;'-15a;-|-9 and 3a;*-f3a;»-21ar^-9a;. 

14. 20a;*-|-a;* — 1 and 26a;*4-5a;» — a; — 1. 
16. ar^-9, a;*-3x-18, and a;* -f 11 a; -f 24. 

16. a;*-3a;-28, ar^ - 11 a; -f 28, and ar^- 15a;-f 66. 

17. a;»-f 6a;-f 9, a;«-a;2- 12a;, and a;*-4a; — 21. 

18. a* - b*, a« -f a% - ah^ - b% and a* - 2a*&* + b\ 

19. a;*-|-5a;'H-6a;*, a;'+3ar^-f-3a;-f 2, and 3a;»4-8a^+5a;-f 2. 

20. a^ + 3a^b-\-3ab^ + I^, 4a*&*-f 12a^-f86*, and a* -6*. 

21. 9a;*-fl2a;'-hl0ar'H-4a;-f 1 and 3a;*+8a;'-fl4a;'+8a;-f 3. 
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22. aj*-|-3aj»-f 9a5»-|-12a;-|-20 and aJ* + 6aj»-|-6aj'H-8a;-f 24. 

23. 3aW+ a'a? 4- 2a2+12aj» + 4aj + 8 and aV + 3a«a; + 4a« 
4-4aj»H-12aj + 16. 

24. ISjc' + daj'-aaj + S and 40jc'--21aj»4-10aj-l. 
26. 16aar*— 20air*-hl0aaj — 6a and So*' — 15aa;4-12a. 

26. 2a»«-2a*to-2a6*a;H-2yaj and 4a'4-4a%-4a6*-46*. 

27. 2x* - 14aj + 20 and 4iB»-26aj» + 20aj + 26. 

28. 3a^ + 21a?-132 and 6ajV-f 54a5»y-138ajy-66y. 

29. a^-a^-3«" + aj»4-3aj + l and aJ*-iB'-3x*H-2ajH-2. 

30. o'-6a2-99aH-40 and c^-6a»-86a + 36. 

31. 14a?«-f a5' + 8aj»-aj + 2 and 631^ + 70? + 7a?^Sx + l. 

32. 3a:»-aj»-2a?-16 and 2iB«-2«"-3aj-2. 
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13L 1. What quantity exactly contains 2, 3, a, and b? 
What relation does each of them bear to their product ? 

2. What is the lowest quantity that exactly contains 3 a 
and 4a5? 

3. What factor of 3 a is not found in 4a&? What is the 
product of 3 multiplied by 4a6 ? 

4. To what, then, is the lowest common multiple of several 
quantities equal ? 

132. A Multiple of a quantity is a quantity that will exactly 
contain it. 

Thus, a%; is a multiple of a, a', and z. 
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133, A CkMnmoii Mnhiple of two or more quantities is a 
quantity that will exactly contain each of them. 

Thus, 46^ is a common multiple of 26 and c 

134. The Lowest* Oommcm Multiple of two or more quantities 
is the lowest quantity that will exactly contain each of them. 

Thus, 2beiE the lowest conmion multiple of 2 & and c. 

136. Principle. — The lotoest common multiple of two or m/ore 
quantities is equal to the product of the highest quantity multiplied 
by aU the factors of the other quantities not contained in the high- 
est quantity, 

136. 1. What is the lowest common multiple of 3a?y^zv and 

PROCESS. 

Sa^y^zv = Sxix^ Xj^ xzxv 

L. C. M.= 5x3xaj*x^X2^Xv = 15a^y^s^ 

Explanation. — Since the lowest common multiple is equal to the 
product of the highest quantity multiplied by the factors of the other 
quantity not found in the highest quantity (Prin.), for convenience in 
determining what factors of the other quantity are not found in the 
higher, the quantities are separated into their prime factors. Thus, the 
factors of the lowest common multiple are seen to be 6, 3, x^, y*, z^, and v. 

Hence, their product, Ibx^z^, is their lowest common multiple. 

2. What is the lowest common multiple of a' — a — 12 and 
a2-4a-21? 

PROCESS. 

(a2-a-12)(a«-4a-21) , a\^ 2 a oi\ 
^^ ^-^— ^ = (a — 4) (a* — 4a — 21) 

a-f 3 

= a3-8a2- 5a + 84 

Explanation. — Since the product of any two quantities is their com- 
mon multiple, it follows that if their common factors are omitted from the 
product, the result will be the lowest common multiple. Since their com- 
mon factors or divisors will be the highest common divisor of the quan- 
tities, the product of the two quantities divided by their highest common 
divisor will be their lowest common multiple. 

* The abbreviations L. 0. M. are used for Lowest Common MuUiple. 
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Their highest common divisor is a + 3 ; omitting this factor from 
dividend and divisor, the result is (a — 4) (a^ — 4 a — 21), which is equal 
to a' — 8 a^ ~ 6 a + 84, their lowest common multiple. 

BuLE. — Separate the quantities into their prime factors. Mul- 
tiply the factors of the highest quantity by the factors of the other 
quantities not found in it. 

The H. C. D. of two quantities multiplied by their other prime factors 
will also be the L. C. M. 

Find the L. C. M. of the following : 

3. 8aWc» and 10 a^bc. 

4. lOah/'z, 203i?y'z, and 25ar^yV. 

5. 14a*6V, TVa^, and 35 obex. 

6. 12 m*ny, 18 mny", and 24m'n'y. 

7. 18r««V, 9r»«2;», and 36r«V. 

8. 7?—}^ and X* — 2iryH-y*. 

9. «* — y* and aj'-f-2a:^-f-^. 

10. flJ^ — y*, »* — 2a^-f-y, and flc'H-2ary-j-y^ 

11. o^ — ^ and aj* — y*. 

12. a^iX'-z) and y*(aj* — »'). 

13. aj*-l, «* + !, and aJ*-l. 

14. 2a;(aj — y), 4»y(ar* — y*), and 6a;^(a; + y). 

15. «* — «, «*— 1, and o^-fl. 

16. »* — 1, Qi? — x, and aj* — 1. 

17. 4(1 -V a), 4(1-0?), and 8(l-ir«). 

18. aj*-f 5ajH-6 and a^ + 6a; + 8. 

19. a^ — a — 20 and a* + a — 12. 

20. a!'-.9aj-22 and aj*-13aj4-22. 

21. a;* -8a; + 16 and a« + 2«-5. 

22. o' + x'y-f ajy*-|-^ and a* — «*y + ajy* — j/*. 

▲LOEBRA. — 7. 
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23. ar' — a:V + «^ — ^ and «* + a*y — a^y* — y*. 

24. a« — 2a' + 4a — 8 and a?* + 2a* — 4a — 8. 
26. «*4-y*j a^ — ic^, and «* + a^ + a5*y + 2^. 

26. a*-4, aj» — aj-6, and a»-3a^-4aj + 12. 

27. a? — 5, «" — 2aa;-fa', »*— 10a5 + 26, and a^ + 5a — 5fl; 
— aa;. 

28. a?* — 16, ai* + 4a5 + 4, and a* — 4. 

29. m* — 3m + 2 and m' — 4m + 4. 

30. i?« — 7p + 10 and i?*-!)- 20. 

31. 5c — c* — 4 and 3 — 4c-f c*. 

32. l—p-\-jp^, l+P— i>*> and 1— ;>*. 

33. 4ac — 4c — 4c* and 2a6 — 26c — 26. 

34. 3ar^-19ajH-6 and a^- 10a; + 24. 

35. m^-m- 90, m*- 13m + 30, and m^-lOO. 

36. y2-2y-35, f-Sy-\-7, and y«-f 4y-5. 

37. 2«3-12a2_^i9^_j^2 and 2««-6»=' + 7aj-3. 

38. a^-f-2a^-2a2-2a+l and a*-L 

39. c2-5c + 4, c*- 6c 4-8, and c*-8c + 16. 

40. a2 + 3a — 4, a* — 6a + 5, and a* — a — 20. 

41. a^-.(y-\-zy, f^{x + zy, and z'-(x + yy. 

42. a3-8a2 + 19a-12, a8-9a2 + 26a-24, and a« — 6a= 
+ lla-6. 

43. 4c2-9, 6c2-5c-6, and 6r + 13c + 6. 

44. 1 — a;-f «2 l^a; + «*, and l-fa.'^-f a^. 

45. a^ -^ Soc^y -[- Sxy^ + y^ and a^ — ocy^ -}- a^ — t^. 

46. (a-|-6)(a-f c), (a + 6)(6 -f-c), and (a + c)(6 + c). 

47. a^ -^ab -{■ b% a^ — b^, and a — 6. 

48. 4a^(a + aj), 4a^(a — aj), and 2a*(a' + a.''). 
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137. 1. When anything is divided into two equal parts^ 
what is one part called ? How is it expressed ? 

2. What does ^ represent ? ^? — ? ^? 

2 ^ 5 7 9 

3. How may one fifth of a; be expressed ? Two thirds of 6 ? 
Three sevenths ofy? Eight elevenths of 2 ? 

138. A Fraotion is one or more of the equal parts of a unit. 

139. Since a fraction is one or more of the equal parts of 
anything, to express a fraction^ two numbers^ or quantities, 
are necessary, one to express the number of equal parts into 
which the unit has been divided ; the other to express how 
many parts form the fraction. These numbers, or quantities, 
are written one above the other, with a horizontal line be- 
tween them. 

140. The Denominator is the number, or quantity, which 
shows into how many equal parts the unit is divided. 

It is written below the line. 

Thus, in the fraction -, b is the denominator. It shows that the unit 

b 

has been divided into b equal parts. 

141. The Fnmerator is the number, or quantity, which shows 
how many parts form the fraction. 

It is written above the line. 

Thus, in the fraction ^, a is the numerator. It shows how many parts 
form the fraction. 

99 
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142. The numerator and denominator are called the Terms 
of a FiactioiL 

143. An indicated process in division may be written in the 
form ofafractionj the numerator being the dividend and the 
denominator the divisor. 

144. An Entire Qnantitj is a quantity, no part of which is in 
the form of a fraction. 

Thus, 2 a, 3 c, 2 x + y> etc., are entire quantities. 

146. A Mixed Quantity is a quantity composed of an entire 
quantity and a fraction. 

Thus, 2aH-— , 2x + 2y-|- ^^-t?, are mixed quantities. 

7 x-\-l 

146. The Sign of a Fraction is the sign written before the 
dividing line. This sign belongs to the fraction as a whole, 
and not to either the numerator or denominator. 

Thus, in — ^'^ V the sign of the fraction is — , while the signs of the 

quantities a;, y, and 2 z are + . The sign before the dividing line shows 
whether the fraction is to be added or subtracted. 



REDUCTION OP FRACTIONS. 

Case I. 

147. To reduce fractions to higher or lower terms. 

1. How many fourths are there in (jne half? 

ti OC tJ 

2. How many fourths are there in - ? - ? ^ ? 

A £i £i 

3. How many sixths are there in - ? How many ninths ? 

How are the terms of the fraction — obtained from ~ ? 

6 3 



FEACTIONS. 101 

4. What, then, may be done to the terms of a fraction with- 
out changing the value of the fraction ? 

5. How many thirds are there in — ? In — ? In — ? 

^ 6 9 12 

How are the terms of the equivalent fraction ~ obtained from 
these fractions ? 

6. What else may be done to the terms of a fraction besides 
multiplying them by the same quantity, that will not change 
the value of the fraction ? 

148. A fraction is expressed in its Lowest Terms when its 
numerator and denominator have no common divisor. 

149. Principle. — Multiplying or dividing both terms of a 
fraction by the same quantity does not change the value of the 
fraction. 



3 

1. Change ^ to a fraction whose denominator is G^*. 

PROCESS. Explanation. — Smce the fraction is to be changed 

3 to an equivalent fraction expressed in higher terms, 

— the terms of the fraction must be multiplied by the 

same quantity, so that the value of the fraction may 

66*-A-2& = 36 not be changed (Prin.). In order to produce the 

^ Q, Q, required denominator, the given denominator must be 

*^ ^ "^ = ^2. multiplied by 3 6 ; consequently, the numerator must 

26x36 66* be multipUed by 3 6 also. 

2. Beduce -rrj-t- to its lowest terms. 

25ofy 

Explanation. — Since the fraction is to be changed to 

PROCESS. j^jj equivalents fraction expressed in its lowest terms, the 

1 5a^y^ _3y terms of the fraction may be divided by any quantity 

25a^y 5x that will exactly divide them (Prin.). Dividing by the 

quantity 6a^y, the expression is reduced to its lowest 
terms, for the terms are then prime to each other ; or. 

The terms may be divided by their highest common divisor. 
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ISO. To eipran a fiBotioii in hi^iar tanns. 

'Rule. — Multiply the terms of the fraction by such a quantity 
as wiU change the given term to the required term. 

16L To express a fiaoftum in its lowest tanns. 

Rule. — Divide the terms of the fraction by any common 
divisor, and continue to divide thus utUU they have no common 
divisor; or, 

Divide the terms of the frcuAion by their highest common 
divisor. 

3. Change — to a fraction whose denominator is 28. 

7 

4. Change -— to a fraction whose denominator is 36. 



5. Change — ^ — to a fraction whose denominator is 15. 

6. Change — ^^— to a fraction whose denominator is 30. 

2x 

7. Change to a fraction whose numerator is 6x. 

8. Change to a fraction whose numerator is 9x. 

ox — 8 

9. Change - — -— to a fraction whose numerator is 4aaj*. 

3 + 2y 

10. Change ^^ to a fraction whose denominator is 

^ a^-h 

11. Change ^ to a fraction whose denominator is a* 4- 

a4- ^ 
2a6 + y. 
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Keduce the following to their lowest terms : 

12. 15^. 27. 2*y.±2. 
ISxyh Z3?f - 3 

21a;V8» 18o*c-66c 

' 28a!VV' ■ 42a'd-14M' 

2oaba^ a?* — y* 

24t3i^^m* (wi + n)* 

16. g^"^^'^ . 8X. <1^-^*. 
12 mV (1 + a;)" 

24a^yV a'-4a-12 

' 12a!VV ■ o« + 6a + 6 

18. 35aY^ . 33. ^-fia; + 6 . 
49ajy«» ai» + 4a!-21 

22a^a!V .. o* + a-90 
' SSaVyy" * a* + 8a -20* 

20. , "'-^ . 85. 2^=1^^. 
o»-2a6 + 6* «* + «-2 

21. '^•-^ 86. m«- 12m 4- 32. 
a* + 2o6 + 6« m* + 2m-24 

22. -2^. 87. 1^^. 
oaj — 4ar 2aai — Ax 

23. ^^'-^ . 38. ^^'^ + ^^^ . 



26. ^z:^. ^ 40..^-^ 



a^-z^ '2xy-{-2y 

26. -i ....., ' *!• 



a«-4a6-h46« a^-2aa; + a* 
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42. tps^. 61. .y'-^y 

43. 4±P4±. 62. «^-4»' 



x»-aB»-12« (a-26)» 

. 4^ a!' -3a!-28 ^^ a* + 2o-3 

«*-lla! + 28 ■ a* + 5a + 6* 

46. "** - »*. 64. «' + 5« + 6 . 

»i»— n* a» + 7o + 12 

46. ^ + **. 66. g^'^-g'^-g . 
o*-6« 8c»-2c-16 

47. =4^ 66. <^-(.b + cy. 

48. ^'-< 67 ^5a^H-gy-2y' 

49 9a%4-9ay ^^ a»-12a-f 35 

3a*-h6a6-h36«" ' a*-15a4-66* 

60. ^-y" 69 a^-J-ga^ + Sag + l 

a^-2a:y + y* ' aj»4-l 

152. To reduce an entire or mixed qnantitj to a fraction. 

1. How many fifths are there in 3 ? In 4 ? In 10 ? In a ? 

2. How many sevenths are there in 2 ? In 4? In 6'? 

3. How many fourths are there in 2J ? In 3f ? In a -h -? 

EXAMPUBS. 

1. Reduce a + - to a fractional form. 

c 

Explanation. — Since 1 is equal to -, 

c a is equal to — ; consequently^ o + - = — 

C C C C c' C ' 
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KuLE. — Multiply the e^itire part by the denomincUor of the 
fraction; to this product add the numerator when the sign of the 
fraction is plus, and subtract it when it is minu^y and write 
the result over the denominator. 

If the sign of the fraction is — , the signs of all the terms in the numer- 
ator most be changed when it is subtracted. 

[Reduce the following to fractional forms : 

2. 2aj-f-^- 13. 3a: +--?^--. 

5 ax 

3. 5x-^. 14. a; + 4-f-?^^-- 

4 6 

4. 4aj • 15. a • 

2 a 

5. a: + iy±^. 16. 2a:-5-^±i. 

4 a:-2 

6. 2a + ^^- 17. a-f-o^-f-^i^- 

4 a — 05 

7. 2ar + 3yzii. is. a + c + ?^:^. 

8 a-'C 

s. 3a:-2y±3. le. a:-y + ^:::i^. 

6 x-f-y 

9. 5a-^^. 20. x + 4-^--?. 

2 a;-4 

10. oa ^— ! — • 21. a-f-jc • 

4 a — x 

11. oc-\ ■ — • 22. a — 6 ■ — • 

d a— b 

12. 4a + 5£^. 23. m + n- ^"*" + < 

ca m — n 

IBS, To rednoe a fraction to an entire or a mixed quantity. 

1. How many units are there in | ? In ^ ? In ^^ ? 

2. How many units in ^ ? In — - — ? In — -- — " 
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1. Ereduce — ^^ to a mixed quantity. 



PROCESS. Explanation. — Since a fraction may be regarded 

bx4-d d ^ ^"^ ezpresBion of unexecuted division, by perf orm- 

— - — = aj -f- - ing the division indicated, the fraction is changed into 

^ ^ the form of a mixed quantity. 

Beduce the following to entire or mixed quantities : 
» «' + <=* 16. 



17. 



18. 



19. 



M. 


a 


3. 


bx-^cd 


b 


4 


206 + 6* 


V* 


a + b 


5. 


a — x 


6. 


o»-a!» 
a -f-oj 


7. 


aj3 + l 
x-^1 


8. 


(xP + 1 
aj-1 


9. 


1 
l-a 


10. 




11. 


7a« 
a — 6 


12. 




13 


2a^ + 7 


Xifm 


aj — 4 


14. 


&"+» - a* 


6" 4- a 


1R. 


a?-f 



aj*4-2aa?4-»* 


a + a; 

a' + ft" 
a-6 

5ay 4-aa;4-a5 


oo; 
2a«-26* 



a + 6 
2^^ a^ + 2ay4-2y«4 -a?. 



21. 



22. 



aj-hy 
a — 6 
x-^y 



23. i??^±^'. 



24. 



25. 



26. 



27. 



28. 



29. 



m^ — n^ 

x — z 

2x^f 
a^4-2a^-a^-4a;-6 

5a3-ag4-5 
5a2 + 4a-l' 

a + 6 + 1 
a3-3a*6 + 3a6*4-6^ 



a^-2^ a2-2a6-h6' 
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164. To rednoe dissimilar to similar fraotions. 

1. Into what fractions having the same fractional unit may 
^y ^, and i be changed ? 

2. Into what fractions haying the same fractional unit may 

1 1 

and — be changed ? 



2a 5a 

11 1 

3. Express -— , -— , and — -~ in equivalent fractions hav- 

^ 2a 5a 10a ^ 

ing their lowest common denominator. 

166. Similar Fractions are those which have the same frac- 
tional unit. 

166. Dissimilar Fractions are those which have not the same 
fractional unit. 

Similar fractions have, therefore, a common denominator. 

167. When similar fractions are expressed in their lowest 
terms, they have their Lowest Oommon Denominator. 

168. Principles. — 1, A common denominator of two or more 
fractions is a common multiple of their denominators, 

2. The lowest common denominator of two or more fractions is 
the lowest common multiple of their denominators, 

d 2c 

1. Reduce - — and -— r- to similar fractions having their 

2ac 3a*d ^ 

least common denominator. 

PROCESS. Explanation. — Since the lowest 

d d xSad Sad^ common denominator of several frac- 

tions is the lowest common multiple of 



2ac 2ac X 3ad 6a*cd ^i^^^ denominators (Prin. 2), the low- 
2c 2cx2c _4c* est common multiple of the denom- 

3^ " 3a'd X 2c " 6^ ^^^^ 2«c and Sa^d must be found, 

which is 6 a^cd. The fractions are then 
reduced to fractions having the denominator 6a*cd, by multiplying the 
numerator and denominator of each fraction by the quotient of Qa^cdy 
divided by its denominator (Art. 149). 6 a^cd -i- 2 ac = Z ad, the multi- 
plier of the terms of the first fraction. 6 a^cd -4- 3 a^d = 2 c, the multiplier 
of the terms of the second fraction. 
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Rule. — Find the lowest common multiple of the denominators 
of the fractions for a lowest common denominator, 
, Divide this detwminator by the denominator of each fraction, 
and multiply the terms of the fraction by the quotient, 

1. Any multiple of the lowest common denominator will be a common 
multiple of the denominators. 

2. All mixed quantities should be changed to the fractional form, and 
all fractions to their lowest terms before finding their lowest common 
denominator. 

Reduce the following to similar fractions having their low- 
est common denominator : 



2. ?? and 5f . 



10. g'^-gy and ^^-3y. 
5ac 10 a^c 



_ 7a ji ^a 
3. — - and — 

8 6 



and 



16 



5. — and — 2^* 
3a 6a 



11. 



4a 



5c 



2xy \7hf Sya^z 



12. — 



d 



d 



4aj 4:xy SoV 



X3. 4, 



a^c 3ac* 



, 4. 



^ 2b .2c 
6. — and 



7. 



32/ 

3ac 

2x'y 



and 



6f 
2bd 



3a^ 



8. 2^^ ^a ^^^. 

5aj2 10a: 



14. 



x + y x-y 7?'\'f 



2c 



2a 



,^ x + 2 a;-2 a; + 3 

15. -) y — ' 

x—\ X -\-\ ar-— 1 

16. ^u J^y-, V 



a-|-6 a — 6 a^ — b^ 



Sa^ 4a x — y X -{-y a^ "-y^ 

18. tl, ^, and^ + ^ 



aj2 + l' aj2_i' 



a?*-l 



19. 



and 



(a -b){b- c) (a - 6) (a - c) 
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20. 



21. 



22. 



23. 



24. 



a 1 2 a-1 

•> -y —z r> 



a-hl a + 3 a* -9 a-3 

3a;-l 2a;-h5 4a;-l 
., _ ., 



x + 2 2x4-4 6^4-12 
8 25 3a: 



a;-5 4«2_25 2x-^5 
1 27/1 m -f- w 



m — w m* — n* m^ — n^ 



x-\-3 x + 1 aj-2 1 



a^ + x-2 x^^x-6 iB*-4aj4-3 a;* + 2a;4-4 



CLEABINQ EQUATIONS OF FRACTIONS. 

159. 1. Ten is one half of what number ? 

2. If one third of a number is 12, what is the number ? 

3. If ia equals 4, what is the value of a? 

4. If J a; = 8, what is the value of a ? 

5. If both members of an equation are multiplied by the 
same quantity, how is the equality of the members affected ? - 

or 

6. When - = 6, what is the resulting equation when each 
member is multiplied by 3 ? By 6 ? By 9 ? By 12 ? By 15 ? 

7. How may an equation containing fractions be changed 
into an equation without fractions ? 

160. Olearing an equation of Fraotions is changing it into an- 
other equation without the fractions. 

161. Principle. — An equation may be cleared of fractions 
by multiplying each member by some multiple of the denominor 
tors of the fractions, (Art. 57, Ax. 4.) 



110 HIGH SCHOOL ALGEBRA. 



X 



1. Find the value of x in the following as -h - = 12. 

5 

PROCESS. ExPLASATiOK. — Sliice the 

2 equation contains a fraction, 

35 -h - = 12 it may be cleared of fractions 

^ by multiplying each member 

Clearing of fractions, 5 a; -|-x = 60 by the denominator of the 

Uniting terms, 6^ = 60 fraction (Prin.). The denom- 

Therefore, a; = 10 ^^^^ ^ ^ * ^^^^^^ «^^ 

member is multiplied by 5, 

giving as a resulting equation 5 a: + x=60. Uniting similar terms, 6 x=60 ; 

therefore, x = 10. 

2. Given « + 5 4-f + ^= ^^, to find the value of x. 

o 5 6 10 

PROCESS. 

3 5 6 10 
Clearing of fractions, 30aj-|-10a;-f-6a: + 5a; = 459 
Therefore, 51 a; = 459 

And, a; = 9 

Explanation. — Since the equation may be cleared of fractions by 
multiplying by some multiple of the denominators (Prin.), this equation 
may be cleared of fractions by multiplying both members by 3, 6, 6, and 
10 successively, or by their product, or by any multiple of 3, 5, 6, and 10. 

Since the multiplier will be the smallest when we multiply by the lowest 
common multiple of the denominators, for convenience we multiply both 
members by 30, the lowest common multiple of 3, 5, 6, and 10. Uniting 
terms, and dividing, the result is « = 10. 

Rule. — Multiply both members of the equation by the least, 
or lowest, common multiple of the denominators. 

1. An equation may also be cleared of fractions by multiplying each 
member by all the denominators successively. 

2. If a fraction has the minus sign before it, the signs of all the terms 
of the numerator must be changed when the denominator is removed. 

3. Multiplying a fraction by its denominator removes the denominator. 

Find the value of x, and verify the result in the following : 

3. aj-f--=24. 5. 2a; 4- - = 28. 

5 3 

4. 5-|-a; = 21. 6. 4a; + | = 42. 
6 5 
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7. 3aj-5 = 40. 13. x + ^-f-^ = 29. 

7 3 4 

8. aj-5 = 25. 14. 2a; + ^-?==50. 

6 3 4 

9. i5-aj = -24. 16. 3x-^-^=18. 

6 3 6 

10. ?^ + 7aj = 38. 16. 4flJ + ^-^=74. 

5 3 9 

12. 1 + 1 + ^ = 18. 18. M + | = 26. 

4 7 5 

20. ?^ + l£^ = 0. 

7 47 

21. 3g^l80-5^^3^ 

4 6 

22. -aj + — a; + iic=19. 
4 10 8 

a? + 3 . 3a;_o , 4a;~5 

23. -^ + -g— 2 + — 3— . 

''*• -5- + ^r 2- 

26. l£±2_i2 = §£±3_f. 
10 6 2 

26. ^ + a_| = a + ? + 5i. 

3 '43 

ao 3a!-4 6a;-6 . 3a!-l 
2 8 16 
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29. — - — H -^— = ox— lij. 



^^ 5 — 3x , 3 — ox 3 ox 
4 3 2 3 

31. £±3 + ^±i + £±5^i6. 



38 2x-l 6z-4 ^ 7x + 12 
5 7 11 ' 

33. 5±^-^^^ = x-2.« 



«^ X — 3 X — 1 X— 5 



35. £ + 3=--?^^. 
2 4 5 

36. ^-::il + ^-3 x-2 2 



37. 



38. 



2 4 3 3 

l--2x 4-5x ^ 13 
3 4 42* 

x + 3 x-2 1^ 3x~5 
2 3 4 12 ' 



39 4x~2 . 3x-5 _K 
39. -JJ- + 4 j^-5. 

.^ 3x-3 3x-3 15 27-h4x 
4 3 3 9 

41. A spent J of his money, and then received $2, He 
then spent ^ of what he had, and had $7 remaining. How 
much had he at first ? 



* In clearing tbii and the following equations of fractions, the signs shoald be changed, 
as indicated in Note 2, under the Rule. 
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Solution. 

Let X = the money he had at first. 

Then - = what he spent at first. 

4 

3a; 

— - -f- 2 = what he had after he received $ 2. 
4 

i [^ + 2^ = ^ + 1= what he spent the second time. 

Therefore, ?-f.^4.1 + 7=a;+2 

Clearing of fractions, 2x + 3x + 8 + 66 = Sac + 16 
Transposing, 2aj + 3x — 8x = — 48 

-3x = -48 
a; = 16 

42. What number is there to which, if J of it be added, the 
sum will be 15 ? 

43. Find a number such that the sum of ^ of it and ^ of it 
is 15. 

44. One third of A's age plus two fifths of A's age equals 
22 years. How old is he ? 

45. Three sons were left a legacy, of which the eldest 
received |, the second ^, and the third the rest, which was 
$ 200. How much did each receive ? 

46. A's capital was f of B's. • If A's had been $ 500 less, it 
would have been but ^ of B's. What was the capital of each ? 

47. A horse and carriage cost $420. If the horse cost | as 
much as the carriage, what was the cost of each ? 

48. A had twice as much money as B, C 1^ times as much 
as A, D ^ as much as A, and they all had $ 50. How much 
had each ? 

49. There is a number such that ^ of it is 3 greater than J 
of it. What is the number ? 

50. A clerk spent ^ of his salary for board, ^ of the rest for 
other expenses, and saved annually $280. What was his 
salary ? 

ALGEBBA. — 8. 
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51. There is a number such that^ if \ of it is subtracted 
from 50; and the remainder multiplied by 4, the result will be 
70 less than the number. What is the number ? 

52. Divide 100 into two parts such that^ if \ of one part be 
subtracted from \ of the other, the remainder will be 11. 

53. There are two numbers whose difference is 1, such that 
^ of the first plus ^ of the first is equal to the sum of ^ of the 
second and \ of the second. What are the numbers ? 

54. Five years ago A's age was 2^ times B's. One year 
hence it will be 1^ times B's. How old is each now ? 

55. The difference between two numbers is 20, and 4- of one 
is equal to \ of the other. What are the numbers ? 

56. When the sum of the fourth, fifth, and tenth parts of a 
certain number is taken from 33 the remainder is nothing. 
What is the number ? 

57. The difference between two numbers is 8, and the quo- 
tient arising from dividing the greater by the less is 3. What 
are the numbers ? 



ADDITION AND SUBTRACTION OP FRACTIONS. 

162. 1. Find the value of 1 -h - ; ---; — -f-. 

3 6' 4 8' 3 6 

2. What kind of fractions can be added or subtracted with- 
out changing their form ? 

3. What must be done to dissimilar fractions before they 
can be added or subtracted? How are dissimilar fractions 
made similar? 

163. Principles. — 1. Only similar frcictiona can be added 
or subtracted, 

2: Dissimilar fractions must be reduced to similar fra^ions 
before they are added or subtracted. 
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BXAMPLIIS. 



1. What is the sum of — , — , and — ? 

6' 4' 9 

PROCESS. 

5a , 3a . 26 30a , 27a , 86 57a + Sb , 21a+86 

H H = H = ; or, a H ' 

649 36^ 36 36 36 ' ' 36 

Explanation. — Since the fractions to j)e added are dissimilar, they 
must be made similar before they are added. 

The lowest common denominator of the given fraction is 36. — = ^-^ ; 

3a ^ 27a 26^86 Therefore their sum is 5^^±^, which, expressed 
4 36 ' 9 36 36 *^ 

as a mixed quantity, is a + ?liL±l^. 

36 

2. Subtract || from ^^ 

7 6 11a 

PROCESS. 

66 2a 426« 22 a« 426«-22a« 



11a 7 6 77 a6 77 a6 77 a6 

Explanation. — Since the fractions are not similar, before subtracting 
they must be changed to similar fractions. The lowest common denomi- 
nator of the fractions is 77 a6. Therefore, — = i?^, and ^ = ?^. 

lla 77 ab 7 6 77a6 

Subtracting the numerator of the subtrahend from the numerator of tbe 

mmuend, the remamder is ^—^ ^• 

77 a6 



3. Find the sum of a-h— and 3a4-— • 

7 z 



PROCESS. 

a + 3a = 4a 

2aaj . Sx 2axz , 21ic ^. 2aa»4-21a; 
7 z 7z 7z 7z 

2aocz-\-21x 



Entire sum = 4a + 



7z 
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Rule for Addition. — Redtice the given fractions to similar 
fractions. 

Add their numerators, and vrrite the sum over the common 
denominator. 

When there are entire or mixed quantities, add the entire and 
fractional parts separately, and then add their results. 

Rule for Subtraction. — Reduce the given fraxstions to 
similar fractions, Suhtrojct the numerator of the subtrahend 
from the numerator of the minuend, and place the result over tJie 
common denominator'. 

When there are entire or mixed qualities, subtract the entire 
and fractional parts separately, and unite the results. 

Add : Subtract : 

4. -2- and -^-. 10. ^ from ^. 

a-faj a — z oocy 2xy 

6. 1±* and 1^. 11. ^ from ?^. 

1 — x l-hoj 4y* 4y 

6. — -= — - and -. 12. —^— from • 

^ 4aj2 , 1-ar* ,« 3 - 2 

7. -: : and -• 13. from 



1 — oj* l4-aj2 a + b a — b 



8. and — ^ — • 11. from 

ar-'y^ x-^-y x — 1 x + 1 

9. and — i— -• 15. from 

l + a a + a* x—1 a;-fl 

Simplify : 

16. .^_+^? ^. 19. f-^^-^^ ^ 



a^ — 1 aj — 1 a? 4-1 a^ — xy x — y 

18. '_«_ + ^ — «i:^. 21. ^ + ^ .+ ^-'^ 



a — 5 a-+-6 a + 6 1-faj + aj^ 1 — a?-+-aj^ 
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22. (a + 6)» _ (a-6)' ^a^i&. 
a — 6 a-^b a^ — V 

25. /^36 + -5-'l-r26--^Y 
\ a*/ \ axj 

26. (6. + ^) -(2. -2^). 

27. fa + «±^Vf6 + i^Y 
\ a — xj \ a-\-xJ 

28. ^a^ + 5y I 4a^~3y^ 6xy-2f 

ic*y a?y* «y 



^. 



3a6-4 6a'-l 56»4-7 



30. -^ ~^.+ ^ 



31. -J_+ 4a 6a^ 



a — a ' (« — a)* (« — a)^ 

32. § S 2.r-7. 

X 2aj — 1 4a3* — 1 

33. ^^±i^ ^ 2^. 

34. ^+^-+ 3 



a + l a: + 2 a; — 3 

ab he dc 

36. — A_+ 6 



2a!»-2a! ^3? + &x 
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37. ^l4 + -^+ ^ 



«* — 1 a;-h2 flc — 1 



a* + aH-l a* — a-hl 
89. ^iL_,_ !_.+ 2j^ 



• a* + a6 + y a-6 a^ + ft* 



«*4-3^ «* + y* a; + y 
»4-2 a; — 1 



43. 



a-l-l 05 — 1 



45. 



a^ + x-^l a^ — x + 1 



46. a + a — 



47. 



48. 



49. 



2a + « 
a + 2 a + 1 



3m 2m 



m* — 5m — 14 m^ — 3m — 10 

__1 9a;-13-a:^ 

x-{-2 a^ + Sa + e' 



60. ^^ii^^+y. 

x^ — y^ aj2_|_y2 
{x — yyxy \x 
2ar^-a;-3 3iB2-aj-4 



FRACTIONS. 



x — 2 2 — 0? 2 

• ic2-f4a;-21^aj2 + 2a-15^iB2 + 12ic-|-36' 

54. , , /r^. .7:+ ^-^^ 
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55. -J- + -J— f-^Zl2L + _^_^_^±l. 



MULTIPLICATION OP FRACTIONS. 



164. 1. How much is 2 times-? 3x-? 5x— ? 

5 7 3 

2. Express 2 x - in its lowest terms, 3 x -, 4 x -^• 

6 9 8 

3. How may these products be obtained from the given 
fractions ? 

4. In what two ways, then, may a fraction be multiplied by 
an integer ? 

5. How much is -of-, or --5-2? ?t of ^, or — -3? 

2 5 5 3 7' 7 

6. Howmuchis-of i or--5-2? 1 of -, or - -5-3? 

2 2' 2 3 2' 2 

7. In what two ways, then, may a fraction be divided by 
an integer ? 

165. Principle. — 1. Multiplying the numerator, or dividing 
the denominator of a fraction by any quantity^ multiplies the 
fraction by that quantity. 

2. Dividing the numerator, or multiplying the denominator 
of a fraction by any quantity, divides the fraction by that 
quantity. 
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EXAMPLES. 

1. What is the product of - multiplied by - ? 

h d 

PROCESS. Explanation. — To multiply - by - is to find c times 

a c _ ac b d 

b d^bd ipartof^. - part of ^ = ^ (Prin. 2) and c times -^ = ^ 

d b d b bd bd bd 

(Prin. 1). That is, the product of the numerators is the numerator of 

the product, and the product of the denominators is the denominator 

of the product. 

Rule. — Multiply the mnnerators together for the numerator 
of the product, and the denominators together for its denominator. 

1. Reduce all entire and mixed quantities to the fractional form before 
multiplying. 

2. Entire quantities may be expressed in the form of a fraction by 

writing 1 as a denominator. Thus, a may be written -• 

8. When possible, cancel equal factors from numerator and de- 
nominator. 

2. Find the product of no ^ ^ — ^ «- -r ^ 



ai-2a-3 a^-a a^ + a-6 
Solution. a^-2a oj^^ oM^ 

^ a(q-2) ^ (o + 3)(o-3) ^ a(o + 1) 
(a + l)(o-3) a(a-l) (a + 3)(a-2) 

Cancelling equal factors from dividend and divisor, the result is — ^* 

a — 1 

Multiply : 

3. ^ by i^. 7. ^ by -^^. 

46 ^ 2ay 10 ^ 3(a?4-2/) 

5^ , 3a^. 3 20 + 36 , 2^ 

aV ^ 2a2^ 2x ^ 46 

- a*6* , , a^aj o ^ — «* l^xr ^ 

2a^^ icy" ay oj + a 

6. ^;i2 by p. 10. -^ by 



a* 2a; a; — y a; + y 
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11. t^lM by «±£. 14. _2_ by -A_. 

a-f-c a — y ar — y* ar + jf 

12. ^±if by -^^. 16. -^ by IS^Zli?. 

13. ^'-3^ by -?5^. 16. -i^^ by ]1±^. 
Simplify the following : 



17. 



(a — xy Sdx 



2c a — x a(a — x) 

ic + V 05 — V x — v 
18. -- -^. x- ^x ^• 

19 a?* 4- 4a; 6a^- 18a; 
a;«-3a; 4a;2 + 16a;' 

a;* — 6a;H-9 a^ — 5x 
x^-^x-2 ^o^^lSx-^42 

«1. r X • 

x^^7x x^ + 2x 

2JJ a;'4-3a;4-2 ^ a;'-7a;4-12 
ic* — 5a; + 6 a^-^x 

23. f« + _^^xfJ/-^Y 

26. (a.-a + l)(i + l4-l). 

ic2- 6a;- 16 a;' -8a; 4- 15 
• a;2-f4a;-21 ar^-f9a; + 14' 

28. p^l)^(- l + V). 

29 ^a;-2 a^Hh^^-36 
' ar^-3a; a;»-f2a;2 



122 HIGH SCHOOL ALGEBRA. 



DIVISION OP FRACTIONS. 

166. 1. How many times is ^ contained in 1? ^ in 1? 
iVinl? ^inl? 

2. How does the number of times a fraction, having 1 for 
its numerator, is contained in 1 compare with its denominator ? 

3. How many times is - contained in 1? — in 1? 

2 2 3 

4. How many times is - contained in 1 ? - in 1 ? - in 1 ? 

3 d d 



EXAMPIiES. 

1. What is the value of --5--? 

c d 

PROCESS. Explanation. — i is contained in 1, <2 times; 

7 

^ -^ - = - X - =— and ^ is contained in 1, - part of d times, or f 
c d c b be d b 

times. 

And, since - is contained in 1, - times, it will be contained in -, - 
d b c c 

times -, or — - times. That is, the quotient of one fraction divided by 
be 

another is equal to the product of the dividend by the divisor inverted. 

Rule. — Multiply the dividend by the divisor inverted. 

1. Change entire and mixed quantities to the fractional form. 

2. An entire quantity may be expressed as a fraction by writing 1 for 
its denominator. 

3. When possible, use cancellation. 

2. Divide ,^-^ by t±l^:zl. 

Solution. 

a;2_i a;2 + 2x-3 ^ (a; + !)(« - 1) ^^ (x - 5)(a; -|- 5) 

a;a - 4a; - 5 ' x^-2b (x- b){x +1) (a 4- 3)(jc - 1) 

Cancelling, the quotient is ^-i — 

jc 4- 3 



FRACTIONS. 
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Divide : 

6dy^ ^ Sa^y 

4. I^ by ^. 
Sad ^ Sa^d 



6a*6*c 



8a6*c* 



6. 



86cd ^ Vohcd 



7. rz^ by 

cmn amn 



8. 



mny^ v m^n^}^ 



abc 



aVc" 



9. j5£2L by ^^^ 



a — a; a* — a:* 



10. 2^±^ by ^ 



a^ — y? 



11. 



12. 



m' — n' 
6 



by 



a —a; 



3m 4- H 



12 

by a 4- c- 



13. ^±i^±i by « + z. 
d-f c 



14. 5(^ + y)' byx.fy. 

ar-y 

, _ aft + cd v^ ^ ^ 

15. ■ bya — c. 

a-|-c 

- ^ 3 on -|- cm , .^ . ^ 
aj* — y* 

,„ 4aa;4-46y , • ». 

18. ^?HL5^by5(x + z). 



19. 



by 



jB«_17x^-30 -^ a;-15 



20. -^-^ by -A-. 

21, ft'p+pa^ ijy 6^c4-cay 



a*m 



am' 



22 



. 16 by ^^"^)' -a + 2c. 
a 



23. /'-^ ^ by ^^. 

24. , ^'-^^' , by 5^^. 
a* + 2a64-2>' a + ft 



2g g^ + gft-hy ^y a'-a6 + 6' 



a + ft 



a — 6 



gg ^4i6^^^ya^-2a:-8 



a2-9 



a; — 3 



27. - 



a«-3a + 2 



by 



a' 



a«-7a-10 -^ a*-4a + 4 



„^ aj2 - 4a; - 12 , »« - 3a; - 18 
28. by « 

ar^-f 3a;~28 ^ a^^iSx^AO 



I 
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29. (a? + y)'-g' ^ g + y + a? 
2* — (a? — y)* z — y + x 

30. ^""-y" by (^-y')(^+y) . 

ic* — y* aj^ — 2/^ 

31. ^^^ by ^?^±i and then by ^ "" "^ 



as + l "^ a + 1 -^ a* — a + 1 

m^ — 7 m — 18 , m' — 5m — 14 , an + a 



a 



w^-lln-f 18 "^ w2_8n-9 " 6n-12 

167. Oomplex Fractioiis are expressions which have a fraction 
in either the numerator or denominator, or in both. 
They are simply expressions of unexecuted division. 

a 

1. Find the value of the expression — 

d 
Explanation. — Complex fractions or 
PROCESS fractional forms are simply expressions of 

division; and, therefore, the given frac- 
tional form is the same as though it were 

i=?5H-- = -X- = — written ^ -^ ^. Performing the division ac- 

c^ h d b c be ^ ^ 

^ cording to the principles already given, the 

quotient is — • 

Find the value of the following : 

^^a 4x^4y ^_^2d 

o c 5ab _ Sac 

A» -. D. — -_. 8. ___. 

^ , 6 hx-^Zy , 3d 

d 5xy 2ac 

«'+^ ^ ^-^ 

»• — ^- «• J^np- x-3y 

4. g^'-gy*. 7. ^«'-K 10. !!l^. 

h -^c 

o a — a; a: 
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11. Lj^. 16. ^Li5. 19. y ^+y 

a^o-] - + 

z c a+5 X y 



1+2 



(f-l) (:-!) 



12 ^. 16. ^^_3£zd. 20 

l-t * + l a, + ? 1_^Z1^ 

f 2 6 + a 

« + -— 5 3a;-24-i 

13 ^. 17. 1 L.. 21. _ _f. 

^_^ l + i 3£-l 

sc — o a X 

^ + ^^ 18. ^ . 

14. ^ + '% . a + ^ 22. 1 + '. 

l-f-icy ' a 1— c 



REVIEW OF FRACTIONS. 
168. Reduce to their lowest terms : 

^ a!«-6a^ + llg-6 ^ a?^- a^-4a:^ - x + 1 

m^-^m^ + m-3 a^- 7a' + 16a -12 

' m-'-^Sm^ + Sm-^S ' Sa^- Ua' 4-16a * 

^ a^-2o^ + 4:X-3 „ aj» + 3aj*-|-3a4-l 

«»• ""I — :: : • o. 



a»_a2-a-2 « 2a;3-3a2 4- 5a;- 2 

4. — - — - — — • y. 



a3 + 3a2 + 3a + 2 2a^- ar^ + 2a:2 + «- 1 

c*4-8c + 15 ,^ 2a'-4a2-13a-7 

O. — z r-r • lU. 



c8_3c»-10c + 24 6a3-lla2-37a-20 

Find the value of the following : 

11. -^-r-^+ ** 



05-1-1 1 — a; ar* — 1 
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,„ 3-f 2aj 2-3a; , Wx-a^ 
2-a; 2 + x 7?-^^ 



13. -7 e^; r4-^ e-. r4- 



(a^-2/)(y-2f) {y-x){x-z) (x-2)(aj-y) 

Suggestion. — By dividing the terms of the second fraction by — 1 it 
becomes + — or — 



{X - y){x -z) (x - y)(x - z) 

14. - 1 _+ I + I 

a{a — 6) (a — c) 6(6 — a) (6 — c) c(c — a) (c — 6) 

16. fl + £±l^xfl-5^Y 

17. (o« + l + a)xfl-i + iY 

18. (?^^ -2—l\^ -^. 

\a — 1 a-hl/ a — 1 

■*"a4-a; "^a' + aj" 

20. ^ 1-^3- 

1 ^ — ^ 1 or — or 

a 4- a; a* 4- «* 

a-1 2a-7 



23. 



21. -^-^ £_. 1+ ^ 



^-3 ' 1 + ^ 

4 1^4 

X 

22. 1 I ^±f_t^ 

1 — i- 24. '^-y' ^^y* 

« a; — y as + y 
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3/ I \fl 

x' + 1!y + f^ — ^^-^ 



26. J 



3aJ^_8a;4-4 aj* + 3a?-10 



a + c a'' H- c^ 



1 _- ^^^<^ ' 1 _ ^* ~ ^ 



2_1_ /.2 



a + c a^ + c 



28 ^±i.x ^-^ 



x-1 1_1 

5 X 




29. 

y2 • aJ» 






31. 



(a^-6^)(2a^-2a6) 
4(a-6)*-5- ^ 



a + 6 

a.^1 5-}-i 1 

oo^ 6 c. 6,6 6*1 

o^ 6^ ac-\-cb a + 6 a — 6 6c 

6c ac 

gg gg^l4a; + 24 . ar^4-4a; — 12 gy4-5a; 

2/^ + 9^-36 • 2/2^2^-15 ^a^ + 6y' 
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3^ a*-a»6 4-a«y-ay-f 6^ ^ a-b d'-^b^ 

a — b a + b a*4-&* 



/ aj\ 4 — iB* ic^ — 3a; — 4 2a 



2x 
4 



"•(55!^f5|-jfi)x(f-)- 

OQ <^4-^ 2a a*a? — a* 



6a; 



X a-j-x a;(a^ — a;*) 

39 ^ + y X ^'^y^ X '^^y4-3a;y» 
' 052/ 3(a;» + 2/2) (a;-2/)«(a; + y)* 

40. ^^y ^^^ \ ^-^y^ , 

a^-hl^ ^ — jf a;* — 2^ 

.- oa; ■ aa;(3c — oa;) 

aa;4-c aa; — c a^T^ — i? 

^2 10aa; + 3a^ + 3a;^ , /3a + a? a^V 
lOaa? - 3a* - 3a;2 "*■ (^^ __ 3^ • ^y* 

\^l_a«'^l-a + aV"*"^l + a4-a' l-faV" 

46. ^-^-y' ^^ A« + a;y-y '. (a + y^-a;^ 
ax^T^ — xy \a^-\-ax^ay a ) 

46 ""'-^ ^ b(a^b) &(a4-&) 

aft^a; a24-2a64-6^ a*-2a64-&' 

47 / ^g — a; __ c^^i^ /^Ldl? _i_ ?^jt_^. 
* \a4-a; a^-\-7?) \a — x a^—a^J 



SIMPLE EQUATIONS. 
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169. Keview. — 1. Definition of an Equation. 

2. Definition of Members of an Equation. 

3. Definition of First Member ; Second Member. 

4. Definition of Olearing of Fractions. Kule. 

5. Definition of Transposing. Eule. 

6. Definition of an Axiom. State Axioms. 

7. Definition of a Statement of a Problem. 

8. Definition of a Solution of a Problem. 

170. The Degree of an equation is determined from the 
highest number of factors of unknown quantities contained 
in any term. 

Thus, x-\- b = Cj 3(KC-fy = n, 4 b^x + 3 a^x = a, are equations of the 
first degree. 

a;2 -I- a =± c, bx^ -{-Sy = d, x-\-xy = 1^ axy -|- 3 y^ = », are equations of 
the second degree. 

x8 = a, x'hf = a, xy^ = a, a; + a;^ 4- «* = a» are equations of the third 
degree. 

171. A Simple Equation is an equation of the first degree. 

172. A Quadratic Equation is an equation of the second degree. 

173. A Cubic Equation is an equation of the third degree. 

174. A Numerical Equation is an equation in which all the 
known quantities are expressed by figures. 

175. A Literal Equation is an equation in which some or all 
of the known quantities are expressed by letters. 

ALGEBRA. — 9. 129 
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KXAMPLKS. 

Solve the following : 

1. 4a:-£±? = 3a + 3. 10. ?-6 = i-a;. 

2 ad 

2. X ■ — = -H 11. 12 = X. 

3 9 6 2 3 

_ 6a; — 8 , « 5 — 2a; io * ^ j. 

3. 4- 2 = a; 12. r = o. 

2 4 a-1 a+l 

. o a^4-2 a; ^o «* + 2aa;4-a^ 4a& 

4. X — o = — lo. = • 

8 3 a;-|-a 16& 

6. 1^ = 21-^^^. 14. 2-2a; = ^±§-^±^. 



^ a; a; — 1 ^ ,- 4a; ,36 a . 12& 

3 11 5262 



-^ a; a a; 
16. a = 



7*' X X — r- O o f»-« 

. -— ^— = 2a; — 21. 

7 5 a c c— a 

. aa; — 6 , a;4-ac ^^ 2x — S,x «^ a; 4-32 

c c 4 3 2 

-. 3a — 6a; 1 loin 3a; -f4 o^, q, 

9. aa; = — 18. lU — — -i — = Zx — 6k. 

2 4 3 ^ 

19. 4 + 10a; + 5-6a;/^i--^ = 27. 



X s) 



20. a;-^^4-^:=i = 74-^-^ 



6 



- a; a;* — 5a; 2 



22. 



3 3a; -7 3 
3 a;4-l x^ 



x + 1 x-1 l-ar* 



23. ^^^+i^7'^/^' = 2a>^-4a;-3. 
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• 3"^ 4 3 9 



„^ 9aj4-20 aj 4a;-12 
25. ^ = • 

36 4 5a;-4 



SuooEBTiON. — The equation may be expressed as follows 

9_x , 20_x_4a;- 12 



Simplifying, 



36 36 4 6x-4 

5^4 a;-12 
9 6x-4* 

^ 4x-9 



2a:-|-8 a; 3 
26. __4.^-8 = 8f. 



27. ^ + ft _ <t ft 



3/ — c aj — a a; — b 

„o 6a?-f 13 9a;4- 15 , o 2a; + 16 
15 5a;-25^ 5 

See suggestion, Example 25. 

a; — a __ a; -|- a __ 2 aa; 
a — b a-fft a^ — b^ 

30. ^^3_^ 3(a;4-3) ^ 3(a:4-3) ^l, 

7 2 2 

Suggestion. — Combine similar terms before clearing of fractions. 

31. a! + 6-?i^±^ = |(ir + 6)-6. 

32. a,-7 + ^^ + ^<^-^) =2t. 

2 4 

3(a! + 4) a;4-4 M^+4)_..i 

33. 2 +-4 6 ~ *■ 

34. 2^5^ + 2(a;-3) = 5-^. 
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21-3a? 2(2a; + 3) ^g 5a; + l 
3 9 4 ' 

«« 4 3aj — 5 Q 2a; — 4 
36. 05 — 4 = 8 • 



4a; + 3 7a;-29 ^ 8g+19 
9 5a; -12 18 

See suggestion , Example 25. 

9a; + 5 8a;- 7 ^ 36a; + 15 lOj 
14 6a; + 2 56 14* 

„ 6a; + 7 2a;-2_2a; + l 



40. 



41. 



15 7a; -6 5 

6a; + l 2a;-4 ^ 2a;-l 

15 7a; -16"" 6 

6a; + 13 3.^; + 5 ^2a; 
15 5a;-25" 5 ' 



42. ^^ + ^=2+ ^ 



x — 7 x—1'2 x — 7 

43. 2x-10 _£-8_g-5^^_.t^^ 



.. 2a; — 5 a; — 3 o a; — 1 
44. = a; — 2 — 



2 



.- X 2a; — 14 ., a; 
45. = 44 • 

5 3 ^2 



^^ 3a; 3a;- 11 ^ 20a; + 13 
46. — = 6a; ' • 

4 2 4 



.„ 7a; + 8 q 27a;-36 , . 
47. ' o = h 4. 

3a;-l 3a;-l 



^„ 3a;-3 3a;-4 16 27 + 4a; 

»o. : — = — - — • 

4 3 3 9 
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^'- -13 36- = ^^-^^*--^2 18— 

60 ^^ + 3 ^ 8a? + 19 7a?-29 
9 18 5aj-12' 

ab-^-x V — X x — b ab — x 



61. 



6^ a^fe a* &* 



a*c 



62. (a + a;)(6 + aj)-a(6 + c) = ^^ + a^. 

.^ 4»-8 , 3a;-15 2a? -16 ^ 
8 12 16 • 

^. 4aj-16 2a; + 6 , 9a; x , 5 

24 60 12 4 6 

^^ 13 -4a; 3 + 4aj,^ o 12 a? , 58 
56. -^^ _ + 6a;-8 = --+-. 

56. y±l^y-:zl^^_. 

y— 1 y+l y— 1 

^^3,7 80 

67. 7 + 



aj-.4 aj + 6 a;2^2a;-24 

58 3 a; + 2 6a;-3 Sx^2x 101 
3 a? + 4 5 5 24 

59. J^-H-^.-3= ^ 



a;4-3 x-5 2a; -10 

60. ?J::l-h^^-h^^ = 0. 

a 5 c 

61. a^y ''2ab - a^ = b^y -\-bK 

62. (a;-a)2-(a;-6)« = (a-6)«. 

63. ^(^'-^) +^^-c. = ^-^'-^. 

(» C C2 c 

g- 1 2mn m a; — m 



m + n (m-{-ny (wi H-n)* (m + n)' 
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S(ix — 2b ax — a ax 2 



66. 



3b 2b b 3 



66. -^ 2+^ = _^+ ^ 



a — b a + 6 a^ — V a — b 

^„ x — ab 56* , « — &* 7a* , lldb x — a* 
3 64 12 6 2 



PROBLEMS. 

176. Directions for Solving. — Represent one of the un- 
known quantities by x, 'arid from the conditions of the problem 
find an expression for ea^h of the other quantities given. 

Find from the problem two expressions that are equal, and 
express them as an equation. 

Solve the equation. 

68. When the half of a certain number is added to the 
number, the sum is as much more than 60 as the number is 
less than Qb. What is the number ? 

69. The difference between two numbers is 8, and the 
quotient arising from dividing the greater by the less is 3. 
What are the numbers ? 

70. A man left one half of his property to his wife, one 
sixth to his children, a twelfth to his brother, and the rest, 
which was $ 600, to charitable purposes. How much property 
had he ? 

71. Find two numbers whose sum is 70, such that the first, 
divided by the second, gives a quotient of 2 and a remainder 
of 1. 

72. Out of a cask of wine, one fifth part had leaked away. 
Afterward, 10 gallons were drawn out, when the cask was 
found to be two thirds full. How much did it hold ? 

73. A can do a piece of work in 5 days, and B can do the 
same work in 6 days. How long will it take both working 
together to do it ? 



PROBLEMS. 186 

Let X = the number of days it will take both to do it. 

Then, - = the part both can do in a day. 

X 

= the part of the work which A can do in a day. 
5 

- = the part of the work which B can do in a day. 
6 

Therefore, 1 -f ^ = ^ 
' 6 6 X 

And X = 2^ 

74. A can do a piece of work in 9 days, and 6 can do the 
same in 10 days. How long will it take both to do it ? 

76. A can do a piece of work in 5 days, B in 7 days, and C 
in 9 days. In how many days can they all together do it ? 

76. Two pipes empty into a cistern. One can fill it in 8 
hours, and the other in 9 hours. How soon will it be filled, if 
both empty into it at the same time ? 

77. A cistern can be filled by a pipe in 3 hours, and emptied 
by another pipe in 4 hours. How much time will be required 
to fill the cistern if both are running ? 

78. A fish was caught whose tail weighed 9 pounds. His 
head weighed as much as his tail and half his body, and his 
body weighed as much as his head and tail. How much did 
the fish weigh ? 

79. Of a detachment of soldiers, ^ are on duty, \ of them 
sick, \ of the remainder absent on leave, and the rest, 380, 
have deserted. How many were there in the detachment ? 

80. A person spends one fourth of his annual income for 
his board, one third for clothes, one twelfth for other expenses, 
and saves $ 500. What is his income ? 

Fractions may be avoided in this and similar examples, by letting rr, 
with a coefficient which is a multiple of the denominators, represent the 
number sought. Thus, in the above example, let 12 x represent the annual 
income. 
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Let 12 a; = bis annual income. 

Then, Sz = what he paid for board. 

4 X = what be paid for clothes. 
X = what he paid for his other expenses. 
Therefore, 3a- + 4y + « + 500 = 12a; 

4x = 500 
x=126 
12 a; = 1500, his income. 

81. A farm of 392 acres was divided among four heirs, so 
that A had four fifths as much as B, C as much as A and B, 
and D one half as much as A and C. What was the share of 
each ? 

82. A fanner wishes to mix 300 bushels of provender, con- 
taining rye, corn, and oats, so that the mixture may contain 
^ as much oats as corn, and ^ as much rye as oats. How 
many bushels of each should he use ? 

83. Into what two parts can the number 204 be divided, 
such that ^ of the greater being taken from the less, the 
remainder will be equal to ^ of the less subtracted from the 
greater ? 

84. A man spent $14 more than ^ of his money, and had 
$ 6 more than ^ of it left. How much had he at first ? 

85. A merchant lost \ of his capital during the first year. 
The second year he gained f as much as he had left at the end 
of the first. The third year he gained ^ of what he had at 
the dose of the second, making his capital $ 7000. What was 
his original capital ? 

86. An officer wished to arrange his men in a solid square. 
He found by his first arrangement that he had 39 men over. 
He then increased the number on a side by 1 man, and found 
he needed 50 men to complete the square. How many men 
had he ? 

Let X = the number of men in each side in the first arrangement. 

Then, x^ = the number of men in the first square. 

Then, a; + 1 = the number of men in each side in the second arrangement 
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And {x + 1)'^ = the number of men in the second square. 

x2 + 39 = the entire number of men. 
(a; -f 1)^ — 50 = the entire number of men. 
Therefore, (x + 1)^ - 60 = a;2 + 39 
a;2 + 2x+ 1 -50 = x2 4.39 

a; = 44 

a;2 + 39 = 1976 

87. A regiment of troops was drawn up in a solid square 
w^ith a certain number on a side, when it was found that there 
were 295 men left. Upon arranging them so that each side 
contained 5 men more, it was found that there were none left. 
How many men were there in the regiment ? 

88. A colonel, upon attempting to draw up his troops in 
the form of a solid square, found that he had 31 men over. If 
he had increased the side of the square by 1 man there would 
have been a deficiency of 24 men. How many men were there 
in the regiment ? 

89. A person in purchasing sugar found that if he bought 
sugar at 11 cents he would lack 30 cents of having money 
enough to pay for it ; so he bought sugar at 10^ cents, and 
had 15 cents left. How many pounds did he buy ? 

90. Into what two parts may the number 56 be divided, so 
that one may be to the other as 3 to 4 ? 

Since one number is to the other as 3 to 4, one is J of the other. There- 
fore, to avoid fractions, 

Let 4 a; = one part. 

Then, 3 a; = the other part. 

Therefore, 4a; + 3a; = 56 

a; = 8 

4 a; = 32, one part. 

3 a; = 24, the other part. 

91. Find two numbers which are to each other as 5 to 7, 
and whose sum is 72. 

92. A's age is to B's as 3 to 8, and the sum of their ages is 
44 years. How old is each ? 
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93. An estate of $15,000 was divided between two sons, so 
that the elder's share was to the younger's as 8 to 7. What 
was the share of each ? 

94. A sum of money was divided between A and B, so that 
the share of A was to that of B as 5 to 3. The share of A also 
exceeded f of the whole sum by 9 50. What was the share of 
each? 

96. A and B started out together with equal sums of money. 
B paid A a debt of $ 20, but afterwards A made a purchase of 
B which cost him half of all he then had, when he found that 
he had just half as much as B. How much had each at first ? 

96. A lady distributed $252 among some poor people, 
giving to the men $12 each, the women $6 each, and the 
children $3 each. The number of women was 2 less than 
twice the number of men, and the number of children was 4 
less than 3 times the number of women. To how many persons 
did she give the money ? 

97. I bought a number of apples at the rate of 5 for 2 
cents. I sold half of them at 2 for a cent, and the remainder 
at 3 for a cent, gaining 1 cent. How many did I buy ? 

98. A merchant engaged in business with a certain capital. 
His gain the first year lacked $ 1000 of being as much as his 
original capital. His gain the second year lacked $1000 of 
being as much as he had at the end of the first year, and the 
third year his gain lacked $ 1000 of being as much as he had 
at the end of the second year. He found that at the end of 
the third year his capital was 3 times his original capital. 
What was his original capital ? 

99. A and B began business with equal capital. The first 
year A gained a sum equal to ^ of his capital, and B lost \ of 
his. The second year A lost $72 and B gained $36, when 
it was found that B's capital was | of A's. What was the 
original capital of each ? 
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100. A cisterD, which held 648 gallons of water^ was filled 
in 18 minutes by two pipes, one of which conveyed 6 gallons 
more per minute than the other. How much did each convey 
per minute ? 

101. A farmer had 90 sheep in four fields. If the number 
in the first be increased by 2, the number in the second 
diminished by 2, the number in the third multiplied by 2, and 
the number in the fourth divided by 2, the results will be 
equal. How many were there in each flock ? 

102. A gentleman who had $ 10,000, used a portion of it in 
building a house, and put the rest out at interest for one 
year : ^ of it at 6% and J of it at 5%. The income from both 
investments was $320. What was the cost of the house? 

103. Paving a square court with stone at 40 cents a square 
yard will cost as much as inclosing it with a fence at a dollar 
per yard. What is the length of a side of the court ? 

104. Two soldiers start together for a fort. One, who 
travels 12 miles per day, after traveling 9 days, turns back as 
far as the other had traveled during those 9 days. He then 
turns and pursues his way toward the fort, where both arrive 
together 18 days from the time they set out. At what rate 
did the other travel ? 

105. A boy bought a certain number of apples at the rate 
of 4 for 5 cents, and sold them at the rate of 3 for 4 cents. 
He gained 60 cents. How many did he buy ? 

106. A gentleman left $315 to be divided among four 
servants, as follows : B was to receive as much as A and ^ as 
much more ; C was to receive as much as A and B and \ as 
much more ; D was to receive as much as the other three and 
J as much more. What was the share of each ? 

107. Two numbers are to each other as 2 to 3 ; but if 50 be 
subtracted from each, one will be ^ the other. What are the 
numbers ? 
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108. A woman sold eggs and apples. The eggs were worth 
5 cents a dozen more than the apples ; and 8 dozen eggs were 
worth as much as 13^ dozen apples. What was the price of 
each per dozen ? 

109. Three men, A, B, and C, build 318 rods of wall. A 
builds 7 rods per day, B 6 rods, and C 5 rods. B works twice 
as many days as A, and C works ^ as many days as both A 
and B. How many days does each work ? 

110. A gentleman has two horses, and a carriage worth 
$150. The value of the poorer horse and carriage is twice 
the value of the better horse; and the value of the better 
horse and carriage is three times the value of the poorer horse. 
What is the value of each horse ? 

111. A man bought two pieces of cloth, one of which 
lacked 12 yards of being 4 times as long as the other. The 
longer cost $ 5 per yard, and the shorter $ 4 per yard. Twenty- 
three yards being cut off from the longer, and 5 from the 
shorter, and each remainder being sold for a dollar a yard 
more than it cost, he received $142. How many yards of 
each were there ? 

112. When, after^2 o'clock, will the hour and minute hands 
of a clock be together ? 

Let X = the number of minute-spaces that the minute 

hand travels before they come together. 

Then, — = the number of minute-spaces that the hour 

hand travels. 

Then, since they were 10 minute-spaces apart at 2 o'clock, 

x - ^ = 10 



12 
11a; 



= 10 



12 
11 a; =120 

X = 10}f , the number of minutes after 2. 

113. When, after 5 o'clock, will the hour and minute hands 
of a clock be together ? 
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114. When, after 8 o'clock, will the hour and minute hands 
of a clock be together ? 

115. When, after 4 o'clock, will the hour and minute hands 
of a clock make a straight line ? 

116. When, after 5 o'clock, will the hour and minute hands 
of a clock make a straight line ? 

117. When, first, after 6 o'clock, will the hour and minute 
hands of a clock be 15 minute-spaces apart ? 

118. When, after half-past 8 o'clock, will the hour and 
minute hands of a clock be 15 minute-spaces apart ? 

119. A man has two horses worth together $460, and a 
carriage worth $ 210. When he drives the better horse the 
outfit is worth three times the other horse, increased by ^ of 
the value of the first horse. Find the value of each horse. 

120. A manufacturer hired two skilled mechanics and a 
common laborer. The first mechanic earns twice and the 
second three times as much per day as the laborer. The 
laborer worked ten days, the first mechanic seven days, and the 
second mechanic four days, and they all earned $72. Find 
the daily wages of each. 

121. A boy started from home on his bicycle at 7 a.m., going 
at the rate of 8 miles an hour. After rioing a certain distance, 
the machine broke down, and he was compelled to return home 
afoot. When he reached home he found it was 6.30 p.m. 
How far did he go, if he walked back at the rate of 3^ mi. an 
hour? 

122. The sum of two numbers is 80, and their difference is 
6. Find the numbers. 

123. Said James to Isaac, "We had just the same amount 
of money when we left home, but you gave me $ 60, and I 
gave you $ 10, and now I have three times as much as you." 
How much had each at first ? 

124. The sum of three numbers is 230. The second is | of 
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the lemainder left after decreasing the first by 20, and the 
third is 50 less than twice the first. What are the numbers ? 

125. A carpenter receiyed $3.50 a day for his labor, and 
paid $ 1.00 a day for his board. At the end of 24 days he 
had sayed $ 29. How many days did he work ? 

126. A certain lot is twice as long as it is wide. If its 
length were increased 1 rod, and its width decreased 1 rod, 
the area would be decreased 6 sq. rds. Find the dimensions 
of the lot. 

127. A man going from a certain place traveled at the rate 
of 5 miles an hour. After he had been gone 6 hours, a horse- 
man, going at the rate of 8 miles an hour, was sent after him. 
How far did the latter travel before overtaking the former ? 

128. A man has four times as many dollar pieces as he has 
dimes, and the worth of all is 9 28.70. How many pieces of 
each has he ? 

129. A young man spends one fifth of the money he has in 
bank each year, and adds to it an annuity of $4000. How 
much had he in bank at first, if at the beginning of the fourth 
year he has $ 13,600 to his credit ? 

130. A messenger going at the rate of 3^ miles an hour 
was sent with secret messages from a king to his army 70 miles 
away. After he had been gone 6 hours, a second person going 
at the rate of 5 miles an hour was sent to countermand the 
orders ; 7 hours later a fleet horseman going at the rate of 10 
miles an hour was sent with new and special orders. When 
did the horseman overtake each of the footmen ? 

131. A boy spent ^ of his money and ^ a cent more, then 
^ of the remainder and ^ a cent more, and finally ^ of what 
he had left and ^ a cent more, when he found he had two 
cents remaining. How much had he at first ? 

132. After paying out — and - of my money, I had b dol- 

m n 

lars left. How much had I at first? 
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Let X = the amount I had at first. 

Then, ^ _l- ^ = the amount I spent 

m n 

Therefore, - + - + 6 = x 

m n 

mx + nx + mnb = mnz 

mnx — mx — nx = mnb 

(rnn — ni — n)x = mnb 

mnb 



x = 



mn — m — n 



177. A problem in which lUercU notation is used, is called a 
General Problem. 

Such problems give an infinite number of numerical results, 
by assigning different numerical values to the literal quantities. 

Thus, in problem 132, when w = 4, n = 6, and b = 66, the value of x is 
120 ; when wi = 5, n = 8, and 6 = 64, the value of x is 80. 

133. A horse and saddle are worth m dollars, and the horse 
is worth n times as much as the saddle. What is the value 
of each when m = 200 and w = 9 ? 

134. A man gave two servants h dollars, giving A a times 
as much as B. How much did he give to each ? How much 
did he give to each if 6 = 75 and a = 4 ? 

135. Divide the number h into two such parts that one 
shall be a times the other. What will be the result when 
6 = 24 and a =7? 

136. If A can do a piece of work in n days and B in m 
days, in what time can both do it working together ? What 
will be the result when n is 6 and m is 7 ? What, when n is 
10 and m is 8 ? 

137. A pleasure party of a persons hired a coach. If there 
had been h persons more, it would have cost each d dollars less 
than it did. How much did each one pay? What is the 
result when a is 8, 6 is 4, and d, f 1 ? 

138. A certain number divided by h gives a result such 
that the sum of the dividend, divisor, and quotient is c. What 
is the number ? What is the number when b is 16 and c is 84 ? 
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TWO UNKNOWN QUANTITIBS. 

178b 1. If the sum of two numbers is 12, what are the 
numbers? How many answers may be given to the ques- 
tion? 

2. Let X and y stand for the two numbers, then in the 
equation x -{- y = 12, how many values has x ? How many 
has y? 

3. How many values have the unknown quantities in a 
single equation containing two unknown quantities ? What 
name may be given to such equations ? 

4. If the equations a? -f y = 6 and a? — y = 2, are added 
together (Ax. 1), what is the resulting equation? What is 
the value of a; ? Of y? 

5. How many equations containing two unknown quantities 
are needed to determine the values of the quantities ? 

6. If the equation x-\-y =-6 is subtracted from 2 a; -f- 2 y = 12, 
what is the resulting equation ? How many values has each 
quantity ? 

7. Since the equation 2x-^2y = 12 was derived from 
a; -f y = 6 by multiplying the equation by 2, what may it be 
called ? 

8. Since the values of two unknown quantities cannot be 
determined from two equations when one of them is a derived 
equation, what kind of equations must be given to determine 
the values of the quantities ? 

144 
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179. Simnltaneoiis Equations are those in which the same 
unknown quantity has the same value in every equation. 

Thus, ) *+2^= { are simultaneous equations in which as =7 and w=6. 

180. Derived Equations are those which are obtained by 
combining other equations or performing some operation 
upon them. 

Thus, 2x + 2y = 8, is an equation derived from a; + y = 4, and 2x4- 
3y = 7, is derived by adding x + y = 3 and x + 2 y = 4. 

181. Independent Equations are such as cannot be derived 
from one another or reduced to the same form. 

Thos, 2 X + y = 5 and x + 2 y = 6, are independent equations. 

182. An Indeterminate Equation is one in which the unknown 
quantities may have an infinite number of values. 

Thus, X 4- y = 12, is an indeterminate equation, because each of the 
unknown quantities may have an infinite number of values. 

183. Principles. — 1. Every single eqtiation containing two 
unknovm quantities is indeterminate. Consequently , 

2. In order to solve equations containing two unknown quan- 
titiesy two independent equations, involving one or both of the 
qiiantitieSy mu^ be given, 

184. Elimination is the process of deducing from simultane- 
ous equations, equations containing a less number of unknown 
quantities than is found in the given equations. 

185. Elimination by Addition or Subtraction. 

1. When ic-f 2y = 10 and x — 2y = 6, how may y be elim- 
inated ? 

2. When 3aj -h 4y = 16 and 5x — 4y = 16, how may y be 
eliminated ? 

3. When may a quantity be eliminated by addition ? 

ALOEBRA. — 10. 
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4. When x-\-2y = 6 and a5 + y=s4, how may x be elim- 
inated ? 

6. When may a quantity be eliminated by subtraction ? 

186. Principle. — Quantities may be eliminated by addition 
or by subtraction when they have the same coefficients. 



1. Find the value of x and y in the equations 2a? + 3y = 13 
and 3a; + 2y = 12. 



PROCESS. 

2aj + 33^ = 13 
3a; + 2y=12 
6^4- 9y = 39 

6a? + 4y = 24 
5^ = 15 

y= 3 

2a! + 9 =13 
2x= 4 

a!= 2 



1) 
2) 
3) 
4) 
5) 

6) 
7) 
8) 
9) 



Explanation. — Since the quantities in the 
given equations have not the same coefficients, 
the first equation must be multiplied by 3 and 
the second by 2. Equations (3) and (4) are thus 
produced in which the coefficients of x are alike. 
Since the coefficients of x are alike, and they 
have the same sign, x may be eliminated by sub- 
traction (Prin.). Subtracting (4) from (3), we 
obtain (5). Dividing equation (6) by the coef- 
ficient of y, (6) is obtained. 

Substituting the value of y in equation (1), the 
resulting equation is (7). Transposing and 
uniting, the value of x = 2. 



KuLE. — If necessary, multiply or divide one or both equations 
so that one unknown quantity may have tlie saw£ coefficient in 
each equation. 

When the signs of the equal co'efficients are the sam^ sui)tra>ct 
the equations; when the signs are unlike, add the equations. 

Find the values of the unknown quantities in the following: 



2. 



3. 



4. 



{ 



a;-|-2y = 7. ^ 
= 5.) 



«+ y 



j4a;-f3y = 7. | 
(2a;-3y = -l.) 

j4aj--5y = 3. | 
(30? -1-53/ = 11. y 



5. 



6. 



7. 



{ 



2a;-f6y 
3a;-f-2y 

f8a;-h3y 
X^x-^-^y 

3.'*J-f 42/ 
4aj-f 3y 



{ 



= 10. 1 

= 8. I 

= 22.) 
= 18.1 

= 25. 1 
= 21.) 
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8. 



9. 



10. 



11. 



12. 



I 

{ 
{ 



5x + 6y 

4:X-\-5y 

4a?-|-3y 
7aj — 6y 

8a? — 4y 

3a;-f-6y 
5x — 3y 



= 61. 1 
= 50.) 

= 32. 1 
= 11.1 

= 40. I 
= 4. ) 

= 39. 1 
= 13.1 



13. < 



2^3"^- 

? + y = ?§. 
6 2 10 

6 3 3 

2x 3y_. 
3 4"" 



{5x 2y_.. 
6^5 " 



14. ^ 



3x 2v K 



^ 



16. 



17. 



18. 



f3^ 2y 
4 3 



16. i 



Sx 
5 



y 

2 




2x 3y 
3 4 



= 12. 

10' 
= 6. 



3£ 7y 
5 4 

7 5 




5a 3y 
6 5 

{Sx 5y 
4 "^ 8 



= 10. 

^22 
35' 

= 13f 
= 13^. 

= 23 J. 



> 



19. < 



7x_2y 
12 9 



-4f = ^- 



187. EUmination by Oompariflon, 

1. If, in the simultaneous equations a;4-2y = 8 and x — 
y = 5, 2y in the first and y in the second are transposed to the 
second member, what will be the resulting equations ? 

2. Since each of the second members of these derived equa- 
tions is equal to x, how do they compare with each other ? 

3. If these second members are formed into an equation, 
how many unknown quantities will it contain ? 

4. How may an unknown quantity be eliminated from two 
simultaneous equations by comparison? 
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EXAMPLES. 



1. Find the value of x and of y in the equations x + 2y = 8 
and 3x + 2y = 12. 



PROCESS. 



x + 2y=: S (1) Explanation. — Since, in elimination 

3aj4-2t/=12 (2) ^^ comparison, the value of the same 

z. ^ ' unknown quantity in each equation is 

x= S — 2y (3) to be found, and a new equation is to he 

12 — 2 1/ fonned from these values, 2 y in equation 

X = — — (4) (1) is transposed, giving (3). Transposing 

** 2 y in (2) and dividing by 3, equation (4) 

12 — 2y __ o 2 tK\ ^ obtained. Since these two values of x 

3 "~ y V / are equal, equation (5) is obtained (Ax 

12 — 2m — 24. — fi f(\\ ^^' ^^®*™8 ®^ fractions, we obtain (6). 

^ ■" y \ ) l^nsposing and uniting, (7) is obtained. 

4y = 12 (7) Dividing by 4, we obtain (8). Substitut- 

yz=z 3 (8) ing this value of y in equation (1), we 

^ I g __ g /g\ obtain (9). Uniting, we obtain (10). 

aj= 2 (10) 

Rule. — Find an expression for the value of the same un- 
known quantity in each equation. 

Make an equation of these values and solve it. 

Solve the following equations by comparison : 



1 a4-2y = 8.) " (5a;-f-2y = 9. i" 

t a4-3y = 19.) ' l3ic-4y = 3. ) 

^ 1 4x4- 22/ = 26. 1 ^2aj-.3y = -7.| 

5. (2a.-33/ = -14.| |3. + 2y = 33.| 

<3aj + 2y = 44. > ' (9a;-4y = 9. J 

( aj-f2y = 8. ) ' l3a;-2y = 15.i 
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12 



i4aj — 5y = — 34. 1 
2a;-3v=-22. ) 



13 



14 



15 



16. 



17. 



( a; + 4y = ll. 1 
I5a:-2v = 11.3 



j2a:-3y = 3. | 
(4a;4-5y = 39. 1 



|7a:-4y = 81.| 



2 3 



= 5. 



V. 



3^2 



? = 5. 



f32 2y 
5^3 

2£ 3y 
3 "^ 4 



= 17. 



= 19. 



18. 



19. 



21. 



22. 



2x 2y 
7 "^ 3 

Sx 3y 
5 5 



= 5*. 



= 7*. 



[Sx 
5 

2x 

7 

4:X 



y 

4 



- ? = 4f. 



5 



— -^ = 3A. 



20. < 



5 3 



= 24|. 



3a! 

i 



5j 
6 



-^ = -9. 



( 5x . iff 

8x Sji 
9 8 



= 28^. 



= 26|. 



4:X 

5 



y 

7 



- f = 9f 



7x 2y 
12 3 



= 16*. 



188. EUmination bj Snbstitation. 

1. In an equation containing two unknown quantities, if 
the value of one quantity is known, how may the value of the 
other be found ? 

2. Express the value of x in the first of the simultaneous 
equations x + y = 5 and x-{-2y = 7 by transposing y to the 
second member. 

3. When this value of x is substituted in the second 
equation, how many unknown quantities does the result- 
ing equation contain? 

4. How may an unknown quantity be eliminated from 
simultaneous equations by substitution f 
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1. Find the valae of x and of ^ in the equations Zx'\'2y 
= 12 and 2a; + 3y = 13. 



PBOCBS8. 




3x + 2y=12 


(1) 


2a! + 3y=13 


(2) 


a,_12-2.v 
''- 3 


(3) 


24-4» + 3y = 13 


(4) 


24-4y + 9y = 39 


(5) 


6y=15 


(6) 


y= 3 


(7) 


-^^-«= 2 


(8) 



ExPLAKATioN. — Since one unknown 
quantity can be eliminated by finding its 
value in one of the given equations and 
substituting this value in another, we 
find the value of x from (1) and obtain 
(3). Substituting this value in (2), (4) 
is obtained. Clearing of fractions, the 
resulting equation is (5). Uniting terms, 
we obtain (6). Dividing, ^ = 3. Substi- 
tuting this value in (3), x = 2. 



EuLB. — Find an eoEpression for the value of one of the un- 
known quantities in one of the equations. 

Substitute this value for the same unknown quantity in the 
other equation, and solve the equation. 

Solve the following by substitution : 

^ { x + 2y = 10. I r7a;-5y = 13.) 

l2aj-3y=-lj ^' t3a;-f 3y = 21. ) 

a. + 42/ = 19j l3x + 22/ = 39j 

r2a; + 5y = 29. ) 
^ p-2y=6. I »• |2a.-5v = -21.l 



1 + 1 = 18. 
(9«-y = 6> 10. \ 

2 4 

j3a! + 5yH=2.) ( iB + 6y = 41.) 

l6a + 6y = 3.) ' t3»-2y = 21.> 
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12. < 



3 + 4=^- 



13. < 



X , Z 

3"*"4 



a?— z = 



8. 
-3. 



14. < 



15. < 



3 

2 •^*' 
| + 7y = 2ol. 

l + 7x = 299. 

7 



Solve the following by any method : 



16. < 



1 + 2^10. 
X y 



^ + ^ = 20. 



2a? --y 



-f 3aj = 2y-6. 



21. < 



3^ + y=^=2a?-8. 
5 6 



17. < 



•^^ + ^=19. 
X y 



8 

X 



3 



^ = 7. 



18. < 



3a; 51/ 



^-J- = 3 

L 6a; lOy 



' a;-2 10-a; ^ y-^lO 
6 3 4 ' 



22. < 



2y4-4 ^ 4a?4-y+13 
3 8 



a;5-l a;-1 ^6 

23. Jy-i y '^' 

a;-y = l. 



19. < 



a , h 

- 4- - = m. 

a; 2/ 



X 



h 

y 



= n. 



20. < 



? + 8 = |-.12. 
5 3 4 



24. < 



l~3a; 3y-l ^o 

7 5 



3a;4-y , ^ 



25. ^ 



4a;-|-y = 11. 
y ^Ix-y 23 



^5a5 



3a; 



15 



Ia2 



r 

far — ay =0- J 



I ox + « = «. ) 



rx 



i c c I 

I a -6 J 



Sl< 



j^- 






^=1. 






d-5 



-cy = 



M 



33. 



f ax — dy = c. ) 

i wtx — ny = c. > 



29. ^ 






in n 



= e. 



34. ^ 



- + 2 = 2aft. 
aft 

oft aft * J 



188. Fractional simiiltaneoiis equations in which the un- 
known quantities are found in the denominators may often be 
solved without clearing of fractions. 



1. Solve the equations < 



^3 2^7 1 
X y 4: \ 



Multiplying (1) by 5, 
Multiplying (2) by 3, 

Subtracting (8) from (4), 
Dividing (6) by 11, 

Substituting In (1), 



5 + 1=1? 
X y A 

Solution, 



15 10_35 
X y 4 
16^21_57 
X y 4 

11_22 
y 4 

1 2 ^^ 1 
- = - or - 

4 2 



(1) 



(2) 



(3) 
(6) 



y 
.-. y = 2 

x = 4 
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2. 



J ^ y 



14. 



3. -< 






s + 4 

L« y 



= 11. 



= 22. 



8. < 



9. < 



9^8 43 


1 


- + - = -^' 


« y 6 1 


y 


3^10 29 


+ = /» • 


« y 6 J 


a , 6 




--|-- = c. 




a y 





^^«=d. 



4. ^ 



0? y 



3^6 

L« y 



4 

— . 

3 

19 
6 



10. < 



« + « = !. 

a y 



i+ii=-9. 

I « y 



6. < 






6+? 

L« y 



= a. 



= 6. 



11. < 



2* 3y 



J^ 10 
3» 6y 



= 14. 



= 11. 



6. < 



? + ? = 3. 

as y 

6 + l« = 4. 

» y 



3 +-1^ = 7. 



12. ^ 



X4-3 y-2 

5 ^ 4 



17 



[a! + 3 y-2 3 J 



1. < 



5 + 6 



z+? 

L« y 



= 7. 



= 10. 



18. < 



?4.2 = 



a 
b a 



= g. 



190. 1. If 7 lb. of tea and 5 lb. of coffee cost 95.50, and 6 
lb. of tea and 3 lb. of coffee cost $4.20, what was the price per 
pound of each ? 



154 HIGH SCHOOL ALGEBRA. 

Solution. 

Let z = the price of tea per lb. 

Let y = the price of coffee per lb. 

7 a; + 5y = 15.60 (1) 

6g; + 3y = 14.20 (2) 

a; = « .60 (3) 

y = « .40 (4) 

2. There is a fraction sueh that if 1 be added to the numera- 
tor the value of the fraction will be 1 ; and if 3 be added to 
the denominator the value will be ^. What is the fraction ? 

SOLUTIOW. 

Let X = the numerator. 

y = the denominator. 

Then, - = the fraction. 

y 

^-±-^ = 1 (1) 



y 

X 



y + 3 



= J (2) 



x = 4 (3) 

y = 5 (4) 

- = - (6) 

3. There is a number such that if it be divided by the sum 
of the digits which express it the quotient will be 4, and if 
36 be added to it the sum will be expressed by the digits 
inverted. What is the number ? 

Solution. 

Let X = the digit in tens' place. 

y = the digit in units' place. 
10 oj + y = the number. 
tOy -\-x = the number when the digits are inverted. 

^Q^ + y = 4 (I) 

x^y 

lOg + y 4-36 = 10y-f a; (2) 

« = 4 (3) 

y = 8 (4) 

10x4-y = 48 (6) 



SIMULTANEOUS EQUATIONS. 165 

4. The sum of two numbers is 24; and their difference is 
8. What are the numbers ? 

6. The sum of two numbers is 29, and their difference is 5. 
What are the numbers ? 

6. The sum of two numbers divided by 2 gives a quotient 
of 24, and their difference divided by 2 gives a quotient of 17. 
What are the numbers ? 

7. A man hired 6 men and 2 boys for one day for f 28, 
and afterward, at the same rate, 3 men and 4 boys for $ 20. 
What was paid each per day ? 

8. There is a fraction such that if 3 be added to the numer- 
ator its value will be ^, and if 1 be subtracted from the denom- 
inator its value will be ^. What is the fraction ? 

9. A man has two horses, and a saddle worth $ 10. The 
value of the saddle and the first horse is double that of the 
second horse, but the value of the saddle and the second 
horse lacks $ 13 of being equal to the value of the first horse. 
What is the value of each horse ? 

10. Two purses contain together ^300. If ^ 30 is taken 
from the first and put into the second, there will be the same 
amount in each. How much money is there in each ? 

11. A and B have $570. If A's money were three times, 
and B's were five times as great as it really is, they would 
have $ 2350. How much has each ? 

12. There is a fraction such that if 4 be added to the 
numerator, its value will be ^, and if 7 be added to the denom- 
inator its value will be \. What is the fraction ? 

13. There is a number of two digits, which is equal to 4 
times the sum of the digits, and if 18 be added to the number, 
the result will be expressed by the digits inverted. What is 
the number ? 

14. A person had two kinds of money, such that it took 10 
pieces of one kind to make a dollar, and two pieces of the 
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other to make a dollar. He paid a man a dollar, giying him 6 
pieces. How many of each kind were used ? 

15. A party which had hired a coach, found that if there 
had been 3 more persons, they would each have had to pay $ 1 
less than they did ; and if there had been 2 less they would 
each have had to pay $1 more. How many persons were 
there ? How much did each pay ? 

16. A wine-merchant sold at one time 20 dozen bottles of 
port wine and 30 dozen of sherry for £ 120. At another time 
he sold 30 dozen bottles of port and 25 dozen of sherry for 
£ 140. What was the price per dozen bottles of each ? 

17. There is a number expressed by two figures. If to the 
sum of the digits 7 be added, the result will be 3 times the 
left-hand digit, and if 18 be subtracted from the number, 
the digits will be inverted. What is the number ? 

18. A and B had together a capital of $ 9800. A invested 
^ of his capital and B ^ of his, whereupon each had the same 
sum left. How much had each before the investment ? 

19. A farmer purchased 100 acres of land for $2450. For 
a part of it he paid $20 an acre and for the rest $30 an acre. 
How many acres were there in each part ? 

20. The sum of the ages of a father and a son is 80 years. 
If the age of the son is doubled, it will exceed the age of the 
father by 10 years. What is the age of each ? 

21. A said to B : "Give me 20 cents of your money and I 
will have 4 times as much as you." B said to A : " Give me 
20 cents of your money and I will have 1^ times as much as 
you." How much had each ? 

22. A farmer bought 100 acres of land, part at $37 and 
part at $45 an acre, paying for the whole $4220. How 
much land was there in each part ? 

23. A boy expended 30 cents for apples and pears, buying 
the apples at 4 for a cent and the pears at 5 for a cent. He 
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then sold ^ of his apples and ^ of his pears for 13 cents, which 
was what they cost him. How many of each did he buy ? 

24. A farmer sold 47 bushels of corn and 18 bushels of 
wheat to one man for $45.26, and 3 bushels of corn and 63 
bushels of wheat to another at the same price, for $64.74. 
Find the cost of each per bushel. 

26. The sum of ^ of one number and } of another is 38 ; and, 
if 3 be added to the first, the sum will be equal to f of the 
difference between the second and 8. Find the numbers. 

26. Said one boy to another : " If you will give me ^ of your 
money and 50 cents, I shall I^ave 4 times as much as you; 
but if I give you 60 cents, you will have $ 2.50 more than I." 
How much had each ? 

27. One quarter of the number of sheep in one field equaled 
^ of the number in an adjoining field. Ten sheep jumped from 
the first into the second field, and there were then 4 times as 
many in the second as in the first. How many were there 
then in each ? 

28. Three years ago Paul was 3 times as old as his sister 
Mabel, and 3 years hence 3 times his age will equal 5 times 
hers. Find their ages now. 

29. The sum of two fractions whose numerators are 3, is 3 
times the smaller, and 3 times the smaller subtracted from 
twice the larger gives f . What are the fractions ? 

30. If I loan my money at 6% for a given time, I shall 
receive $ 720 interest ; but if I loan it for three years longer, 
I shall receive $ 1800. Find amount of money and the time. 

31. If a certain rectangle were 1 foot longer and 1 foot 
broader, it would contain 14 square feet more area. If it 
were 1 foot shorter and ^ foot wider, its total area would be 
unchanged. Find the dimensions of the rectangle. 

32. The number of marbles a boy has in one pocket is 9 
more than | of what he has in the other. How many has he 
in each, if there are 39 marbles in both ? 



158 HIGH SCHOOL ALGEBRA. 

33. A number consists of two figures. The number is 2 
more than 8 times the sum of the digits, and if 54 be sub- 
tracted from the number, the digits will be inverted. Find 
the number. 

34. A and C can do a piece of work in 6 days ; B and C can 
do it in 8 days. In what time can they all do it working 
together, if A can do f as much as B ? 

35. A man invested $4400, part of it in railroad bonds 
bearing 3% interest, and the remainder in state bonds bearing 
2^% interest. He received the same income from each. How 
much did he invest in each ? 

Suggestion. — Since the rate of interest upon the railroad bonds was 
8%, the income was ji^^ ot the investment. The income from the state 

bonds was — ^, or »*ii, of the investment. 
100 ^°° 

36. A gives B 100 yards start and overtakes him in 4 
minutes. He also gains 760 feet on B in running 9000 feet. 
Find the rate at which each runs. 

37. A railway train, after traveling an hour, is detained 30 
minutes. It then proceeds at f of its former rate, and arrives 
10 minutes late. If the detention had occurred 12 miles 
further on the train would have arrived 4 minutes later than 
it did. At what rate did the train travel before the deten- 
tion, and what was the whole distance traveled ? 

THREE OR MORE UNKNOWN QUANTITIES. 

191. 1. In the equations 2a:-|-3y-f-42; = 26 and a:-|-4y4- 
52 = 18, how may z be eliminated ? 

2. If one of the quantities in the above equations is elimi- 
nated, how many quantities will be left ? 

3. How many independent equations are necessary before 
the values of two unknown quantities can be found ? 

4. How many independent equations containing the same 
two unknown quantities can be formed from the equations in 

(1)? 
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6. Since in order to find the values of two unknown quan- 
tities we must have two independent equations, and since from 
the two equations given in (1) only one derived equation can 
be formed containing the same unknown quantities, how many 
independent equations must be given so that the value of any 
of those unknown quantities may be found ? 

1B2. Since it is necessary to have two independent equations 
to find the values of two unknown quantities, and three inde- 
pendent equations to find the values of three unknown quan- 
tities, etc., a general law may be expressed as follows : 

193. Pbincifle. — To solve equations containing unknown 
quantitieSf there must be as many independent equations as there 
are unknown quantities. 



1. Given 



Solution. 



I 



2x+ y-|-2« = 10 
3a: + 



4y-3«=:2 J 



, to find Xf y, and z. 






(1)X2 


2z + 4y-f 6z = 28 


(2) 


2x+ y + 2z=:10 


(4) -(2 


3y + 42=:18 


(1)X8 


8« + 6y + 9« = 42 


(3) 


3x + 4y-Sz= 2 


(6) -(3) 


2y+12« = 40 


(6)x3 


9r+12a = 64 



7y = U 
y= 2 

4+122 = 40 

i2z = aa 

z= 3 

« + 4 + 9 = 14 

x^ 1 



(1) 

(2) 
(8) 

(4) 

(6) 
(8) 

(V) 
(8) 

(8) 
(10) 

(") 
(12) 

(13) 

(14) 

(15) 
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Find the value of each unknown quantity in the following : 



,.l 



8. < 



4. < 



'■{ 



6. < 



4:X — 5y-\-2z = 6. 
2x^3y- 2 = 20. 



«+ y-f 2 = 6. 1 
5a; -1-4^4-32 = 22. ^ 
3a; + 4y-32J=2. 

aj-4y + 32 = 2. 
4aj-3y+ 2 = 9. 
2a? +62/ -42 = 14. 



7. ^ 



«+ y4- 


z = 35. 


aj-2y + 


3z = 16. 


y- a;-f- 

• 


z = -5. 


a! + 22 = 


y+ «.' 


y + 22 = : 


2a! + 22!. 


z + 22 = 3x + 3y. 



« + y -f 2J = 12. 1 

8. < x — y =2. I 



a; 



= 4. 



9. < 



w-fy-f 2= 2a;. 

n-|-a;-|-2 = 3y. 

tt-f a;4-y = 42. 

.w4-« = y + 36.. 



10. ^ 



a; + 2y + 32 = 34. 
2a;-.3y4-42 



= 34. ^ 
= 19. I 
3a;-f 4y-52=-6. 



11. < 



x^y-^z 
2x^Sy 
2aj-f-32 




'a:-f-y = 35. 

12. J a; -f 2 = 40. 

y + 2 = 46. 



2aj + 4y-32 = 22. 
13. -< 4a? — 23/4-52 



= 22.^ 
= 18. . 
6aj-f7y- 2 = 63. 



'8a?-4y = 24-2. 
14. ^ 6a; -h y = z -|-84 
a;4-80=3y-|-42. 



.1 



a;-f-3y- 2 = 10.' 
16. ^! 5a; — 2^ + 22 = 6. 
3a;-f-2y+ 2 = 13. 



16. 



x-\-y + z 
x-y-^-z 
\^x^y-z 




'2a;-4y-f-32 

17. < 3a;-f- y-22 

a?-f-3y— 2 



10.^ 

6. 

20. 



* The sum of the first members of the thre« equations is 8 x. 
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18. 



19, 



5z — 3y-\- 2 = 16. 
< 9a;-f-2y-32 = 14. v 
x — iy — 5z = 10.j 

x + a= y-f- z. 
y + a = 2x + 2z. 
z +a = 3a?4-3y. 



'X'hy + 2z=z2(b+c). 

20. J aj-f 2 + 2y = 2(a+c). 

y + Z'h2x=z2{a+b). 



21. 




22. ^ 



aj-f- y+2z-^ tt;=18. 

aj-f-2y-f- 2-f- w=17. 

«-f y4- 2+2w=19. 

2a5-f- y+ «+ w 



=16. J 



23. 



'u-^v + x + y 
le + w + au-f 2 



14.1 

15. 

16. 

17. 

18. 



V 



« y 



24. ^ 






= 5. 



= 7. 



= 6. 



yt 



26. -^ 



27. 



, 1 



= 5. 



= 6. 



= 9. 



26. ■( 



a 6 



35 Z ^ 

---f- = 2. 
a c 



6 c 



'x + y = a.^ 
. J 054-2 = 6. V 



y + 2 = c. 



28. < 



aj+y 
y 4-2 

z -{-w 

U 4-05 



9. 

11. 

13. 

15. 

12. 



xy _1 



29. ^ 



yg 

x + z 

QDZ 

x + z 



1 

5 



1 

— I 

6 



= ;^" > 



1 

— • 

7 



* The tarn of the four equAtions divided by 6, is the ram of the unknown auantitl^f . 
t Thia equation may be solved without clearing of l^tioqa, 
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30. 



31 



32. 



33. 



34. 



X y 
X z 



sa. 



= 6. 



1 1 



3aj + 4y+ z 
3z -{•2y-St 

32! -2t 4- u 

«+ y 

x — y — a, 
y-\-z =3a. 
^52 — a; = 2a. 

y + 2 — a; = a. 
0? -f y — « = 6. 
z + x — y^c, 

= b. 
= c. 

= d, , 



35. 

4. 

17. 

9. 

13. 



> 




35. 



36. 



37. 



38. 



a b c ^ 

--\ h - = a. 

X y z 

y z X 
a b c 



{x-^2y=za.^ 

^ + 22 = 6. 
^2« + aj = c. ^ 

3a; + 4y + 2 = a. 

3y + 42 -f a?= 6. 

32 4-4a5-f y= c. 

a? + y = a 4- ft. 1 
y 4- 2 = 6 4- c. 
2 4- V = a — 6. 
V — a = c — 6. , 



h - = cw. 

aj 2 y 

6 a c , 

39. < h -5=oc. y 

^ a; 2 

a c b 

- H = ac. 

a; 2 ^ 



PROBLEMS. 

194. 1. Find three numbers such that their sum is 60; ^ 
of the first plus \ of the second, and \ of the third is 19 ; and 
twice the first with three times the remainder, when the third 
is subtracted from the second, is 60. 

2. Find three numbers such that the first with ^ of the 
sum of the second and third is 119 ; the second with \ of the 
remainder, when the first is subtracted from the third; is 68 ; 
and ^ the sum of the three numbers is 94. 
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3. A, B, and G together possess $1500. If 6 gives A 
$200 of his money, A will have $280 more than B ; but if B 
should receive $180 from C, B and C would have equal 
amounts. How much has each ? 

4. Three persons purchased sugar, coffee, and tea at the 
same rates. A paid $ 4.20 for 7 pounds of sugar, 5 pounds of 
coffee, and 3 pounds of tea; B paid $3.40 for 9 pounds of 
sugar, 4 pounds of coffee, and 2 pounds of tea ; G paid $ 3.25 
for 5 pounds of sugar, 2 pounds of coffee, and 3 pounds of tea. 
What was the price of each per pound ? 

5. Divide 125 into four such parts that, if the first be 
increased bj 4, the second diminished by 4, the third multi- 
plied by 4, and the fourth divided by 4, the sum, product, 
difference, and quotient will all be equal. 

6. A and B can perform a piece of work in 8 days ; A and 
G can do it in 9 days, and B and G in 10 days. In how many 
days can each do the same work alone ? 

7. A certain number is expressed by three digits whose 
sum is 10. The sum of the first and last digits is f of the 
second digit ; and, if 198 be subtracted from the number, the 
digits will be inverted. What is the number ? 

Let X = the first digit, or hundreds ; y, the second digit, or tens ; z, the 
third digit, or units. Then, 100 x + lOy + z = the number. 

8. A farmer has 80 horses, cows, and sheep; J of the 
number of horses, ^ of the sheep, and ^ the cows equal 19. 
If the number of horses and cows be subtracted from ^ the 
number of sheep, the remainder will be 10. How many 
animals of tach kind has he ? 

9. A merchant found, on counting his cash, that he had 84 
pieces of silver, in dollars, half-dollars, and quarters, worth 
$42. He also found that | of his half-dollars and ^ of his 
quarters were worth $ 6.50. How many pieces of each kind 
had he? 
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10. A, 6, and C were discussing their ages. A said : ^^ If 
you add to twice my age, once B's, the sum will be 20 years 
more than O's. If you take ^ of my age and twice B's, the sum 
will be 20 years less than O's. But the sum of my age and C's 
is equal to 6 times as much as B's." What were their ages ? 

11. A jeweler has a fine gold watch, a plain gold one, and 
an open face one, and one gold chain. If he puts the chain on 
the fine watch, that watch and chain will be worth $ 40 more 
than both the other watches. If he puts the chain on the plain 
watch, that watch and chain will be worth $20 more than 
twice the value of the open face watch. If the chain is placed 
on the open face watch, the value of that watch and chain will 
be J of that of the fine watch, and ^ of the plain watch. Find 
the value of each watch and of the chain, if they all cost $ 400. 

12. Bought 8 horses, a number of cows, and 100 sheep 
for $2500. The number of cows was equal numerically to 
4 times the price of a sheep, and a sheep and a horse cost $ 5 
less than ^ the cost of all the cows. Find the cost of a horse, 
and a sheep, and the number of cows, if a cow cost $ 40. 

13. Three boys, A, B, and C, had each a bag of nuts. Each 
boy gave to each of the others i of the number of nuts he had 
in his bag. They then counted their nuts, and A had 740, B 
580, and C 380. How many had each at first ? 

14. There are two fractions which have the same denom- 
inator. If 1 be subtracted from the numerator of the smaller, 
its value will be ^ of the larger fraction ; but if 1 be subtracted 
from the numerator of the larger, its value will be twice that 
of the smaller. The difference between the fractions is ^. 
What are the fractions ? 

15. A man divided a sum of money amongst his four sons, 
so that the share of the eldest was ^ of the shares of the other 
three, the share of the second \ of the shares of the other 
three, and the share of the third \ of the shares of the 
other three. The eldest had $14 more than the youngest. 
What was the share of each ? 
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16. A farmer found that the number of his sheep was 26 
more than the number of his cows and horses together ; that 
\ of the number of sheep was equal to the number of horses 
together with J of his cows ; and that | of his cows, \ of his 
horses, and ^ of his sheep amounted to 12. How many had. 
he of each ? 

17. There are three purses such that if $20 be taken out of 
the first and put into the second, the second will contain 4 
times as much as remains in the first ; if $ 60 be taken from the 
second and put into the third, the third will contain 1| times 
as much as remains in the second ; if $ 40 be taken from the 
third and put into the first, the third will contain 2^ times as 
much as the first. How much is there in each purse ? 

18. Three men. A, B, and C, jointly purchased a quantity 
of lumber which cost $ 900. One half of what A paid added to 
\ of what B paid and J of what C paid, will make $ 279 ; and 
the sum that A paid increased by f of what B paid, and 
diminished by ^ of what C paid, will make $ 320. How much 
did each pay ? 

19. There are three numbers such that ^ the first, \ the 
second, and \ the third, together make 115 ; ^ the first, \ the 
second, and \ the third, together make 86 ; and \ the first, \ 
the second, and ^ the third, together make 69. What are the 
numbers ? 

20. A gives to B and as much as each of them has ; B 
gives to A and C as much as each of them then has ; and 
gives to A and B as much as each of them then has, after 
which each has $ 8. How much had each at first ? 

21. A, B, and C have certain sums of money. If B should 
give A $ 350, A would have twice as much as B would have 
left ; if C should give B $ 700, C would have left ^ as much 
money as B would then have ; if A should give C $ 210, C 
would then have 5 times as much as A would have remaining. 
How much money has each ? 
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196. 1. How many times is a used as a factor in prodacing 
a*? a«? a*? a*? a«? a"? 

2. How many times is a quantity used as a factor in pro- 
ducing the second power? The third power? The fourth 
power ? The^^ power ? The nth power ? 

3. What sign has the second power of -f a ? The third 
power ? The fourth power ? Any power ? 

4. What sign has the second power of — a ? The third 
power? The fourth power? The fifth power? The sixth 
power ? 

5. Which powers of a negative quantity are positive f 
Which are negative f 

6. What is the third power of a* ? How many times is a* 
used as a factor ? 

7. What is the fourth power of a^ ? Of a* ? Of a« ? 

8. What is the fifth power of a» ? Of a* ? Of a' ? 

9. How is the exponent of a power of a quantity deter- 
mined ? 

10. What is the mth power of a" ? 

196. Exponent (Art. 17). Power (Art. 18). Ifames of Powers 
(Art. 18). 

197. Involution is the process of finding the power of a 
quantity. 

166 
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198. Principles. — 1. All powers of a positive quantity are 
positive, 

2. AU even powers of a negative quantity are positive, and all 
odd powers are negative. 

3. The exponent of a power of a quantity is equal to the expo- 
nent of the quantity multiplied by the eopponent of the power to 
which the quantity is to he raised. 

199. Xnyolntion of monomialB. 

1. What is the third power of 6a*6 ? 

Solution. 

2. What is the fifth power of - 2a*6« ? 

Solution. 
(-2a26«)«=-2a26»x-2a«6«x-2a26«x-2a«6«x-2(|26«=-32aW6» 

KuLE. — Raise the numerical coUfflcient to the required power ; 
multiply the component of each literal quantity by the exponent of 
the power to which it is to he raised, and prefix the proper sign 
to the result. 

Mnd the values of the following : 



3. 1 


[ea^y. 


12. 


(27^y7^y. 


21. 1 


[-2ayy. 


4. 1 


[-^a^by. 


13. 


{■^5a^b(^y. 


22. ( 


[2ax'y^y. 


5. { 


[-3al^y. 


14. 


(a*6V)«. 


23. ( 


yfT^y. 


6. { 


[-3c*(P)«. 


15. 


(_4a*6V)*. 


24. ( 


[xTy^z'^y. 


7. { 


[2asi?fy. 


16. 


{2a^h^<^y. 


25. ( 


[a^T^vfy. 


8. ( 


[2a^y7^y. 


17. 


{27?fzy. 


26. ( 


[ay-i^y. 


9. ( 


[4:ab*dPy. 


18. 


{S^y'y- 


27. ( 


;-a?y2")«. 


10. ( 


[--a%^<fy. 


19. 


{^4.aVyy. 


28. ( 


;-a*6Vd*')*». 


11. ( 


:-4a%V)*. 


20. 


(2a^7^y. 


29. ( 


;a«6Vd«-2)«-*. 
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30. What is the third power of -^ ? 

PROCESS. 



- 3a^b Sa'b Sa^b 27 aV 



/2a^Y ^ 2 
1,3 aV 3 



Explanation. — In raising a fraction to a power, both numerator and 
denominator must be raised to the required power. 

Kaise to the required power : 

- (n)' -■ m- "■ m"- 

-(-I3)" "■(^)" "-{wJ- 



,n \S» 



"■mr -■(^' "•(^) 

200. Inyolution of polynomials. 

(a; + y)2 = x^ + 2xy + t/» (Art 73) 

(X -yy=x^-2xy + y^ (Art. 75) 

(X -\- y - zy = x^ + y^ + z^ -\- 2xy - 2xz - 2yz (Art. 81) 

Eaise to the required power : 

1. (2a-\-by. 7. {27?-y)\ 13. (a+64-c-d)». 

2. (3a-2c)l 8. (3aj« + 2y)«. 14. (2aj-3y+20)'. 

3. (2a4-36)l 9. (3aj«-33^)». 16. (a^-y*4-22*)«. 

4. (4a-26)*. 10. (4««4-5y)l 16. (aj*+2y+ 32*)'. 

5. (3a 4- 4c)*. 11. (5aj»-3y2)«. 17. (2a;4-33^-2*)* 

6. (6a-4c)«. 12. (3i»* + 6y*)l 18. (2a«-3y«-22;*)*. 
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Quantities may be raised to liigher powers by multiplication. 
The quantity must be used as many times as a factor as there 
are units in the index of the required power. 



Haise to the required power : 



19. (« + y) 



8 



20. (a -6) 

21. {a-{-b)\ 

22. {x-^yy 

23. {a^cy 



24. (26 4- c)*. 

26. (2 a --by. 

26. (3a + by. 

27. (4a? -y)*. 

28. {5x + zy. 



29. (2aj»-3y*)«. 

80. (3aj»4-23^)». 

31. (4a* + 3y)*. 

32. (5x'-2fy. 

33. (4aj*-2/)*. 



201. Inyolution of binomialB by the Binomial Theorem. 

(a4-6)'=a* + 2a6-f 6*. 

(a 4- by = a« + 3a«6 + 3a6* -f V- 

(a 4- 6)* = a* + 4a»6 + Ga'b^ 4- 4a6« 4- 6*. 

(a 4- 6)* = a* 4- 5a*6 4- lOaW 4- lOaV 4- 5ad* 4- 6*. 

(a-6)2 = a*-2a6 4-6'. 

(a-6)8=a»-3a*6 4-3a6*-&». 

(a - 6)^ = a* - 4a»6 4- 6a%* - 4a&» 4- b\ 

(a - 6)* = a^ - 5a^b 4- lOaW - lOaV 4- 6a6* - 6*. 

Examine carefully the above powers of (a 4- b) and (a — 6). 

1. How does the number of terms in any power of these 
binomials compare with the exponent of the power ? 

2. In what terms of any power of these binomials is the 
first letter of the binomial found? 

3. In what terms of any power of these binomials is the 
second letter of the binomial found ? 

4. What is the exponent of the first letter of the binomials 
in the first tenn of any power of the binomials ? In the sec- 
ond ? In the third, etc. ? 
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5. What is the exponent of the second letter of the 
binomials in the second term of any power of the binomials ? 
In the third term ? In the fourth term, etc. ? 

6. What is the coefficient of the first and the last terms in 
any power of the binomials ? 

7. How does the coefficient of the second term of the 
power compare with the exponent of the power to which the 
binomial is to be raised ? 

8. If the coefficient of the second term of the power is mul- 
tiplied by the exponent of the first quantity in that term, and 
the result divided by the number of the term, or by the expo- 
nent of the second quantity in that term increased by 1, what 
is the result ? Of what term is it the coefficient ? 

9. If the same thing is done to the coefficient of each suc- 
ceeding term of the power, what coefficient is obtained ? 

10. What are the signs of the terms in all the powers of 
(a + 6)? 

11. What terms are positive and what are negative in any 
power of (a — 6)? 

202. Principles. — 1. Tfie number of terms in the power of 
any binomial is one more than the exponent of the required 
power. 

2. The letter of the first term of the binomial is found in all 
the terms of the power except the last; the letter of the second 
term in all the terms of the power except the first; both letters 
are found in all the terms of the power except the first aiid last. 

3. The exponent of the first term of the binomial in the first 
term of the power is the same a« the index of the required 
power, and decreases by 1 in each term at the right. The 
exponent of the second term of the bimomial is 1 in the second 
term of the power, and increases by 1 in ea^h term al the right. 

4. The coefficient of the first term of the power is 1. The coeffi- 
cient of the second term is the saws as the index of the required 
power. 
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5. The co'4fflcient of any term of the power j multiplied by the 
exponent of the first letter in that termj and the result divided by 
the number of the term, or by the exponent of the second letter 
increased by I, vriU be the coefficient of the next term. 

6. If both terms of the binomial are positive, all the terms of 
any power of the binomial will be positive, 

7. If the second term of the binomial is negative, all the odd 
terms of any power counting from the left will be positive, and 
all the even terms will be negative. 

The sum of the exponents in any term is always equal to the exponent 
of the required power. 



1. Find the fiftli power of {x — y) by the binomial theorem. 

Solution. 

Letters, x ocy xy xy xy y 

Letters and exponents, st^ x^y x^ «V ^sy* y^ 

Coefficients, 15 10 10 5 1 

Signs, - -h - -I- - 

Combined, x^ - bx^y + lOa^a - lOxV _^ Sxy* - y* 



Expand : 



2. ( 


[x-\-yy. 


12. ( 


;i + ay. 


22. 


{a^cy. 


3. { 


[a - b)\ 


13. ( 


[1 - ay. 


23. 


{x^yy. 


4. 1 


[a + c)\ 


14. ( 


[x -f a)*. 


24. 


(x + yy. 


5. ( 


[a + xy. 


15. ( 


X -f by. 


25. 


{x-\-iy. 


6. 1 


[a - xy. 


16. ( 


[x-cy. 


26. 


{x-^iy. 


7. ( 


a + by. 


17. ( 


[x-yy. 


27. 


(1 + ay. 


8. ( 


[^-yY- 


18. ( 


[a + by. 


28. 


(1-ay. 


9. ( 


[b-\-cy. 


19. ( 


[a — cy. 


29. 


{x-\-acy. 


10. ( 


[x+iy. 


20. 1 


[a — xy. 


30. 


{x -f- bey. 


11. ( 


[X - ly. 


21. ( 


[a + xy. 


31. 


{x — acy. 



172 HIGH SCHOOL ALGEBRA. 

When tlie terms of the binomial have coefficients, the bi- 
nomial may be expanded as follows : 

32. Find the third power of 2a^ — 36. 

Solution. 

Let 2 a^ = a; and 3 6 = y 

Then, 2a^-Sb = x-y 

(x-yy = x^- 3x2y+ Sx^ - y» 

Restoring 2 a* for a, 8a^ 4 a* 2a^ 

Restoring 3 6 for y, Sb 9b^ 27 b» 

Coefficients, 13 3 1 

Signs, + - + - 

Products, 8a« - 36a*6 + Ua^b^ - 27 6« 

Expand the following: 

33. {a + 2 by. 37. (3a-f2c)*. 41. (4a«-c)*. 

34. (3a-6)«. 38. (2a*-c)«. 42. (3a* + 4c^)». 

35. (2a + 36)8. 39^ (2a + c2)«. 43. (3aj«-5(r')*. 

36. (3a-3c)». 40. (3a*4-2y*)«. 44. (6a«4-4c*)*. 

46. Expand (a -f 6 — c)®. 

Solution. 

(a + 6 ~ c)* = [(a + 6) ~ c]', a binomial form, 
[(a + 6)- c]8 = (a + 6)» - 3 (a + 6)2c + 3 (a + 6) c^ - c» 

=a«+3a26+3a62+6»-3(a2+2a6+62)c+3ac2+36c«-c» 
=a8+3a264-3a6H6*-3a2c-6a&c-3 62c+3ac2+3 6c2-c» 

46. Expand (a + 6 + c — d)^ 

Suggestion. — (a + 6 + c — d)^= [(a + &) + (c — d)]', a binomial form. 

Expand : 

47. {x^y + zy. 60. (a — 6 — c — (Z)^ 

48. (a? — y — 2i)'. 61. (a-f6 — c + d)'. 

49. (a4-6-c)^ 62. (1 -f a; - y - 2f)» 
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203. The following method of expanding binomials whose 
terms have coefficients will be found of great value. 

1. Find the third power of oa + 46. 

PROCESS. 

(5a + 4 6)« = 126 a8 + 300 a«6 + 240 aft* + 64&« 

(6 a)' = 126 a\ the first term. 
126 X 4 X 3 



6 

300x4x2 
6x2 

240 X 4 xl 
6x3 



= 300, the coefficient of the second term. 
= 240, the coefficient of the third term. 
= 64, the coefficient of the fourth term. 



Explanation. — The first term is the cube of 5 a or 126 a'. 

Since the second term of the power contains the second power of the 
first term of the binomial multiplied by the second term of the binomial, 
the coefficient of the second term of the power has as two of its factors 
the second power of 6, the coefficient of the first term of the binomial, and 
4, the coefficient of the second term. To save computations, the second 
power of the coefficient of the first term of the binomial is obtained by 
dividing the coefficient of the third power of that quantity by the coeffi- 
cient of the quantity. Therefore, J^U x 4 are two of the factors of the 
coefficient of the second term of the power. 

When the coefficients of the terms of a binomial are each 1, the coeffi- 
cient of each succeeding term of the power is obtained from the preceding 
term by multiplying the coefficient of that term by the exponent of the 
first quantity in that term and then dividing the product by the exponent 
of the second quantity increased by 1. Consequently, to obtain the entire 

126 X 4 
coefficient of the second term of the power, the expression — - — must 

6 

be multiplied by 3, the exponent of the first quantity, and divided by 

1, the exponent of the second quantity increased by 1. (The exponent 

of the second quantity in the first term is 0.) Indicating the operations, 

the second coefficient is equal to ^^^ >< ^ ^ 3 ^^ ^^ 

■ 6x1 

The coefficients of the succeeding terms are found in the same manner, 

and the method of finding the coefficients may be seen to be expressed 

by the following general rule : 

Rule. — The first term of the power is the power of the first 

term of the binomial corresponding to the exponent of the binomial. 

The coefficient of any term may be found from the preceding 
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term by dividing the coefficient of the preceding teitn by the coeffi- 
cient of the first term of the binomial and then multiplying the 
quotient by the coefficient of the second term of the binomial and 
by the exponent of the first quantity in that term, and dividing the 
product by the exponent of the second quantity increased by 1. 

1. Since the number of terms in a power of a binomial is one more 
than the exponent of the power to which it is to be raised, the exponent 
of the first quantity in any term of a power is equal to the number of 
terms that term is from the last. 

2. For the same reason the exponent of the second quantity in any 
term is equal to the number of terms that term is from the first. 

3. The laws of letters, signs, and exponents are the same as have been 
learned heretofore. 

2. Find the fourth power of 2 a + 3 6. 

Solution. 

(2 ay = 16 a*, the first term. 

— - — ^ = 96, the coefficient of the second term, and the second term 
^ is 06 a^b. 

^ ^ ^ ^ ^ = 216, the coefficient of the third term, and the third term 
^^2 is216a262. 

216 X 3 X 2 _ 2jg^ ^jjg coefficient of the fourth term, and the fourth term 
2 ^ ^ is 216 abK 

^^^ ^ ^ ^ ^ = 81, the coefficient of the fifth term, and the fifth term 
2x4 is8164. 

/. (2 a + 3 6)4= 16 a* + 96 a^b + 216 a^b^ + 216 ab^ + 81 6*. 

Expand the following : 

3. (2a-f3c)^ 8. (4a-f3a;)*. 13. (2aj + 5)*. 

4. (2a -46)3. 9^ (3a-5a;)«. 14. /^a-f— Y- 

5. {3a-\-2x)\ 10. (7a-4c)\ ^^ (l-f«)». 

6. (2a — 5aj)*. 11. (6a-f5aj)'. j^ /^^5q\\ 

7. (6a + 3c)*. 12. (3aj-l)^ 17. {a^'\'2<?y. 
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204. 1. What are the two equal factors of 16 ? 36 ? 49 ? 
81? 121? 

2. What is one of the two equal factors of a', or what is 
the second root of a« ? 4a«? 16a*? 26a*? 36a*? 

3. What is one of the three equal factors of cfy or what is 
the third root of a» ? 8a»? 27 a»? 8a«? 64a*? 

4. What sign has the second power of + 2 ? The third 
power ? The fourth power ? The fifth power ? Any power? 

5. What sign has the second power of —2? The third 
power ? The fourth power ? The fifth power ? The sixth 
power? 

6. What powers of a positive quantity are positive? 
What powers of a negative quantity are positive? What 
powers of a negative quantity are negative ? 

7. Since a power which has the negative sign is the prod- 
uct of an odd number of equal negative factors, what is the 
sign of an odd root of a negative quantity ? 

8. What is the sign of an odd root of a positive quantity? 

9. Since a power having the plus sign may be the product 
of an even number of either positive or negative factors, what 
is the sign of an even root of a positive quantity ? 

10. What quantity used twice as a factor will give a prod- 
uct with the negative sign ? What quantity used four times 
as a factor ? What quantity used six times as a factor ? 

176 
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11. What may be said^ then, regarding an even root of a 
negative quantity ? 

205. Boot (Art. 19). Names of Boots (Art. 20). Sign of Eyo- 
Intion or Badioal Sign (Art. 21). 

206« Eyolntion is the process of finding a root of a quantity. 

207. Principles. — 1. An odd root of a quantity has the 
same sign a^ the quantity itself, 

2. An even root of a positive quantity is either positive or 
negative, 

3. An even root of a negative quantity is impossible or im- 
aginary, 

208. Eyoltition of any monomial 

1. What is the square root of 25ajy ? 

PROCESS. Explanation. — Since, in squaring a monomial, 

we square the coefficient and multiply the expo- 



V25af2^ = ± 5aih^ nents of the letters by 2, to extract the square 

root we must extract the square root of the co- 
efficient and divide the exponents of the letters by 2. 

Since the even root of a positive quantity is either positive or negative 
(Prin. 2), the sign of the root is either plus or minus. Hence, the square 
root of the quantity is db 6 ^y^- 

Rule. — Extract the required root of the numerical coefficient; 
divide the exponent of each letter by the index of the root sought^ 
and prefix the proper sign to the result. 

The root of a fraction is found by taking the root of the numerator 
and of the denominator. 

If the root of a number is not readily discovered, it may be separated 
into its prime factors, and the factors grouped into as many equal sets 
as are required by the root sought. The product of one set of the factors 
will be the root. 

Thus, to find the fourth root of 1206, the number is separated into its 
prime factors, 2, 2, 2, 2, 3, 3, 3, 3, and 2 x 3, or 6 is its fourth root 

Find the values of the following : 



2. Vl6a*6V. 4. V4aVaj». 

3. A/-8a»6V. 6. </27fl^.. 
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6. \/16aW?. 



7. V--8a^. 



8. V-aV«aV. 

9. Vo*^^. 

10. y/cM^. 

11. -Vs^f^. 

12. \/l6aj*y^- 



13. VcMy^. 

14. Vtt^'a;**^. 



15 






25 y* 



16. 



17. 



\27/ 

3fl25a^y» 
\f216ay' 



18. 



\289t/2J^ 



289y*;«« 



19 



8| _27a«&« 
\ 343 x^Y^' 



20. V»*^2". 

21. V^afy^K 

22. Va"aj**y*"2**. 



23. V-32a%V. 



209. To extract the square root of a polynomia!, 

1. Since a' + 2ab + V is the square of (a -H 6), what is the 
square root of a* + 2ab + 6* ? 

2. How may the first term of the square root be found from 
a» + 2a& + 6«? 

3. How may the second term of the square root be found 
from 2ab, the second term of the power ? 

4. What are the factors of 2a& + 6^ ? 

5. Since 2a& -f 6* is equal to 6 (2 a -f 6), what are the factors 
of the last two terms of the square of a binomial ? 

6. By what quantity, then, must the last two terms of 
a* 4- 2 aft + ft* be divided so that the quotient may be the 
second term of the square root ? 

ALOEBBA. — 12. 
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EXAMPLES. 



1. Find the square root of a^ + 2a6 + V. 



PBOCESS. 



a2 4-2a6 + &2 i a + h 



a" 



Trial divisor, 2 a 
Complete divisor, 2a + 6 



2ab + b^ 
2ab-\-l^ 



Explanation. — The quantities are arranged according to the descend- 
ing powers of a. 

Since the first term of the quantity is a^, its square root a is the first term 
of the root sought. Subtracting a^ from the quantity, there is a remainder 
of 2 a6 + 62. 

Since the first term of the remainder is 2 a&, if it is divided by 2 a, the 
quotient b will be the second term of the root. 2 a, or twice the root found 
is called the trial divisor. The complete divisor, or the divisor which 
multiplied by h will produce the remainder 2ab -\- 6^, is, therefore, 2 a + 6. 
It is formed by adding to the trial divisor the second term of the root. 
Multiplying by b and subtracting, there is no remainder. 

Therefore a + 6 is the square root of the quantity. 

Since, in squaring a-\-b-{'C, a + b may be represented by Xy 
and the square of the quantity by ar^-f 2ajc-f c^, it is obvious 
that the square root of a quantity, whose root consists of 
more than two terms, may be extracted in the same way as in 
example 1, by consideritig the terms already found as one term. 



2. Find the square root of aj* -f 4aj^ — 6a^ — 20a; + 25. 



PROCESS. 



aj4 + 4aj3_ 6a^-20x-\-25 



2ar^ + 2aj 



4as+ 4aj2 



2a2^4a._5 



-10a2_ 20a; 4-25 
-10a;2_20a;4-25 



aj2-f.2a;-5 



Explanation. — By proceeding as in the previous example, the first 
two terms of the root are found to be x^ 4.2 a. 
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To find the next term of the root, we consider x^ + 2 x as one quantity, 
which we multiply by 2 for the trial divisor. Dividing the first term of 
the remainder by the first term of the divisor, the third term of the root 
is obtained, which is — 5. Annexing this, as before, to the trial divisor 
already found, the entire divisor is 2 x^ -f 4 x — 5. This multiplied by — 6, 
and the product subtracted from — 10 x* — 20 x + 25, leaves no remainder. 

Hence, the square root of the quantity is tC^ + 2 x — 5. 

Rule. — Arrange the terms of the polynomial with reference 
to the powers of som£ letter, 

ExtroiCt the square root of the firsi term, write the result as 
the first term of the root, and subtra^^t its square from the given 
polynomial. 

Divide the first term of the remainder by twice the root already 
found, as a trial divisor, and the quotient will be thertiext term 
of the root. Write this result in the root, and annex it to the 
trial divisor, to form a complete divisor. 

Multiply the complete divisor by this term of the root, and 
subtract the product from the first remainder. 

Continue in this manner until all the terms of the root are 
found. 

Find the square root of 

3. aj2 4-4a;-f4. 6. a^-faft + ^fe*. 

4. 62 4. 2 6a? 4- a?". 7. 9a«- 12a6 + 462. 

6. 4a;« + 4a;4-l. 8. a»-f2a6 + 6*-2ac-26c + c*. 

9. 4iB* -12a;» 4- ISa;*- 6a? 4-1. 

10. 4a* + 4a«-7a*-4a + 4. 

11. fl^-4a?*4-10aJ*-12a^4-9ar». 

12. 16 a* - 24 a»a; + 49 a^a;*-. 30 aa;» 4- 25 aj*. 

13. a*4-6' + c2-2a6-2ac + 26c. 

14. 40aj2-l2aj8 + 9aJ*-24ic4-36. 

15. 4a:^ + 5a* 4- 12a;' -5a;2-10a?» 4- 2a? 4-1. 

16. 49a;*-28a:8-17a?*4-6a? + f. 

17. 9a* + 6ac4-c* + l-2c-6a. 
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18. 4m*-f9«' — 12ma? + 8m — 12aj-f4. 

19. a'4-6*-12ac4-126c-2a6 -f-SGc^. 

20. a2--2a~62-|_64^_2a-»c*'-26«c*' + c«". 

«* -1 , a* , 2a a* , a* 

21. l_a+_4.___ + _. 

22. m* — 2w' — w*-f 3m*4-2m4-l. 

23. a^ + a^ + fa^ + ^a + ^Jjf. 

24. (j*-2c« + ^-^ + :^- 

2 2 16 

. 4 r aj ar 

26. Find four terms of the square root of 1 -f a:. 



1 + 

1 


Solution. 
X l+ix-ix' + ^i^a? 




i^ 


2-hix 


X 

x + 


2 + a;-|aj2 





2 + aj_i«2^^^^| +^a^_^i^a^ 

Find the square root of the following to three terms : 

27. 1— a;. 30. a* + 6. 33. 4aj* — 1. 

28. 1 — 2a. 31. 4 + 3a. 34. 1—2^2. 

29. a* — 26. 32. 4 a* + 3. 36. a? + \h. 



SQUARE ROOT OF NUMBERS. 



1^ = 1 
9« = 81 



10* = 100 
99* = 9801 



100* = 10000 
999« = 998001 



210. 1. How many figures are required to express the 



210. 1. Mow many iigures 
square of any number of units f 
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2. How does the number of figures required to express the 
second power of any number of tens compare with the number 
of figures expressing the tens? How does the number of 
figures expressing the second power of hundreds compare with 
the number of figures expressing hundreds ? 

3. If the second power of a number is expressed by 3 
figures, how many orders of units are there in the number? 
If by 4, how many ? By 6? By 7? 

4. How, therefore, may the number of figures in the square 
root of any number be found? 

211. Principles. — 1. The square of a number is expressed 
by twice as many Jigures as is the number itself, or by one less 
than twice as many, 

2. The orders of units in the sqiuire root of a number corre- 
spond to the number of periods of two figures each into which the 
number can be separated, beginning ai units, 

212. If the tens of a number are represented by t and the 
units by u, the square of a number consisting of tens and units 
will be the square of {t -h u) or <• + 2f«A -f w*. 

Thus, 35 = 3 tens plus 5, or 30+6, and 362=30a+2(30x5)+5«=1226. 

EXAMPLES. 

1. What is the square root of 1225? 

FIRST PROCESS. EXPLANATION. — Accoiding to Prin. 

1 9'9K I <IA _L ;? ^» ^^ ^^^' ^® orders of units in the 
IZ'Zo I <5U + o square root of a number may be de- 
termined by separating the number 
into periods of two figures eaob, be- 
ginning at units. Separating 1225 
thus, there are found to be two orders 
of units in the root, — that is, it is 
composed of tens and units. Since 
the square of tens is hundreds, and 
the hundreds of the power are less than 16 or 4*, and more than 9 or S^, the 
tens' figure of the root must be 3. 3 tens, or 30 squared, is 900, and 900 
subtracted from 1226 leaves 326, which is equal to 2 times the tens x the 
units + the units ^. 



f = 


900 


2t =60 
u =5 


325 


2t-\-u = e5 


325 



182 HIGH SCHOOL ALGEBRA. 

Since two times the tens multiplied by the units is much greater than 
the square of the units, 325 is nearly 2 times the tens multiplied by the 
units. Therefore, if 325 is divided by 2 times the tens, or 60, the quotient 
will be approximately the units of the root. Dividing by 60, the trial 
divisor, the units are found to be 6. And since the complete diyisor is 
found by adding the units to twice the tens, the complete divisor is 
60 + 5, or 65. This multiplied by 5 gives as a product 325, which, sub- 
tracted from 325, leaves no remainder. Therefore, the square root of 1225 
is 35. 



SECOND PROCESS. 





12-25 35 


t* = 


9 


2t =60 


325 


u =5 




2« + w = 65 


326 



Explanation. — In practice it is usual 
to place the figures of the same order in 
a column, and to disregard the ciphers 
on the right of the products. 



Since any number may be regarded as composed of tens and 
units^ the processes given above have a general application. 

Thus, 325 = 32 tens + 5 units ; 4685 = 468 tens + 5 units. 

2. Find the square root of 137641. 

Solution. 

13-76-41 [871 
_9 

Trial divisor =2 x 30 = 60 476 
Complete divisor = 60 + 7 = 67 469 

Trial divisor = 2 x 370 = 740 741 

Complete divisor = 740 + 1 = 741 741 

Rule. — Separate the number into periods of two figures each, 
beginning at units. 

Find the greatest square in (lie left-hand period, and write its 
root for the first figure of the required root 

Square'this root, subtract the result from the left-hand period, 
and annex to the remainder the next period for a new dividend. 

Double the root already found, with a cipher annexed, for a 
tried divisor, and by it divide the dividend. The quotient, or 
quotient diminished, will be the second figure of the root. Add 
to the trial divisor the figure last found, multiply this complete 
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divisor by the figure of the root found, subtract the product from 
the dividend, and to the remainder annex the next period for the 
n£Xt dividend. 

Proceed in this manner untU aU the periods have been used 
thus, TJie restUt will be the square root sought 

1. When the number is not a perfect square, annex periods of decimal 
ciphers and continue the process. 

2. Decimals are pointed off into periods of two figures each, by l)egin- 
ning at tentlis and passing to the right. 

3. The square root of a common fraction may be found by extracting 
the square root of both numerator and denominator separately, or by 
reducing it to a decimal and then extracting its root. 



Extract the 


square root of the following : 




3. 2809. 




12. 


70756. 




21. 


938961. 


4. 3969. 




13. 


118338. 




22. 


5875776. 


5. 4356. 




14. 


674041. 




23. 


12574116. 


6. 9216. . 




16. 


784996. 




24. 


30858025. 


7. 2209. 




16. 


776161. 




26. 


1.338649. 


8. 1681. 




17. 


107584. 




26. 


.000729. 


9. 65536. 




18. 


234.09. 




27. 


1034.2656. 


10. 54589. 




19. 


17.3056. 




28. 


29635.6225. 


11. 42849. 




20. 


576.4801. 




29. 


.00720801. 


Find the square 


root to four decimal 


places 


• 


30. 5. 


34. 


7.2 


38. 


f 




42. |. 


31. 11. 


36. 


5.3. 


39. 


f 




43. |. 


32. 13. 


36. 


.07. 


40. 


1- 




"• 1^- 


33. 15. 


37. 


.007. 


41. 


A 


'. 


46. H- 



213. To extract the cube root of a polynomial. 

1. What is the cube of (a -|- 6) ? 

2. Since a« -f 3a*6 4- ^ab^ 4- h^ is the cube of {a^h), what 
is the cube root of a^ + 3 a^b -f 3 aft^ -|- fts ? 
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3. How may the first term of the root be found from cfi + 

4. How may the second term of the root be found from the 
second term of the power, 3a*6 ? 

6. What are the factors of 3a*6 -f 3aV -f ft»? 

6. Since 3a*6 + 3aV-f ft* is equal to 6(3a* -f- 3a6 -f 6*), 
what are the factors of the last three terms of the cube of a 
binomial ? 

7. By what quantity, then, must the last three terms of 
a' + 3a*6 + 3ay-f 6^ be divided so that the quotient may be 
the second term of the cube root ? 

EXAMPIiES. 

1. Find the cube root of a' -H 3a*6 -f 3a6* -f 6*. 

PROCESS. 

a? 



Trial divisor, 3 a* 

Complete divisor, 3 a^ -f 3 a6 -f 6* 



3a26 + 3a6«4-&* 



Explanation. — Since, if the quantity is a cube, one of the terms is a 
cube, the first term of the root is the cube root of a', which is a. Sub- 
tracting a from the entire quantity, there is left 8a^& + 3a&^ + &'. 

Since the second term of the root can be obtained from the first term 
of the remainder, by dividing it by three times the square of the root 
already found, the second term of the root of the quantity will be found 
by dividing Sa^ft by Sa^, the trial divisor^ which gives 6 for the second 
term of the root. And since the last three terms of the cube of a bino- 
mial consist of the product of the second term of the root with 3 times 
the square of the first, 3 times the product of the first and second, 
and the square of the second, 3«2 _|_ 3^5 4. 52^ jg the entire quantity, or 
complete divisor, which is to be multiplied by 6. 

Multiplying by 6, and subtracting, there is no remainder. Therefore, 
a 4- 6 is the cube root of «» + Sa^fi + Sah'^ -f- b\ 

Since, in cubing a-|-64-c, a-\-b may be expressed by x, its 
cube will be ar^ + Sa^c -{- 3xc^ -\- c^. Hence, it is obvious that 
the cube root of a quantity, whose root consists of more than 
two terms, may be extracted in the same way as in example 1, 
by considering the terms already found as one term. 
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2. Find the cube root of ic* — 3a?* 4- 5aj* — 305 — 1. 

PROCESS. 

^ 

Trial divisor, Sa^ 



Complete divisor, 3a;* — 3ar^ + a;' 



-3aj» + 5«« 
-3a» + 3«*-a» 



Trial divisor, 3aJ*-6a^ + 3a* 

Complete divisor, 3 a?* — Gx' + Saj-fl 



-3a?*4-6a?»-3a?-l 
-3a?* + 6a;»-3a?-l 



Explanation. — The first two terms are found in the same manner as 
in the previous example. In finding the next term, x^ — x is considered 
as one quantity, which we square and multiply by 3 for a trial divisor. 
Dividing the remainder by this trial divisor, the next term of the root is 
found to be — 1. Adding to this trial divisor 3 times (x^ — x), multiplied 
by — 1 and the square of — 1, we obtain the complete divisor. This, 
multiplied by — 1, and subtracted from — 3a^ + 6ac» — 3a; — 1, leaves 
no remainder. Hence, the cube root of the quantity is 05^ — ac — 1. 

Rule. — Arrange the polynomial with reference to the powers 
of some letter. 

Extract the cube root of the first term, write the resuU as the 
first tei'm of the root, and subtract its cube from the given 
polynomial. 

Divide the first term of the remainder by 3 times the square of 
the root already found, as a trial divisor, and the quotient wiU be 
the next term of the root. 

Add to this trial divisor 3 times the product of the first and 
second terms of the root, and the square of the second term. The 
result will be the complete divisor. 

Multiply the complete divisor by the last term of the root found, 
and subtract this product from the dividend. Continue in this 
manner until all the terms of the root are found. 

Each succeeding term of the root may be obtained by dividing the first 
term of each successive remainder by 3 times the square of the first term 
of the root. 

Find the cube root of : 

3. x^-\-6a^y-\-12xy^-\-Sf, 6. 8a?»-36ar^4-54a?- 27. 

4. 27a3-|-27a* + 9a-f 1. 6. 27a?«-f 108 a^-f 144a? + 64. 
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7. a»4-3a-f ?4--.- 

a (T 

8. a»-12a* + 48a-64. 



9. 8a«-fl2a*-f6a-fl. 

10. 27a^-54ar^ + 63a^-44a? + 21a^-6a: + l. 

11. 8m« + 36m*4-06m* + 63m' + 33m2-9m + l. 

12. l-3a + 6a2-7a«-f6a*-3a*4-a«. 



13. m»-3m2 4-5- — -^ 

nr m 



14. 0?- ^a^y-f + 82r» + 6a:*« - 12«y2? + Qfz+ 12a»*- 12yr' 
4-3a?2^. 

16. 8a»-84a»6 4-294a62-343y. 

16. y«-63^ + 21y*-443^4-632/*-54y4-27. 

17. l-9a-f39a«-99a« + 156a*-144a« + 64a^ 

18. 66c* + l-63c»-9c + 8(J«-36c* + 33c*. 

19. a«4-3a* + 6a«4-7-f-, + 4 + 4 

a* a* a* 

20. a^-12ar^y + 60a*2/*-192iC3^-f240ajy-160a^ + 643/«. 

214. To extract any root of a polynomial. 

To find a formula for obtaining the complete divisor in 
extracting the fourth, ffth, sixth, or any required root of a 
polynomial, raise (a 4- 6) to the required power, and separate 
all the terms after the first into two factors, one of which shall 
be the first power of the second term of the root. The other 
factor will be the formula for the complete divisor. Thus, 

(a + 6)* = a* + 6a<6 + 10a«62 + lOa^ft* + 6a6* + 6^ 
Trial divisor, 6 a*. 

Complete divisor, (5 a* + 10 a% + 10 aW + 5 aft^ + 6*). 
(a + 6)7 = a7 4- 7 a^h + 21 a^b'^ + 36a<68 + 36 a^ft* + 21 a^h^ + 7 a6« + 6^. 
Trial divisor, 1 cfi. 
Complete divisor, 

(7 a« + 21 a^h + 36 a^b^ + 36 a'd^ 4. 2I a^ft* + 7 a6« + 6«). 



EVOLUTION. 187 

Since tlie fourth power is the square of the second power, 
the sixth power the cube of the second power, etc., any root 
whose index is composed of the factors 2 or 3, or 2 and 3, may 
be found by extracting successively the roots corresponding 
to the factors of the index. 

Thus, the fourth root may be obtained by eztractmg the square root of 
the square root ; the sixth root, by extracting the cube root of the square 
root ; and the eighth root, by extracting the square root of the square root 
of the square root. 

1. Find the fourth root of 1 - 8a + 24a* - 32a* -f 16a* 

2. Find the fifth root of aj» + 5aJ* -f 10ar» -f lOa^ + 6a; + 1. 

3. Find the sixth root of a^-f 6a^* + 15a^ + 20x» + 15a• + 
6aJ-^l. 

4. Find the fourth root of a*+8a86+24aV+32a&*+166* 

5. Find the fifth root of ««-6a^+10ar»y«-10a*y»+6ajy*— y*. 

6. Find the fifth root of or 1 — | — r- 

_^ y f }f^ y" 

7. Find the sixth root of c^ + 16cV + 15cV + 6c2» + 6c*2; 
-|-20c%»4-2*. 

OUBB BOOT OF NUMBBBS. 

1« = 1 10»=1000 100* = 1000000 

3» = 27 36» = 46656 361» = 47044881 

9« = 729 99* = 970299 999' = 997002999 

216. 1. How many figures are required to express the cube 
of any number of units f 

2. How does the number of figures required to express the 
cube of any number of tens compare with the number of figures 
expressing the tens ? How does the number of figures ex- 
pressing the cube of any number of hundreds compare with 
the number of figures expressing hundreds ? 
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3. If, then, the cube of a number is expressed by 4 figures, 
how many orders of units are there in the root ? If by 5 fig- 
ures, how many ? If by 6 figures, how many ? If by 8 figures, 
how many ? 

4. How may the number of figures in the cube root of a 
number be found ? 

216. Pbikoiples. — 1. The cube of a number is caressed by 
three times as many figures as the number itself or by one or 
two less than three times as many, 

2. The orders of units in the cube root of a number correspond 
to the number of periods of three figures each into which the num- 
ber can be separaJted, beginning at units. 

217. If the tens of a number are represented by t and the 

units by u, the cube of a number consisting of tens and units 

will be the cube of (< + w) or <« -f 3ft* + Stu^ + w». 

Thus, 35 = 3 tens + 6 units, or 30 + 5, and 368 = sqs 4. 3(302 x 6) 
+ 8(30 + 5«) + 58 = 42875. 

EXAMPIiES. 

1. What is the cube root of 13824 ? 



FIRST PBOCE88. 




13-824 )20 + 4 


f = 


8000 


Trial divisor, 3«* =1200 


5824 


3tu= 240 




u» = 16 




Complete divisor, = 1466 


6824 



Explanation. — According to Prin. 2, Art. 216, the orders of units 
may be determined by separating the number into periods of three figures 
each, beginning at units. Separating 13824 thus, there are found to be 
two orders of units in the root ; that is, it is composed of tens and units. 

Since the cube of tens is thousands, and the thousands of the power 
are less than 27 or 3«, and more than 8 or 28, the tens figure of the root 
must be 2. 2 tens, or 20 cubed, is 8000, and 8000 subtracted from 13824 
leaves 5824, which is equal to three times the tens^ x the units + 3 times 
the tens x the units ^ + the units 8. 

Since three times the tens ^ is much greater than three times the tens x 
the units '^, 5824 is a little more than three times the tens ^ x the units. 
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If, then, 6824 is divided by 3 times the tens^ or 1200, the trial divisor, the 
quotient 4 will be the units of the root, provided proper allowance has 
been made for the additions to be made to obtain the complete divisor. 

Since the complete divisor is found by adding to 3 times the tens', 
3 times the tens x the units and the units' (Art. 215), the complete 
divisor will be 1200 + 240 + 16, or 1466. This multiplied by 4 gives as a 
product, 5824, which, subtracted from 5824, leaves no remainder. There- 
fore, the cube root of 13824 is 24. 



SECOND PROCESS. 

13-824 |_24 
fi= 8 

3t^ = 1200 



3tu= 240 

u^ = 10 



1450 



5824 



Explanation. — In practice it is usual 
to place figures of the same order in a 
column, and to disregard the ciphers on 
the right of the products. 



5824 



Since any number may be regarded as composed of tens and 
units, the processes given have a general application. 
Thus, 468 = 46 tens -|- 8 units ; 3829 = 882 tens -f- 9 units. 

2. What is the cube root of 48228544 ? 

Solution. 



48-228-644 | 364 
27 



Trial divisor = 8(30)2 =2700 

8(30 X 6) = 540 

6g = 36 

Complete divisor = 3276 

Trial divisor = 3(360)3= 388800 
3(360x4)= 4320 
4g= 16 

Complete divisor = 393136 



21228 



19656 



1572544 



1572544 



ErULE. — SeparcUe the number into periods of three Jigures 
each, beginning at units, 

F^nd the greatest cube in the left-hand period^ and write its 
root for the first figure of the required root Cube the root, 
subtract the result from the left-hand period, and annex to the 
remainder the next period for a dividend. 

Take .3 times the squxire of the root already found with a 
cipher annexed, for a trial divisor, and by it divide the dividend. 
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The quotient, or quotient diminished, wiU be the second figure of 
the root 

To this trial divisor add 3 times the product of the first part 
of the root toith a cipher annexed, multiplied by the second part, 
and also the square of the second part. Their sum will be the 
complete divisor. 

Multiply the complete divisor by the second part of the root, and 
subtra^st the product from the dividend. Continue thus until aU 
the figures of the root have been found, 

1. When there is a remainder after subtracting the last product, annex 
decimal ciphers and continue the process. 

2. Decimals are pointed off into periods of three figures each, by begin- 
ning at tenths and passing to the right. 

3. The cube root of a common fraction may be found by extracting 
the cube root of both numerator and denominator separately, or by 
reducing it to a decimal and then extracting its root. 

4. A rule for the extraction of any root may be formed from the 
general formulas, as is shown on page 188. 

Extract the cube root of the following : 

3. 74088. 8. 704969. 13. 6545233. 

4. 262144. 9. 185193. 14. 2000376. 
6. 166375. 10. 250047. 16. 153990656. 

6. 34965783. 11. .015625. 16. 60236.288. 

7. 130323843. 12. 12.812904. 17. .000064. 

Extract the cube root to three decimal places : 

18. 3. 20. 6.4. 22. f 24. ^. 

19. .27. 21. .00465. 23. f 26. ^, 

218. To extract any root of numbers. 

By following the method for finding the trial and complete 
divisors exemplified in Art. 212^ any root of a number may be 
found. 

Roots of numbers higher than the cube are, however, rarely extracted, 
and when it is necessary to obtain them, they are usually found by the 
aid of Logarithms, as will be shown hereafter. 
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THEORY OP EXPONENTS, 

219. Thus far the exponents used have been positive in- 
tegers. It is, however, found desirable to use fractional and 
negative exponents, even though they seem to be meaningless 
or inconsistent with the definition which has been given of 
the term exponent. By definition, an exponent shows how 
many times a quantity is used as a factor, but the exponent in 
the expression a^ cannot indicate any such fact, nor can the 
exponent in the expression a~*. 

But since the laws governing exponents that gxe positive 
integers have been already established, to avoid complexity 
and confusion, fractional and negative exponents must con- 
form to the same fundamental laws, so that the laws may be 
universal in their application. Consequently it is necessary 
to interpret or explain the meaning of fractional and negative 
exponents. 

220. From the definition of an exponent the following laws 
for positive integral exponents have been established : 

1. a"* xa'' = a*^". 3. (a*")" = a*". 

2. a* -f- a" = a"*"". 4. \/a""* = a"'. 

221. The meaning of fractional exponents. 

1. What is the cube root of a^? How is it obtained? ' 
Express the root by indicating the division of the exponent. 

2. In the expression aj% what does 6 express ? What does 

3 express ? 

3. What is the fourth root oi 7?? Express the root by 
indicating the division of the exponent. 

4. In the expression aj*, what does 8 express ? What does 

4 express ? 

6. What does the numerator of a fractional exponent indi- 
cate ? What, the denominator ? 
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222. Principle. — Wfien the terms of the fractional exponei^t 
are positive integers, the numerator indicates a power, and the 
denominator a root. 

223. The tmth of the principle may be shown as follows : 
Since the laws of exponents already established must apply to 
fractional as well as integral exponents, 

1. a^ X a^ X a^ X a^ = a~* = a*. 

Ill * 

2. a» X a" X a» to fi factors = c^ = a, n being a positiye integer. 



3. a* X a* X a" to n factors =a * = a*, m and n being positiye integers. 
That is, o* is one of the four equal factors of a', or v a' ; fl» is one of 

m 

the n equal factors of a, or Va; a* is one of the n equal factors of a*, 

or V^. 

Therefore, since the laws for positive integral exponents are to apply 
to positiye fractional exponents, the numerator indicates a ix)wer of a 
qoantity, and the denominator its root. 



Express with radical signs : 

1. ahK 3. (Sa)K 5. Sx^y'^. 

2. 3a*. 4. 2ah^. 6. as^. 



7. 


1 1 
4a"6-. 


8. 


ah^<^. 



Express the following with fractional exponents : 
9. Va6. 11. (^ay. 13. ^v^^. 16. V^oW. 

10. ^/a\ 12. -V^. 14. -v/^. 16. 3^/c^. 

Find the values of the following : 

17. 16*. 19. -27*. 21. 36*. 23. {^)i 

18. 25^. 20. Sl 22. 9*. 24. (^)*. 
The process is shortened by extracting the root first. 
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224. The meaning of any quantity haying the exponent 0. 

It has been shown in Art. 92, that any quantity having 
for an exponent is equal to 1. The truth of the principle may 
be shown as follows : 

By the laws of exponents already established, 

a" -I- a" = 1 

225. The meaning of negatiye exponents. 

It was shown in Art. 92, that any quantity with a negative 
exponent is equal to its reciprocal with an equal positive 
exponent. The truth of the principle may be shown as follows : 

Assuming the laws relating to exponents to be of general 

application, 

a* X a~" = a° = 1 

Dividing by a", a"" = - = — 

a** a" 

226. Pbinciplb. — Any factor may be changed from one term 
of a fraction to the other, by changing the sign of its exponent. 

BXAMPLES. 

Write the following with positive exponents : 

1. 3a-l 4. xr^y-\ 7. a^b^. 10. 2a6-"c. 

2. 46-«. 6. ea-^. 8. Aa^y^l 11. la'^V^c'\ 

3. a-^b-\ 6. 7hi-\ 9. 3c-^d-«aj. 12. 6a-^Wc\ 

Transfer the literal factors from the denominator to the 
numerator : 



13. 2^. 


-- Sax 

10. 7« 


.i^ abc 

x-y 


19. Sa'f 


-^ a^x 


16. ^. 

xy 

ALOEBRA. — 13. 


18 ^< 

yz^ 


20. 26«. 
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227. Since the meaniDgs of fractional and negative expo- 
nents were obtained upon the theory that the principles and 
laws already established, relating to exponents, were of gen- 
eral application, it follows that a* xa*=i a*+", whether m and 
n are integral or fractional, positive or negative. 

a" X a" = a""*^ 
a"* X a~^ = oT^"^ = a"^^, etc. 

BXAMPI^ES. 

Find the product of the following : 

1. 2d^ X 3a^ 10. Aax x a^x.. 

2. 5ar^ x3a^. 11. 2(^x4:c'h. 

3. 3a«x2a*. 12. 5adx2d-\ 

4. 4&-2x26«. 13. 2ar^x3b^. 

5. 5c*x2c^. 14. HxaVP. 

6. 7a* X a*. 15. 3c"^ X 5a6Vc. 

7. 36 X aft-^ 16. ab^ x c-^. 

8. 2a X a'h^ 17. a^ftV* x aV^c*. 

9. 3aj X ax'^. 18. aj^y*« x x''^y^/s?. 

19. Multiply aj^ — a;*y* + y^ by x^ + y\ 

'A i i * 
aj^ — a;3y^ + y^ 



x^ + y^ 



X —x^y^-^-x^y^ 
+ x^y^ - gV + y 
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20. Multiply o*6-»-2 + a-V by a*6-* + 2 + a-V. 

a*6-» - 2 + a- V 
a»6-" + 2 + a- V 



o*6-^-2a*6-«+ aW 

+ g^y ~2a-y+a""&* 

= a*«^-^ +2 -4 +a-*6* 

= a*6-^ - 2 + a-^6*. 

21. Multiply a* + 6* by a*4-ft*. 

22. Multiply a5*-f-y» by a^ + y'. 

23. Multiply 05* + a5*y • + y » by «»+y\ 

24. Multiply 2a;* + a;4-3a;* by x*-f2. 

26. Multiply a5^ + a:*y* + y^ by x^ — y^. 

26. Multiply o* + «*&* + 6^ by ar^ — b'K 

27- Multiply oj' + a-f-l by as — a;~' — 1. 

28. Multiply ar^-* - 3 + x-^y^ by ar^jr* + 3 + a'V. 

29. Multiply s^y^ — xy -\- arhj^ by aj-|-iry — y. 

30. Multiply «"* — y* -f of'^y"^ by a^ + t^. 

228. Since the law relating to exponents in division is of 
general application, a'^'i-a*=: a"'", whether m and n are posi- 
tive or negative, integral or fractional. 



a" -A. a" = a 



a' -»- a~* = a*+*=: a* 



oT^-i- oT^ = a'^^^ss a^^, etc. 
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EXAMPUSS. 

Find the quotients of : 
1. a^-ra*. 5. c^'i-a'^, 

7. «"*-!-»* 



2. a^-^a"*. 



3. a-^-i-a-y 



4. a~^-«-o~*. 



8. z'-f-z* 



9. 6*-i-6* 

10. 6«c"J-*-&c* 

11. a^x^-f-aM. 

12. a^y*-t- a;*y*. 



13. Divide a — 6 by a* — 6». 

o — a' 6^ 



a*-f-a*6*-4-&* 



14 . Divide 2 «*3/-^ -20 + 18 x^y by a; V* + 2 a?* - 3 y*. 

a?V^4-2a?^~3y^ 



2y"^ — 4a;"^— 6g"V 



2ajV^-20 + 18aj"*y 

2a;V^+4a;V^--6 

- 4icJy"^— 14 +18a;''^y 
-4a;V^- 8 + 12a;''V 

- 6-12aj'"V+18aj"^y 

- 6--12a;"»y^+18a?'^y 
Divide : 

16. aj4-2aj*y*+y by a*+y*. 

16. aj — y by a?^— y'. 

17. a^'\'2ah^'\-h^ by a^+6* 

18. a4-3«y-f-3aw + aj by a^-fas^. 

19. aj — y by a5*+»«y*H-y*. 
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20. x'^'\-x-*ir^+x''y-*+y'^ by xr^-i-y'K 

21. a;-«-3aj-V-*+3a;-^-*--y-« by «-*-y-*. 

22. a-%2 + a-'6 + aft"^ - a»6-* by a* + V. 

23. c*+c + c*+l byc*+2c*+l. 

229. Since the law relating to exponents in involution 
is of general application, (o"^) =b a"* whether m and n be 
positive or negative, integral or fractional. 

According to the general law (a")"* = a~*". 

It can be shown to be true in the following manner: 

1. To show that (a")"" = a"**. 



— MN 



(a")" a"" 

2. To show that (a") « = a «. 

Pi 1 1 1 "v 

(a")f (a*^)' ^^"* aT 
The other instances may be shown by similar processes. 

EXABIPI^ES. 

Eind the values of : 

1. {a^y. 6. (d*)*. 9. (c-5)« 13. («*)"*. 

2. (a-'J)*. 6. (ic*)"^. 10. (9c-*)"l 14. (icV)"J. 

3. (c*)-». 7. (ic"*)"i. 11. (8a-»)"J. 15. (16a^)"J. 

4. (6*)l 8. (^-J)^ 12. (36«*)-i. 16. (^)"*' 

230. MISCELLANEOUS EXAMPLES. 

Expand : 

1. (a* + 6*)*. 4. {x^ -\- y'^) (x^ - y"^) . 

2. (a;^ — y^)'. 5. (x'^ -{-y^Y (x — y). 

3. (c*-fa;^)*. 6. (a:5-|-2^)*(a;*-a;^). 
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Multiply : 

7. a^-i-ahi + b^ by a* — 6* 

8. c*-2c* + 4 by c* — 1. 

9. 4a* + 2 ah^ + 3a*6* + 9 by 2a* - h. 

10. 0^ — a5»'y'* -h y* by of-\-y^. 

Divide : 

11. 21c + c* + c* + l by 3c*4-l. 

12. a»6-« + 2 + a-*62 by afe"^ + a^'h. 

13. oj*"— y*" by aj* — 2/*. 

14. a* + a + a* + l by a*-f 2a* + l. 

Extract the square root of : 

16. 9c-4c"* + 10-12c* + c-K 

16. 4a + 12a*6* + 4a*c-f 96' + 66*c + c». 

17. ic''' + 4a;*-10ic''* + 4aj*-20aj* + 25. 

18. ic*-|-2aj*4-3aj* + 2a;* + l. 

19. 4a;*-.20ajV + 37a?V-30ic*y*-|-9y*. 

Extract the cube root of : 

20. a; -f 12a;* + 48* + 64. 

21. a2-3a;* + 6a;-3aj*~l. 

22. |a;^-fa:*y* + 6ay-8y*. 

23. Sa^ + 12a« - 30a - 36 + 46a-i + 27 a"* - 27 a"*. 
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231. 1. In what two ways may the root of a quantity be 
indicated ? 

2 . What is indicated by V? ? By (3 a) * ? By 6 6* ? 

3. In the expression 5V^, what shows how many times 
V^ is taken ? 

4. What is that called which shows how many times a 
quantity is taken ? 



5. To what quantity without the radical sign is V9** 
exactly equal ? V366^? V49m«? -y/Wa^? 

6. To what quantity without the radical sign is -y/fa exactly 
equal? VSa? Vl5^? ^16o?? ^lO?? 

7. What is the square root of 9 ? Of 4? Of9x4? What 
is the square root of a* ? Oi V? Of a^xb^? What is the 
cube root of 8 ? Of 27 ? Of 8 x 27 ? 

8. How does the product of the roots of two quantities 
compare with the root of the product of the quantities ? 

9. How, then, does the root of a quantity compare with the 
product of the roots of its factors ? 

232. A Badical Quantity, or Badical, is an indicated root of a 
quantity. 

The root may be indicated by the radical sign or by a 
fractional exponent. 

Thus, Vfx% V26 a^y \/4^, x^, 5x*, and 4 a^ are radical quantities. 

199 
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233. The Ooeffioieiit of a radical is the quantity prefixed to 
the radical part to show how many times it is taken. 

Thus, 5, a, and be are, severally, the coefficients of the expressions 

234. The Degree of a radical is indicated by the index of the 
radical or the denominator of the fractional exponent. 

Thus, Vx, ax^, (x + yy, are radicals of the second degree, 
v^, v^a + 6, (c + dy, are radicals of the third degree. 

235. Similar Badicals are those which have the same quantity 
under the radical sign, with the same index, or which have the 
same fractional exponent. 

Thus, 6\/5a;2y, av^ic^, 6 b(x^)^, are similar radicals. 

236. A Bational Quantity is a quantity whose indicated root 
can be extracted exactly. 

Thus, V49x^, v^27 y^, (a^ + 2a6 + ^2)*, are rational quantities. 

237. A Surd, or Irrational Quantity, is a quantity whose indi- 
cated root cannot be extracted exactly. 

Thus, VSx, y/Tot^, (a^ + b^y, are irrational quantities. 

238. Principle. — The root of any quantity is equal to the 
product of the roots of its factors. 

REDUCTION OP RADICALS. 

239. To reduce a radical to its simplest form. 

When a radical contains no factor which is a perfect power 
corresponding to the degree of the radical, it is in its simplest 
form. 



1. Reduce -y/lQa^x to its simplest form. 

PROCESS. 

Explanation. — Since a radical is in its simplest form when it contains 
no factor which is a perfect power corresponding to the degree of the 
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radical, we separate 16 a^ into two factors, one of which is a perfect 
square, since the radical is of the second deg ree. T he facto rs are 16 a' 
and X. Then, by Principle (Art. 238), V 16a^ = Vl6a3 x Vi ; or, 
extracting the root of the perfect square, the original expression be- 
comes 4a>/a. 

2. Keduce V432 to its simplest form. 

Solution. 

\/432 = ^2l6 X \^ = 6^ 

/. -5^432 = 6\/2 

BuLE. — Separate the quantity under the radical sign into two 
factors, one of which is the highest fa^stor which is a perfect power 
of the radical corre^pmiding in degree with the radical. Extract 
the required root of the rational factor, multiply the resuU by the 
coefficient of the given radical, and place the product as the coeffi- 
cient of the surd. 

Reduce the following to their simplest form : 

3. V45. 13. Vl8x«. 23. Va» - a^b. 

4. V75. 14. V36^. 24. \/a*T«y. 

5. </64. 16. VrSoy. 25. Va«*-aJ^. 



6. Vl08. 16. ViOOoW. 26. V26»-|-6V 

7. Vm. 17. V432aVy. 27. ^/Sb/' + b^x. 

8. -^v/iel. 18. VSl a^xy. 28. ■\/aa^-2xhf. 



9. V-56. 19. 3V4^¥. 29. V4ax-8. 

10. ^376. 20. SVlSary^^. 30. VOa' + lSj^. 

11. </^686. 21. Va^ - a^a;. 31. ^16aj«4-54a^^. 

12. </486. 22. -s/t^ - aj^y*. 32. v^(a-aj)Y. 



33. a Va* — aW. 36. (aj -}- y) Var* — 2a^y + x^. 

34. aV^T2^&Ta6l 37. (a;* + a^2/ + a^y*) *. 

35. (a -h 6) Va* — a^l^. 38. 4a(a; -|-2a^ -j-a^^^i 
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240. A Fractional Badical Qoantity is in its simplest form^ 
when onlj a sard without a denominator is left under the 
radical 



39. Beduce \l to its simplest form. 



5b 

PROCESS. 



ExPLAKATioir. — Since the denominator is to be removed, it must be 
made a perfect square. This can be done by multiplying the terms of 
the fraction by 5&. Then factoring, as in preyious examples, and ex- 
tracting the root of the rational part, the result is — Vl5 b, which is the 
simplest form of the original expression. 

Beduce the following to their simplest form : 

*0. xl- 43. S 46. J^. 49. Jp. 

\3 \9 \6a5 Af 5a 



41 



■4 -Vff- «-Ai- -^1- 



42. Jl. 45. Jp. 48. Jp.. 51. sJ^. 

\8 >/9y \3a; \126 
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53. (a-f &)\/-^^- 56. 3af~Y' 

\a — 6 \7yJ 

241. To reduoe a rational quantity to the form of a radioaL 



1. What is the root of VJ^? To what qiiantity under 
the radical sign of the second degree is 2 a equal ? 

2. What is the value of -\^27 a^ ? To what quantity under 
the radical sign of the third degree is 3 a equal ? 
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EXAMPIiES. 

1. Keduce &c?xy to the form of the cube root. 

PROCESS. 

6 a^xy = ^^ (6 a^xyY = ^216 a!'^ ' 

EXPI.ANATION. — Since any quantity is equal to the cube root of its 
cube, 6 cChcy is equal to the cube root of (6 ahcyy, or v^210a*'x*y*. 

Rule. — Raise the quantity to the power corresponding to the 
index of the given rooty and place the result under the appropri- 
ate radical sign. 

The coefficient of a radical quantity may be placed under the radical 
sign by raising the coefficient to the power indicated by the index of the 
radical, and multiplying the quantity under the radical by the result. 

Reduce to the form of the square root : 

2. 3aaj*. 4. 4a*icy. 6. Saj'y*. 8. a + h, 

3. 2Qcy. 5. 6a:*y. 7. 5a'*x^. 9. Sa*x-\ 

Reduce to the form of the cube root : 

10. 2a^x, 12. 26*c. 14. 3a^6*. 16. a — x. 

11. Saa^. 13. 4aj-Y 15. a^xK 17. (a + ft)*. 
Express entirely under the radical : 



• («-.v)\/-^- 

Mx — y 



18. 2xVaf^^. 

22 

19. {x-\-y)^2x, ^ "'Mx-^y 

20. Sa-Va^-V. 

23. 



<^-^>>/^ 



21. (a-6)VaT5. ^{^-vY 

242. To reduce radicals to equivalent radicals of the same degree. 

1. To what fraction in lower terms is f equal? By what 
equivalent expression having an exponent in lower terms 
can a* be expressed? a^? a^? a*? 
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2. Express a^ bj an equivalent expression, with an exponent 
in higher terms. Express, in like manner, x' and ^^ 

3. By what equivalent expressions with a common denomi- 
nator, may a^ and a* be expressed? 

EXAMFIJES. 

1. Reduce V^ and -V^ to equivalent radicals of the 
same degree. 

PROCESS. 

V^ =(«y)* =(«y)* =V^ 

Expi^AJTATiOH. — EzpTeasmg the quantities with their fractional ex- 
ponents, they are {xyy and (a;^)'. These expressed as radicals of the 

same degree, are (xyY and (x^)*. Raising each quantity to the power 
indicated by the namerator of its exponent, and placing the result under 
the radical sign, with an index equal to the denominator of the exponent, 
we have as a result, \^fV* ai^d y/o^. 

Rule. — If necessary, express the given radicals with fractional 
exponents. Reduce the frOfCtional exponents to equivalent expo- 
nents having a common denominator. 

Raise each quantity to the power indicated by the numerator 
of its exponent, and indicate the root which is expressed by the 
common denominator. 

Reduce the following to radicals of the same degree : 

2. VlO and ^v^. 8. -Vox, "Vbyy and Voz. 

3. Vo^ and ^/^. ' 9. V^, ^/a^y and Vbf. 

4. V^ and </^ ^^ ^^ ^^ ^^ ^ 

5. -y/a^xy and -y/xyh. FT — 

. ^ — 11. ^p, -^7? and Vic*. 

6. Va^ and Vo^^. \3 \4 

7. Vox and Vby. 12. Va -f 6 and -^a-\-b. 
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ADDITION AND SUBTRACTION OP RADICALS. 

243. Principle. — Chdy similar radicoUs can be combined in 
one term by addition or subtraction, 

1. Find the sum of V27, 2V48, and 3Vl08. 

PROCESS. Explanation. — Since the radical quantities are 

not similar, they must be reduced to similar radi- 

V27 = 3 V3 cals before adding. Expressing the radicals in their 

2 Vis = 8V3 simplest form, V27 = 3>/3, 2V48 = 8\/3, and 

3 ViOS = 18 V3 3VI08 = 18 Vs. Therefore, since they all have the 

pz same radical factor with the same index, they are 

Bum = JJ V3 similar, and their sum is the sum of the coefficients 

prefixed to the common radical factor. 

Find the sum of: 

2. Vis, Vi28, and V32. 6. Vl62, V384, and V750. 

3. V75, Vi2, and V48. 7. 3V| and 7V||. 

4. V32, ViOS, and ^/2m. 8. V24, V54, and V294. 
6. 3V200, 4V50, and V72. 9. V|, Vi, and ^VS. 

10. iVj, |V2, and Vf 

11. 3V242»V and lla^V2fl^. 



12. Vi08, V243, and V300. 

13. V98^ Vl28^, and V198a^/. 

14. ViO, Vl35, and V320. 

Simplify : 

16. V24 4- V54 - V96. 19. VStt^+VS&V-VSO^. 

16. Vi2 + 3 V75 - 2 V27. 20. Vl28 + ^^"686 - V54. 

17. 5 V72 + 3 Vi8 - V50. 21. Vl92a - V75a + Vi2a. 

18. V45^+6V20a^-V80a«. 22. 4V34-7VH-6VH. 
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23. ^1 + ^|-^J. 26. V(x + y)%+V(x-y)^. 

30. v^2o6+3v 500 -2^/108. 

31. V288-V3^ + V^. 

32. (/ir2j + 3v''^=^375 + v^^^8L 

33. 6Vf + jVi-V27. 

34. 2A/3i + o</9^-^^27V. 

35. V2a^ + 4iry + 2^-V2a^-4a^ + 2^. 

36. </^5y + <^162aY - ^512 a^ +</1250a?y. 

38. V72 + iV50-— • 

V2 

MULTIPLICATION OP RADICALS. 

244. 1. When similar quantities have exponents, how is 
their product obtained ? 

2. What is the product of a^xa^? oTxa''? a^xa^^ 
a^xah a^xa^? a^xd^? aTxclr? a'^xa*'? VaxVb? 

3. Express with fractional exponents Va^; V^; ^a'; Va* 



XIXAMPIJSS. 

1. SVix 2\/l2 = 6\/i8 = 6V3x\/l6 = 24\/3 

2. 3aV63^x2 6>/3^ = 6a6Vl8«^ = 6a6V9^a x>/2 

= 18 a&a;yv^ 
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3. y/axii x y/cufiy^ = {axyy x {cufiy^y ={axyy x (ojcV)* 

Rule. — Reduce the radical factors to the same degree, if 
necessary. 

Multiply the coefficients together for the coefficietU of the prod- 
uct, and thefoictors under the radical for the radical factor of the 
product, and simplify the result. 

Multiply : 

4. 2V3 by 3V8. 12. 4\/3 by 5\/45. 

5. 2V8 by 3V6. 13. 2 v^lO by 3\/50. 

6. SVB by 2VI5. 14. 2V3 by 3\/2. 

7. 3V9 by 2V8. 16. 3V2 by -\/3. 

8. 3V6 by V9. 16. V4 by \/6. 

9. 3VI0 by 4V14. 17. 3V3 by 2^/5. 

10. 2ViO by 3V125. 18. 2\/3 by 3</l. 

11. 3^ by 2\^16. 19. 3V32 by 4\/l08. 

Find the value of : 



20. ^/3aV)X^/9^x^/2aV. 

21. V3axV2a6xVc. 

22. 2Vxy X VSx^ x V6xy, 

23. \/^ X \^2^ X Vs^y. 

24. -y/Sax^ x ^axy x -y/a^y, 

26. Va6 X 2 Vac X v^gW. 

26. 2V2«y X 3^^ X 3\^8^. 

27. vTxVjxVf. 
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28. VfxVtxVf. 31. \^xVix\^. 

29. V|xV|xV|. 32. ^X^IxVf. 

30. ^xVix^f. 33. \/|xV|x\^. 

34. Multiply 8-f-4V2 by 2-V2. 





8 + 4V2 






2- V2 






16 + 8V2 






-8V2- 


-4V4 




16 


-4V4 




= 16-8 = 8. 




Multiply : 






35. 


3 + 4\/2 by 4- 


3V2. 



36. 4 + 3\/3 by 5 + 2V3. 

37. 5 + 4V5 by 5-4V5. 

38. V3 + 4 V2 by V3 - 3 V2. 

39. 2V6- V3 by V6-5V3. 

40. 4V3-3V5 by 2V3 + V5. 

41. 7V7-2V5 by 2V7d-7V5. 

42. 4 Va + 2 V6 by 4Va + 2 V5. 

43. 9V3a -f- 2 by 2 - 9 V3a. 

44. a 4- Va6 + b by Va — V^. 

45. 3V» + V2-3a; by 3V5-V2-3a?. 

46. a-f-»V3-f-l by aVS + l- 
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DIVISION OF BADIOALS. 

245. 1. When similar quantities have exponents, how is 
their quotient obtained ? 

2. What is the quotient of a^ -i- a* ? a!* -^-a*? a* -t-a^ ? 
a*-i-a*? a^-^-a^? o--i-a-? Vc^-hVcf? 



1. S^/m -i- fiVb = i^/Si = I 
Find the quotients of: 



4. 2V27-t.6V3. 

6. 15V48 + 6V12. 

6. 3V75-f.9V3. 

7. 6V60-f.6V6. 

8. 4V72-i-8V^. 

9. 7V225-I-6V5. 

10. 9 V256 -I- 18 V2. 

11. 3V2-t.^. 

12. V3-5-^. 

13. '2V5+<^. 

14. 3ViS-i-4v^^. 



16. V4 + ^. 

16. V72-f.\/64. 

17. ^v^-i-V8. 

18. s^/is-^Ve. 

19. 6^yaS -I- 2 Vi^. 

20. ^v^4? -+• V2aa. 

21. -^T»z-8-\/2fla. 

22. \/3^-i->/6^. 



23. 2</^fz-i-3</^. 

24. \/l2^W-i-</2S^. 
26. 3^aVy-i--v^. 

26. Divide V20+V12 by V5+V3. 

27. Divide 6 + 11V2 + 6 by 3+V2. 

28. Divide 8+10V5 + 15 by 2 + VS. 

ALGEBRA. — 14. 
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29. Divide 12 + 17 V6 -f 36 by 3 + 2->/^. 

30. (12-2V4-V48)-5.V12. 

31. (a^a-^C/^-6^5^ + 6^)-5-(^'-\/6). 

32. (« + y — 2; + 2 V^) ^ ( V» + Vy — V«) . 

INVOLUTION AND EVOLUTION OF RADICALS. 

246. In finding the powers and roots of radicals it is com- 
monly convenient to use fractional exponents. 



1. What is the cube of 3VS ? 

(3 Vx)« = (3xi)» = S'jc^ = 27x^ = 27\/jc« = 27xvGc 

2. What is the square of 3-^16? 

(3\^l6)« =(3 X 16^)2 = 32 X 16* = 9 X 4 = 36 

3. What is the square of 2 + 3Va? 

(2 + 3\/x)« = 4 -f 12 Vx + 9 V^a = 4 + 12>/x + 9a; 
In such cases use the binomial formula in expanding. 

Square ; Cube : Square : 

4. 2V». 8. 3V45. 12. 4-f 5Vi. 
6. 3\/2^. 9. 2aV3a. 13. 3-7Vi. 

6. 4\/3F. 10. 3\/l2a5. 14. V3 + 2V5. 

7. 3a\/4F. 11. 4aj^ai. 15. V7 + 5ajVai. 

16. What is the cube root of S^db? 

■y/%Vah = v^ X ^Vab = 2x[(a6)i]i = 2x(a6)* = 2\/a6 

17. What is the square root of v^lGa? 
Vv^ = [(16a)i]*=(16x)*=\/l6x 

Observe that the root of the quantity under the radical may be found 
by multiplying the index of the radical by the index of the required root 
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Find the square root of : Find the cube root of : 

18. V3. 21. Voi. 24. Vis. 27. V^. 

19. 3V5. 22. \/c?x. 26. Vo?^. 28. ^36. 

20. 4^10. 23. \/^9- 26. Vl26. 29. VaVy». 

RATIONALIZATION. 

247. 1. What is a rational quantity? 

2. By what quantity may Va be multiplied to produce a 
rational quantity ? V3a? V5«? \^a? \^«? 

248. Bationalisation is the process of changing a quantity 
under the radical sign so that the indicated root may be 
extracted. 

249. To rationaliie a monomial surd. 

BXAMPIJES. 



1. What factor will rationalize •y/2a'f 

PROCESS. 

V2a X V2a = V4^ = 2a 

.*. y/2a is the rationalizing factor. 

Explanation. — Since the quantity under the radical sign is to be 
changed so that the indicated root may be extracted, a/2 a must be multi- 
plied by a factor which will render the radical a perfect square. Any 
quantity multiplied by itself gives a perfect square, hence \/2a is multi- 
plied by y/2a, 

2. What factor will rationalize \^3a*? 

y/Wa^ X y/Wa = y/Wa^ = 3 a 
.*. v^ is the rationalizing factor. 

3. Express the fraction — -^ with a rational denominator. 

V6a6 



2a 2a\/bah 2a\/6a6 2aV6a& 2y/bah 



VSod y/bahy/bah V26 dl^b^ ^^^ ^^ 
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Express the following with rational denominators : 
4. -A_. 7. rr^- 10. ^ 



V2a V2c? V92;» 



V4 V2a V16^ 

6. ?V^. 9. ^^. 12. 2^ 



250. To ratiooaUfle a binomial surd of the seoond degree. 

1. By what quantity must a + 6 be multiplied so that the 
terms of the product will be squares ? 

2. By what quantity must Va -f Vft be multiplied so that 
the terms of the product may be rational ? 

3. What is the product of (Va; + Vy)(VaJ — Vy)? 



1. What factor will rationalize V2 — V3? 

PROCESS. 

(V2-V3)(V'2+V3) = V4-V9 = 2-3 = -l 

... V2 + V3 is the rationalizing factor. 

Explanation. — Since the binomial will be rationalized when both 
terms are made perfect squares, it must be multiplied by \/2 + v^, since 
the product of the sum and difference of two quantities is the difference 
of their squares. 

2. Express with a rational denominator z- 

^ 2-f V3 

Solution. 

6 _ 6(2 -V3) _ 10 + 6V3 _10-6V3 
2+V3"(2 + V3)(2-\/3) 4-\/9 1 

/. 2 + V3 is the factor which rationalizes the denominator. 
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3. Express with a rational denominator ^^"^^ — Zl^, 

Vo + a + Va 

SOLUTIOH. 

Va 4- g — v^ (Vo4 x — Va)* 

Va + a; + Va ( Va + « + Va)( Va + a: - Va) 



_ g + g ~ 2^/0^ -f ax -f g 
g + x — g 

_ 2g-f x~2Vg^ + gg 

X 

Express the following with rational denominators : 

Va+VS 



4 


4-V6 


'Mm 


2 + V3 • 


B 


3 


V* 


2+V2 


A 


as 


O* 


x—Vy 


7 


e 


f • 


Vas + Vi 


A 


V3-V2 


O* 


V3+V2 


fl. 


«+V2 



10. 



11. 



12. 



13. 



14. 



-y/a—^s/x 



VV-Fl + 3 
Va? -f- 1 + 1 



a? — VaJ* — 1 
aj + V?"^^ 

Va -f- 3 — Va 

I - I ■■ ■ a 

Va + 34-Va 



V6 + c + -y/b — c 






15. 



5 
16. Find the approximate valne of 



V3 

Solution. 
6VS 6\/3 6 X 1.73206 



V3 V3a/3 



= 2.88676 
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Find the approximate values of : 

17. • 20. — ; « 23. — — -' 

V2 V300 V3-V2 

la 16 „, 5 «. vs+yg 

18. • 21. — * 24. : • 

V3 Vl47 V8- V5 

4 1 ^ 

19. -^. 22. -^- 25. 



V2 3V2 V3 + V2 

251. To find the square root of a hinomial surd. 

(2 + V3)«= 4 + 4V3 4-3= 7 + 4V3 
(V3+V5)«= 3-f-2Vl5-f-5= 8 + 2Vi6 
(2V5 + V7)« = 20 + 4V35 + 7 = 27+4V35 

1. What is the square of 2+V3? Since 7+4V3 is the 
square of 2 + V3, what is the square root of 7 + 4V3? 

2. What is the square root of 8 + 2 Vl6, given in the 
second example ? Of 27 -f- 4V35, given in the third example? 

3. How may 7 in the first example be obtained from the 
terms of the binomial? 8 in the second? 27 in the third? 

4. How is each of the surd quantities in the power obtained 
from the terms of the binomial? 

252. A Binomial Snid is a binomial; either or both of whose 
terms are surds. 

Thus 2 4- VS, VS + V6, etc., are binomial surds. 

253. A Qnadratio Surd is an indicated square root of an 
imperfect square. 

Thus y/hy Va + 1, Vx* + j/* are quadratic surds. 

From the examples given above it is apparent that the 
square root of some binomial surds can be found. 
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254. Principle. — A binomial surd whose square root can 
be extra^cted is composed of two parts, one of which is rational 
and equal to the sum of the squares of the terms of the root, 
and the other of which is irrational and composed of twice the 
product of the terms of the root. 

KXAMPUES. 

1. Find the square root of 12 + 2V35. 

Solution. 

Let « -I- y = the square root of 12 -|- 2 V36 

Then, aj« + y« = 12 (1) 

and 2ajy = 2V36 (2) 

(l) + (2) a^-h2a!y + 2^=12 + 2V36 (3) 

(l)-(2) a^-2a^ + y'=12-2V35 (4) 

(3) (a? + y)* = 12-f-2V35 

(4) (flj-y)« = 12-.2V36 

(3) X (4) (x" - fy = 144 - 140 = 4 (5) 

Square i^oot, a?* — y =s 2 (6) 

(6) + (l) 2«»=14 

y = V6 
.-. Vl2 + 2 V36 = V7 4- V6 

Explanation. — Since the rational quantity is the sum of the squares 
of the terms of the root of the binomial, it may be assumed to be equal to 
^^ + y^» and since the surd is twice the product of the two terms of the 
root, it will be represented by 2 xy, Consequtotly, x-^ y will be the 
square root of the quantity. 

2. Find the square root of a-f- -y/b. 

Let x-\-y = the square root of a + y/b 

Then, x^-\-y^=:a 

and 2xy = Vb 
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Solving precisely as in Example 1, 



=V 



a — Va* — h 



The values of a; + y and x — y in this problem are general formulas 
for the extraction of the square roots of binomial surds. 

3. Find the square root of 7 + 4V3 or 7 + V48. 
Substituting in formula (1), putting 7 for a and ViS for 6, 



vTT^ = ,^^+^g + ^i 



- V49 - 48 



Find the square root of the following : 

4. 5 + 2V6. 10. 15 + 4VI4. 16. 15 -2V56. 

6. 9 + 2V8. 11. 28 + 5Vi2. 17. 14 + 3V^. 

6. 8-2VI6. 12. 13 + 2V30. 18. 6 + V35. 

7. II-6V2. 13. 7-2VIO. 19. 28 + 10V3. 

8. 6a + 2aV6. 14. 11 + 2V30. 20. m*+«+2mVn. 

9. 5-V2i. 16. 2m-2Vm*-n*. 21. 26-f-2Vi56. 

BBVIBW BXBBCISBS. 

255. Expand: 
1. (a + 6/. 3. (2a -36)*. 6. (3a + 46)*. 

'■Ci-f)- '-(M)* ••(i-l)' 

7. (a -h 6)" to 6 terms. 9. (a? + y)*" to 6 terms. 

8. (a + 6)"-* to 5 terms. 10. (1 +2aj + 3y-|-2)*. 
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Simplify: 

11. Vi28-2V56 + V72-V78. 

12. 6V4^* + 2^/2a+^/2^. 

13. 2V3-^Vi2+4V27-2VS. 

14. <^+^v^--v^^:r6i2+\/192-.7^. 



16. V48a^ + feV75a + V3a(a-96)». 

Extract the square root of: 

16. 9a;-24a?V + 12a;* + 16y*-16a?*4-4. 

17. 4a* + 4a* — 16a» — 8a* + 16a*. 

18. 0?* — 4apy' -f Cas'y* — 4«'y + y*. 

19. 9a?-12aj* + 10a?'-28a?*-f-17a;*-8aj* + 16. 

Extract the cube root of : 

20. 5aj' — 1 — 3a5*-f-a^ — 3a?. 

21. 0?* — 6a; + 16a;*-20aj*-f-15a?*-6a?* + l. 

22. a?*+ 3a?AyA-. 3a?V- 11«V+ 6ajV+ 12a?T^yA_ gy*. 

23. a*a;-' + a'^aj. 

Multiply : 

24. Va + Va — 05 + V^ by Va — Va — a? + Va. 

25. Va + Va — a? by Va — -Va^^. 

26. 2^i^-x*-- by 2a?-3Vp-.aj-*. 

0? irap 
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Divide : 



27. m* + mn + n^ by m+Vmn-^-n, 

28. a^-i-t/^ by jr* -f- «y V2 + y«. 

29. _±=l5^by/^l+-4r. 
a — 6 Va — 14 \ Va/ 

Expand : 

30. {^/2^+^/'^)\ 32. (3V8-f-6V3)» 

31. (2 + aV2flj + y)». 33. (VT^^^ + a)*. 
Find the values of the following : 



34. (\/l2)» 36. (a-s/ay. 38. \V64. 

36. (^/c^y 37. (3\/3)» 39. yf\/W^. 

Rationalize the denominators of : 

40. 2±V3. 44. 2 V3 + 3 V2 . 

3-V3 6 + 2V6 

., 3+A/5 .. 10V6 - 2 V7 

41, . 45, — • 

V3-V2 3V6 + 2V7 



42. ^ . 46. «+V^^^. 

43. 4 + 3V2 ^^^ V^?Tl-V^i^^^=3 

3-2V2 ' vw?Ti+v^?^=n: 

Find the approximate values of the following to three 
decimal places : 

48. A. 49. ^. 50. ^+A 51. W5-V3. 
V5 V3 V7-V3 3V5 + 2V3 

'Extract the square root of : 

52. 9- 4V5. 64. 24-2V63. 56. 47-6ViO. 

53. 43-15V8. 55. 22-4V30. 57. 23-V528. 
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256. 1. lu the equation Va?=:2; what is the value ot x? 
How is it obtained ? 

2. In the equation V2x=s4, how may the value of a; be 
obtained ? How in the equation V« 4-2 = 4? 

257. A Badioal Equation is an equation containing a radical 
quantity. 

Thus, v^ = 5, v^ + 3 = 6, \/xH-5 = VSx, are radical equations. 



1. Given Va? + 6 = 9, to find the value of ». 





Solution. 




Vx + 6 = 9 


Transposing, 


Vi = 3 


Squaring, 


x = 


2. Given V4 + a; = 4 - 


- VS, to find the value 




Solution. 




V4 + X = 4 - v5 


Squaring, 


4 + X = 16 - 8Vx 4- x 


Transposing, 


8v^ = 12 


Dividing by 4, 


2Vi = 3 


Squaring, 


4x = 9 




x = 2J 



210 
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a?— ax -y/x 



3. Given - — — = -^^, to find the value of x. 

y/x a? 





Solution. 




X — ax V5 




y/i ^ 


Clearing of fractions, 


ai* — oae^zra; 


Dividing by «, 


as— ax = 1 


Factoring, 


(1 - a)x = 1 
1 




* = !-« 


4. Given ^^^«^ + ^ 
2V4a-7 


_ V4a + 6 
V4S-1 




Solution. 




2\/4x4-2_ V4a; + 6 




2V4X-7 V4X-1 


Beducing to mixed quantities, 


1 + 
Transposing, etc., 


® -1 1 ^ 


2\/4x-7 V4x-1 
9 7 


2V4X-7 y/ix-\ 


Clearing of fractions, 


9\/4x-9 = 14V4x-49 


Transposing, etc., 


5\/4x = 40 


Dividing by 6, 


\/4x = 8 


Squaring, 


4x = 64 




x = 16 



Suggestions. — 1. Transpose the terms so that the rascal 
quantity^ if there he hut one, or the more complex radicdl, if 
there he more than one, may constitute one memher of the equa- 
tion; then raise each msmher to a power of the same degree as 
the radical. 

2. When the equation is not freed from radicals hy the first 
involution, proceed again as indicated in Suggestion 1, 

3. Simplify the equation as much as possihle hefore perform- 
ing the involution. 
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4. Sometimes it may be advantageous to dear a radical 
equation of fractions^ ordy in part. This will be especially con- 
venient when a radical denominator and another numerator are 
simila/r. 

5. It is sometime convenient to rationalize the denominalor 
before dea/ring offra>ctions or involving. 



Solve the following equations : 



6. V2a;-5 = 3. 



VsT 



X 



„« 3a?-l V3a; -1 . 
22. = 4. 



7. V«-7 = 7. ^^- V3^^1 2 

8. </4a:-16=:2. ^3 aj+A/S3VT^=l. 

24. \1 + ajV^Tl2 = 1 4- a. 

0. \/2¥+3 -h 4 = 7. 

25. Va — a? = as. 

1. Vaj* — 9 + aj = 9. -Va-^x 

2. V?"^=Tl4-l = «. «^ aa?~l _ V^~1 . 

^ ^^- VSi + l" 2 ^ • 

3. V16 + a? + V« = 8. 

4. Va:-16 = 8-Vx. 27. ___=.-__H-l. 

V « + 4 V a? + 6 

5. -y/x — 21 = y/x — 1. /- , i/i /- . 00 

28 ^^"^^^ = Vg-f-32 

6. Va5 + 5+V» = 6. \^ + 4 V« + 12 



7. Va;-15+V» = 15. go. V^-^ ^ Va^-^ 

_ -y/x — 5 Vas — 1 

8. 2Vaj-.V4aj-22 = V2. 

35 30. VS-3 Vi-4 



9. Vg + Va? — 9= ' Vi + 7 Vaj-f-1 

Va?— 9 

Va— 8 V« — 4 



20. Vg — Va; — 4 = » 31. ^ 

V«^ Vi-6 Vx + 2 
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gg 3 V2g 4- 10 ^ V2g 4- 16 3g V54-a?4- V5-g ^o^ 
3a/2«-10 V2a-4 * V5T«-V5^^ 

33. V«T8-V«^=2V2. 39. Va + Va-g ^l^ 
.: Va — Va — 05 ^ 

X X o 40. — ' = 6. 



a — Va 



35 



V-— V^=:Vl4- «. ^ . 6— V6* — 
a; 41. 



36. 



37. 



X 41. =a. 

a-h«-Va5 2a;-hV2a;-h4aj«. 



V4a;4- 14-2Va- ^^ 43 V2a;4-1 _ 2a;~-l ^ 

V4iB + l-2Va ' * 4 V2a+1 



44. V4a; + 34- 2Vg-l ^g 
V4a;4-3-2V«^^ 

45. 0^-3 ^V^4-V3^^^^ 
V^-V3 2 

46. (Vi^-3)(^4-4)^,^^3^ 

V«-2 

47. Var* + 4a;4- 12 4-Va5'-12a?-20 = 8. 

48. g^-g = ^^-^ 4-2V^. 

Va + Va 3 

49. Va 4- ct 4- Va + ft = V4aj -h a + 36. 
V?Tl-V^^^ 1 



50. 



51. 



V^Ti4-V?"=n[ 2 

Va' 4- o:^ 4- g _ 6 
V^T^-a""^ 



62. <^ + ^ + V2aa; + a^ ^^ 
a 4- a? — V2aa; 4- a* 
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258. 1. How is the degree of an equation detennined ? 
(Art. 170.) 

2. What is the degree of the equation a + 2 = 7? Of 
ar^4-45=8? Of aj> + 4aj= 15? Oix + xy=zl2? 

3. What are the equations of the second degree called ? 

4. When aj* = 4, what is the value of «? What, when 
ix? = 9? What, when iK* = a» ? 

5. How many values has x in these equations ? How do 
the values of x compare numerically ? What are the signs of 
the values of a? ? 

269. A Qnadratic Equation is an equation of the second 
degree. 

Thus, x^ = 9, and x^ + bx:= c, are quadratic equations. 

260. A Pure Qnadratio Equation is an equation which contains 
only the second power of the unknown quantity. 

Thus, 4x' = 16, and ax^ =&, are pure quadratics. 

261. A Pure Quadratic Equation is sometimes called an 
Incomplete Quadratic EqucUion because the first power of the 
unknown quantity is wanting. 

262. A Boot of an equation is a value of the unknown 
quantity. 

When a root of an equation is substituted for the unknown quantity 
it sdtisifies the equation, or renders the members of the equation identical. 

223 
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PURE QUADBATIOS. 

263. Since pure quadratic equations contain only the second 
power of the unknown quantity, they may always be reduced 
to the general form of oa^ = h^ in which a represents the coeffi- 
cient of as*, and h the other terms. 

264i Fbingiple. — Every pure quadratic equation has two 
roots numerically equalf but Jiaving opposite signs. 



1. Given Sa,** + — • = 14, to find the value of ax 

Solution. 

3x2 + — = 14 
2 

6x' + ^ = 28 
7a? = 28 
«« = 4 
Extracting the square root, x = db 2 

2. Given oa? + c = 6a^ + d, to find 05. 

Solution. 

ax2 - 6x2= d _ c 
(a-6)x?=(J-c 

x2 = ^^ 
a — 6 



Extracting the square root, x = ± -J — 

Solve the following equations : 



— c 
6 



3. a:«-3 = 46. ^ 3a^ + 7 = 3^4.43. 

4. 3x» + 7 = aj« + 16. ^^ ^ 

6. 2a^-6 = 66. ®- 2a^ = — + 36. 

3 4 3 
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•» ' er _ / 



3 5 VaJ — a 

12. 50^-3 = 20^ + 24. ^^^ a: + V?+3= ^ 



13. 7a?4- 4 = 3a^-h40. Vaj*4-3 

14. (oj-f 2)» = 4aj + 5. 21. -4^ = « -f Vi?T5. 

15 a?4-4 a? — 4 _g. -= 

aj — 4 a;H-4 "^^ 22. a;+-^aj"-2Vl — « = 1. 



16. 



1 1 



-h-^ = 2f. 23. ^zJ!!^ + ^±^ = 4. 



1 — X 1 + x x + m 05 — m 

^^ o;' -f 9o; _ 3(0? 4- 2) ^^ fl?4-« , o?-a __ 



2a 



15 5 • oj — ao5 + al— a 

25^ V25+T6^ ^V25-16g^^ 

26. a — Vo* — 14 = — - 

Voj»-14 

27. (a:4-2)«-6 = 2(2oj4- 17). 

28 3 4o;-7 ^ 2o; 

* 2oj-hl 4oj*-l 2a;-l 

29. (oj» + 4)(0J + l) = (o;-l)8 4-aJ + 13. 

^^ 4oj2-h6 3oj«-2 2oj«-3 
^^- "^4 2"^3l = — 7— 

31. Va 4- «= \« -h Voj* - 6*. 

32. V^^W^^^l. 
V^^4.Voj«-l 2 

33. ?= + g = g. 

a;4.V2-a» a.-V2-a;'' « 

34. 1+^ =a- 1-^ 



i-hoj-hVi + o* 1-oj+VTT? 

ALGEBRA. — 15. 
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PBOBIiBMS. 

265. 1. What number is that, to the square of which, if | 
be added, the sum will be 1 ? 

2. Find a number such that the square of f of it will be 7 
less than the square of it. 

3. Find a number such that if 320 be divided by it, and 
the quotient added to the number itself, the sum will be equal 
to 6 times the number. 

4. When a certain number is increased by 3 and also 
diminished by 3, the product of the sum and difference will 
be 55. What is the number ? 

5. Two numbers are to each other as 3 to 5, and the sum 
of their squares is 3400. What are the numbers ? 

6. A gentleman said that his son's age was \ of his own 
age, and that the difference of the squares of the numbers 
which represent their ages was 960. What were their ages ? 

7. A man lent a sum of money at 6^ per annum, and 
found that, if he multiplied the principal by the number which 
expressed the number of dollars interest for 8 months, the 
product would be f 900. What was the principal ? 

8. A gentleman has two square rooms whose sides are to 
each other as 2 to 3. He finds that it will require 20 square 
yards more of carpeting to cover the floor of the larger than 
of the smaller room. What is the length of one side of each 
room ? 

9. The sum of two numbers is 12, and their product is 27. 
What are the numbers ? 

Suggestion. — Let 6 + x= one number, and 6 — « = the other. 

10. The sum of two numbers is 14, and their product is 48. 
What are the numbers ? 

11. The sum of two numbers is 13, and their product is 42. 
What are the numbers ? 
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12. Divide 20 into two such parts that their product will 
be 96. 

13. Divide 32 into two such parts that their product will 
be 240. 

14. A merchant bought a piece of cloth for $ 24, paying f 
as many dollars per yard as there were yards in the piece. 
How many yards were there ? 

15. A man purchased a rectangular field whose length was 
1^ times its breadth. It contained 9 acres. What was the 
length of each side ? 

16. Find two numbers which are to each other as 5 to 4, 
and the sum of whose squares is 164. 

17. Find three numbers that shall be to each other as 3, 5, 
and 8, and the sum of whose squares shall be 392. 

18. A man worked 10 times as many days as he received 
dollars a day, and earned f 62.60. How many days did he 
work, and how much did he get a day ? 

19. The product of two numbers is 324, and the quotient 
of the greater divided by the less is 4. Find the numbers. 

20. A man has two square lots containing 272 square rods. 
The side of the larger is as much greater than 10 rods as that 
of the other is less than 10 rods. What is the side of each ? 

21. The sum of the squares of two numbers is 170, and 
the difference of their squares is 72. What are the numbers ? 

AFFECTED QUADRATICS. 

266. 1. How is a binomial squared? What is the square 
ofa?-f2? Ofa;-h5? Ofa;-f7? 

2. How may the first term of a binomial be found from its 
square ? 

3. Since the second term of the square of a binomial con- 
tains twice the product of both terms, how may the second 
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term of the binonUcU be found from it^ when the first term of 
the binomial is known ? 

4. What is it necessary to add to o^ + 4a; to make a perfect 
square ? How is the term found ? 

6. What must be added to a^ + 6x to make a perfect 
square ? How is it found ? 

6. What is the square root of the completed square of 
which 05* + 4aj are two terms ? 

7. What is the square root of the completed square of 
which 05* + 6 a; are two terms ? 

8. In the equation a;* + 4a; + 4 = 9^ what is the square root 
of the first member ? What is the square root of the second 
member ? 

9. Since, in the solution of the equation a:? + 4 a; 4- 4 = 9, 
we obtain the result a; + 2 = ± 3, how many values has x ? 

267. An Affected Quadratic Equation is an equation which 
contains both the first and second powers of the unknown 
quantity. 

Thus, a52 + 2x = 4, Sfld' + OajirS, and ox^ + ftx = c, are affected quad- 
ratic equations. 

268. An Affected Quadratic Equation is sometimes called a 
Complete Quadratic Equation, 

Since affected quadratic equations contain both the second 
and the first powers of the unknown quantity, they may always 
be reduced to the general form of a/a? -|- 6a; = c, in which a and 
h represent respectively the coefficients of «? and a^ and c the 
other terms. 

269. Pbinoiple. — Every affected quadratic equation has ttioo 
roots f and only two. 

These roots are always numerically unequal, except when the second 
member of the equation reduces to 0. 
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270. Erst method of oompletmg the square. 



1. Given oj* + 4aj = 96, to find the values of x. 

Explanation. — Completing the 
PROCESS. square in the first member by add- 

fl^ + 4 ^ =s 96 ^ ^^ square of one half the co- 

efficient of X to each member, we 
a:* + 4aj + 4 = 96-f 4 have «« + 4a; + 4 = 96 + 4. Ex- 

/;p«-|-4/;c-L.4s=100 tractiug the square root of each 

member, we have x + 2 = d: 10. 

a? + 2 = ± 10 Usfaig, first, the positive value of 

a; = 10 — 2 =: 8 10, we obtain 8 for one value of x ; 

using next the negative value of 10, 
aj = — 10 — 2 = — 12 we obtain — 12 for the other value 

of X. 

2. Given o^ — 6a; s 24, to find the values of x. 

Solution. 

aJ«-6x = 24 
Completing the square, a^ - 6x + V= 24 + ^ or J^}i 
Extracting the square root, x — } = db Y 

Transposing, x = f + Y = ^ 

x = i-J^ = -3 
.% X = 8 or — 3 

3. Given 2a* — 7 a? = 30, to find the values of a?. 

Solution. 

2x«-7x = 30 
Dividing by coefficient of a^, x^ - J x = 16 
Completing the square, x^ - ix + tf = 15 + f{ ot ^ 
Extracting the square root, x — J = db V 

Transposing, x = } + J^ = 6 

x = J-i^=-V = -2i 
.'. X = 6 or — 2J 
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Rule. — Rediwe the equation to the form aj*±&a5=±c, hy 
dividing both members of the equatUni hy the coefficient of the 
highest power of the unknown quantity. 

Add the square of one half the coefficient of the second term 
to each member of the equation^ extract the square root of each 
member^ and reduce the equation. 

Inasmtich as it is impossible to extract the square root of a negative 
quantity, it is necessary that the term containing the second power of the 
unknown quantity should have the positive sign. If it should be negative, 
change the signs of all the terms in both members. 

Find the values of x in the following equations : 

4. a?+ 4a? = 45. 15. a^-30x = U. 

5. a?'\- 6x = 27. 16. 2a»-h3a; = 14. 

6. a^+ 8a; = 20. 17. Saj' + ^ojzriSO. 

7. ic* 4-100?=: 11. 18. 2a^-^7x = 39. 

8. a? H- 20a? = 21. 19. 5a^ + Wx=:50. 

9. a;*-f 18aj = 19. 20. 6aj2-21aj = 12. 
10. aj* 4- 24a? = 25. ^^ a?-5 _ a?4-l 



11. a?«-12a? = 45. 

12. a?*~ 8a? = 33. 22. 



10 x-6 

a? + 2 ^ 8 
5 3a?-h4' 



13. a?»-14a? = 51. ^^ 3^. 3a?-3 ^ 3a?~6 

14. a?*-28a? = 60. * ^ ic-3 2 



271. Other methods of completing the square. 

By the previous method, when a?* had a coefficient, the 
equation was divided by that coefficient so that the term con- 
taining ^ might always be a perfect square. The same result 
may be secured in other ways. 

Thus, if the term containing the highest power is 3a?, it 
may be made a perfect square by multiplying by 3; if 5 a?, 
by mrdtiplying by 5 ; if aa?, by multiplying by a. 
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1 . Solve the equation 3 a^ -f 6 a; = 24. 

PROCESS. 

3aj«-f6a; = 24 (1) 

(l)x3, 9a5»-hl8a? = 72 (2) 

Completing square, 9aj*H-18a?4-9 = 81 (3) 

Extracting square root, 3 a + 3 = ± 9 (4) 

3aj = 6or -12 
05 =s 2 or — 4 

Explanation. — Since the coefficient of z^ is not a perfect square, it 
may be made a square by multiplying it by itself. If the coffiecient of ot^^ is 
multiplied by itself, boUi members of the equation must be multiplied 
by 8, the coefficient of o^, giving equation (2). 

Since the second term of equation (2) is twice the product of the terms 
which are the square root of the completed square, if it is divided by twice 
the first term of the root the quotient will be the second term. The first 
term of the square root is y/9x^ or 3x, and twice 3 x is 6 x. 18x -f- 6 a; = 3, 
and the square of 3, which is 9, added to each member, completes the square. 

In the complete square aV + 2 abx -h 6*, it is evident that 
the third term, V, is the square of the quotient obtained by 
dividing the second term by twice the square root of the first. 

2. Solve the equation 3a5" -f 4 a; = 39. 

Solution. 

3a« + 4a; = 39 (1) 

(l)x3, 9a? + 12a; = 117 (2) 



2V9^ = 6a;, 12x-^6a; = 2, and 2^ added to each mem- 

ber gives 

9a;2 + 12x + 4 = 121 (3) 

Extracting square root, 3 x + 2 = ^ 11 (4) 

3a; = 9 or -13 

X = 3 or - 4J 
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8. Solve the equation 5^ ~ 6a; = 8. 

Solution. 

6«2_6a; = 8 (1) 

(1)X6, 25a;2-30a; = 40 (2) 



2V26x3 = lOx, dOx -i- lOx = 3, and 32 added to each mem- 

ber gives 

25a;«- 30x4- 9 = 49 (3) 

Extracting square root, 6 x ~ 3 = ii: 7 (4) 

5 x = 10 or — 4 

a; = 2 or - f 

4. Solve the equation 3a^ + 5a; = 8. 

Solution. 

3a;a + 5a; = 8 (1) 

(l)x3, 9x2 + 16a; = 24 (2) 

2V9^ = 6x, 16x-^6x = J^orf, and (})> added to tbe 

members gives 

9x2+15x4- V =24 + y (8) 

Clearing of fractions, 36x2 + 66x + 26 = 96 + 26 

Reducing, x = 1 or — } 

Since the equation was first multiplied by the coefficient of a^ and 
afterwards by 4 to clear of fractions, it is evident that fractiotu may be 
avoided by multiplying by four times the col^fflcient of the highest power 
of the unknown quantity. 

General Kule. — If the term containing the second power of 
the unknovm quantity is not a perfect square, make it suck by 
multiplying or dividing the members of the equation. 

Add to each member of the equation the square of the quotient 
obtained by dividing the term containing the first power of tJie 
unknown quantity by tmce the square root of the term containing 
the second power. 

Extract the root of ea>ch member and reduce the equation, 

1. In multiplying the equation by any quantity, multiply by the small- 
est one that will render the coefficient a perfect square. 
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2. When the coiffident of the first power is an odd number, fracUons 
will be avoided by multiplying by four times the coefficient of the highest 
power of the unknown quantity. The third term will then be the $quare 
of the co^^fflcient of the flrat power in the original equation. 



Solve the following equations : 

6. Sa^-f 5aj = 8. „. 4aj as — 3 o 

384. — ^ ^. 

o-^^ no X + 3 2X'\-5 

7. 4a5« + 5a: = 84. ^*- 3a:- — = 26. 

8. 5««-4«=:105. 26 7 2a;-5 ^ 3g-7 

4 X'\-5 2x 

9. 3ai*-16aj = 140. o k « i 

27. 3a;~5 _ 6a; ^1 

10. 4a^-7a; = 102. 9x 3a? -25 3 

12 1 



11. 9a5"-f 4a; = 44. 28. 



16. «*-13a;-6 = 8. 



«-l a? + 2 2 



12. 8a;*-6» = 464. a; 7 

29. * ^ 



13. 5a;*-6a;=144 ^"^^ Sx-5 

14. 3a^4-2« = 56. 8^. _r_==7_«X_. 

16. a;«-6a;-14 = 2. ^, 4a;-10 7-3aj 7 

81. 



x + 5 X 2 

3a5" l-8aj x 



17. a;* + 17a;-18 = 0. ^^- J^Tj io" ~5' 

18. a;*-lla;-7 = 6. 33 48 ^ 165 _g 

a?H-3 x + iO 

19. 2aj*-18a? = -40. 

20. 2a;»4-5a;==18. ^*- 2 ""I"^^^"^^^' 

21. 3a;«4-2«=21. 36. ^ ^ 3 ^ 2 

a:— 1 « — 2 a; — 4 

22. 2a;* — 7a? = 34. ^ .^ 

_ - a; o — a? lo 
36. =a — • 

23. 5a5* — 6a? = 41. 5 — a; a? 4 

37. J(a?-4)-|(a?-2)=^(2a; + 3). 
7 o a? 
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12 _ 2a;-l . 1 2a;-3 



38. Va;4-5= . ■ 40. ^^^^ — ^ + - = 

Var-f 12 «-l 6 aj-2 

^Q ^^-1 3g? . 1 A .1 ^ g'-S 14 a? -^ 9 

39. --|--- = 0. 41. X :r^-:^ ;;-* 

X 3a-l 2 a? + l 8a?-.3 

.„ a;-f 3 , a;-3 2a;-3 

a? + 2 aj--2 x—1 

43 2a;4-3 T-x ^ 7-3a; 

2(2a?-l) 2(a; 4-1) 4-3aj' 

46. Solve the equation oo^ 4- &a; = c. 

Solution. 

ax^ + bx = c 
Multiplying by 4 a and adding the square of h (Note 2, Rule), 

4a2x2 + 4ahx-\-b^ = 4ac+b^ 



Extracting square root, 2ax-\- b = ±V4ac-\- b'^ 



. ^ _ -6±V4acTft2 
2a 

46. Solve the equation aj* — aa; -h 6aj = a&. 

Solution. 

x^ — ax-\-bx = ab (1) 

a:^-(a-6)x = a6 (2) 

Multiplying by 4 and adding the square oia — b, 

4a;« - 4(a - 6)»j 4-(a - 6)2 = 4a6 +(a - 6)a (3) 

= a* + 2 a6 + 62 
Extracting square root, 2 aj — (a — 6) = ± (a + 6) 

.'. a; = a or — 6 

47. a^ + 26»=:62. 62. 5cx-2x^ = 2(*. 

48. a^-46aj=126«. 53. 12aV- 5aa:=:3. 

49. »* = 46a? + 76*. 7^8 

64. iB2 + 3aa? = -^. 
60. aj2-h3aa?=10a*. 4 

51. »*-h56a?=146«. 55. a^ - (« -j- l)a; = - a. 
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56. 3^ + ^ = ^. 60. "^ ^ 



4 3 3c {x + cy (a»-c)* 

67. a? + 2(a + S)x = -32a. 61. 2«(6-«)^6. 
^ '^ 36-2« 4 

6 + a: 3 ««• a + T-S^"^" 

59. ^ + ?!n^a, = l. 63. ^ + ^;=2«* 



64. 



o& 6* c* c 

se + l c + 1 
Vi Vc 



^^ 2c-h« . c — 2a? 8 
2c-a? cH-2aj 3 

66. -^-1^4-1 = 0. 

67. (c* + !)« = <»* 4- c. 

68. -1 ?_=?+^. 

6 — a 6 4-05 b^—x^ 

69. 9iB«-3(6H-2c)ajH-26c = 0. 

70. aj* — (6 — a)c=3aa;--6aj4-caj. 

71. V(a-|-c)aj — 4ao = a; — 2c. 

72. (c + d)V-(c*-d«)a?=:c*c?. 

73. 2V^:=ir-h3V2^=:^^^^. 

74. a^ + l ^a±j + --g_. 
35 c a4- ft 

^^ 2a?-.36 3a; a 

75. 



aj — 26 a;4-2a 2(a— 6) 
76. (3c2 + c«')(a5*-a4-l) = (c* + 3cZ2)(a^4-a; + l). 
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EQUATIONS IN THB QUADRATIC FOBM. 

272. An equation which contains but two powers of an 
unknown quantity, the exponent of one power being twice 
that of the other power, is in the Quadratic Form. 

These equations in the quadratic form can be reduced to the 
general form aa^ + hof = c, in which n represents any number. 



1. Given sb* + 3 a^ = 28, to find the values of x. 

Solution. 

0* + 3x2 = 28 
Completing the square, a* -f 3 x^ 4. | = 1 ji 

Extracting the square root^ x^ + i = ±^ 

«? = 4 or - 7 
Extracting the square root, 2c = db 2 or :ib V— 7 

2. Given x^ -\-Sx^ s= 10, to find the values of x. 



FiBBT Solution. 




a;J + 3a;* = 10 




Completing the square, ac* + 3 as' + | = y 




Extracting the square root, ac' + f "*- ± } 




«» = 2 or 


-6 

• 


Raising to third power, x = 8 or 


-125 


Second Solution. 




Let a;»=p 




Then, x^=p^ 





Substituting in the given equation, p« 4- 3p = 10 
Solving, p = 2 or — 6 

Hence, ac ' = 2 or — 6 

Raising to third power, a = 8 or — 126 
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3. Given (a; + 2)» + (« + 2) = 20, to find the values of x. 

FIBST PBOCESS. 

(a;4-2)a4.(x4.2)=20 
Completing the square, (x + 2)2 + (x + 2) + J^ = \l 
Extracting the square root, (^ + 2) + } = :i: f 

x4-2 = 4 or -6 
X = 2 or — 7 

SBCOXD PROCESS. 

I-et P=(x + 2) 

Then, 1>2 = (x + 2)a 

Then, p^ + p = 20 

Solving, p = 4 or — 6 

Hence, x + 2 = 4or-5 

X = 2 or - 7 

Solve the following equations : 

4. iB*--2aj* = 8. 16. oaj** 4- 6«* = c. 

5. a^-3a^ = 40. le. (aj» + 4)« + (aj^ + 4) =: 30. 

6. aj«-4aj» = 32. ^^ (aj-l)« + 5(a:- 1) = 14. 

7. 2a?*-4ic» = 16. 

18. (ir*-9)2-.ll(ir2_9) = 80. 

9. 2««- — = 124. 20. (X* -«)*-(«* -a;) =132. 

10. aj* + 4aj* = 12. 21. a;4-5- Va; + 6 = 6. 

11. a;*4-2a;* = 8. 22. 3aj,+ 4-f 4V3a: + 4 = 32. 

12. x« + 3x^ = 88. 23. /§^^y+g + ^\ 42. 

13. a;'4-3aj^=4. 

14. iB*-a* = 20. \x J \x J 



30. 



26. (2ic«-4a;-f l)2-(2a?«-4aj-f 1) = 42. 

26. a?«-7a;4-18 4-Va?«-7aj+18 = 42. 

27. 2iB* + 3a + 9-5V2aj» + 3a; + 9 = 6. 
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28. 2(3aj»+l)* + 3a? + l = 63. 

29. Va; + 12 -h v'aj -h 12 = 6. 

30. a;-f 2 + (x-|-2)* = 20. 

31. (a; + 4)« + a; + 4 = 30. 

32. V« + 31 - ^\^« + 31 = 8. 



33. 4a?«-4V4«*4-13 = 8. 

Suggestion. — Add 13 to each member of the equation. 

34. a?«4-[^*4-aj — 6 = — 26aj — 6. 
36. (aj2-|-4a?-f 4)2-f 2(ic2-f 4a)=7. 

36. 3aj — V9a^ — 18a; = 5a;-»2 + 4. 
Suggestion. — The equation may be expressed thus : 

x2_-2a;-8Va?-2x=:4 

37. Va; 4- a + 2 6^a; + a = 3 6*. 

38. ic« - lOaj - 2Vi»^ - 10a; + 18 = -15. 

PROBIiEMS. 

273. 1. Find two numbers whose sum is 12, and whose 
product is 36. 





Solution. 


Let 


x = one 


Then, 


12 — a = the other. 




12x-x2 = 35 




a;2-12x = -36 




x2-12x + 36 = l 




x-6=±l 




X = 7 or 5 




12 - X = 6 or 7 



2. The sum of two numbers is 10, and their product is 21. 
What are the numbers ? 

3. Divide 27 into two such parts that their product may 
be 140. 
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4. A rectangular field is 12 rods longer than it is wide, 
and contains 7 acres. What is the length of its sides ? 

5. A person purchased a flock of sheep for $100. If he 
had purchased 5 more for the same sum, they would have 
cost $ 1 less per head. How many did he buy ? 

6. An orchard containing 2000 trees had 10 rows more 
than it had trees in a row. How many rows were there? 
How many trees were there in each row ? 

7. The difference between two numbers is 2, and the sum 
of their squares is 244. What are the numbers ? 

8. One hundred and ten dollars was divided among a 
certain number of persons. If each person had received 91 
more, he would have received as many dollars as there were 
persons. How many persons were there ? 

9. A man worked a certain number of days, receiving for 
his x)ay 9 18. If he had received 9 1 per day less than he did, 
he would have had to work 3 days longer to earn the same 
sum. How many days did he work ? 

10. Eind the price of eggs, when 2 less for 12 cents raises 
the price 1 cent per dozen. 

11. A person sold goods for $24, gaining a per cent, equal 
to the number of dollars which the goods cost him. What 
did they cost him ? 

Suggestion. — Let x = the cost ; then, — = the gain per cent. 

100 

12. The expenses of a party of men amount to 910. If 
each man pays 30 cents more than there are persons, the bill 
will be settled. How many are there in the party ? 

13. A picture, which is 18 inches by 12, is to be surrounded 
with a frame of uniform width, whose area is equal to that of 
the glass. What is the width of the frame ? 

14. A man sold a quantity of goods for $39, and gained a 
per cent, equal to the number of dollars which the goods cost 
him. What did they cost him ? 
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15. Two men dig a ditch 100 rods in length for 9100, each 
receiving 950. A is to have 25 cents a rod more than B. 
How many rods does each dig ? What is the price per rod ? 

16. A rectangular park, 60 rods long and 40 rods wide, is 
surrounded by a street of uniform width, containing 1344 
square rods. How wide is the street ? 

17» A person purchased two pieces of cloth which together 
measured 36 yards. Each cost as many shillings per yard as 
there were yards in the piece. If one piece cost 4 times as 
much as the other, how many yards were there in each ? 

18. A person drew a quantity of pure wine from a vessel 
which was full, holding 81 gallons, and then filled the vessel 
up with water. He then drew from the mixture as much as 
he drew before of pure wine, when it was found that the vessel 
contained 64 gallons of pure wine. How much did he draw 
each time ? 

19. Two persons started at the same time and traveled toward 
a place 90 miles distant. A traveled one mile per hour faster 
than B, and reached the place one hour before him. At what 
rate did each travel ? 

20. A person found that he had in his purse, in silver and 
copper coins, just one dollar. Each copper coin was worth as 
many cents as there were silver coins, and each silver coin 
was worth as many cents as there were copper coins. There 
were in all 27 coins. How many were there of each ? 

SIMULTANEOUS QUADRATIC EQUATIONS. 

274. A HomogeneooB Equation is an equation in which the sum 
of the exponents of the unknown quantities in each term which 
contains unknown quantities, is the same. 

Thus, x^ + 2 ^ and xy + ^ are homogeneous equations. 

276i Simultaneous Quadratic Equations can usually be solved 
by the rules for quadratics, if they belong to one of the follow- 
ing classes : 
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1. When one is simple and the other quadratic. 

2. When the unknown quantities in ea>ch equation are com- 
bined in a similar manner, 

3. When eax:h equation is homogeneous and quadraJtic, 

276. The following solutions will illustrate the processes in 
many of the ordinary forms of simultaneous quadratics, but a 
little careful examination of the equations will sometimes 
enable the student to find the values of the unknown quanti- 
ties more readily than they can be found by these general 
methods of solution. 

(I.) Simple and Quadratioi 

1. Given ■< ^ , \ . [■ » to find the values of x and y. 
\2ot^ + y^ = liy ^ 



Solution. 




X'\-y = o 


0) 


2x2 + ^2 = 17 


(2) 


From (1), x — b — y 


(3) 


2x3 = 60-20^ + 2^2 


(4) 


Substituting in (2), 60 - 20 y + 2 y2 _}. ^a = 17 


(5) 


Collecting terms, etc. , 3 y2 - 20 y = - 33 


(6) 


Solving, y = 3 or 3J 


(7) 


Substituting in (1), x = 2 or 1 J 


(8) 


(n.) Unknown quantities similarly combined. 




2. Given < ^ , to find the values of x a,nrl w. 




Solution. 




x+y = 5 


(1) 


xy = 6 


(2) 


Squaring (1), x^ + 2 xj^ + y2 _ 25 


(3) 


Multiplying (2) by 4, 4 xy - 24 


(4) 


Subtracting (4) from (3), x2 - 2 xy + y^ _ 1 


(5) 


Extracting square root of (6), x — 2^ = ± 1 


(6) 


ALGEBRA. 16. 
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Adding (1) and (6), 

Subtaracting (6) from (1), 



2x = 6ot4 


(7) 


X = 8 or 2 


(») 


2y = 4or6 


(9) 


y = 2ot3 


(10) 



{aj-h y = o ) 
« f > to find the values of x and y. 





Solution. 






xH-y = 6 


(1) 




x2y + xy'i = 30 


(2) 


Factoring (2), 


xy(X'^y)=SO 


(3) 


Dividing (3) by (1), 


xyzzQ 


W 


Squaring (1), 


x^-^2xy-\-y^ = 26 


(5) 


Multiplying (4) by 4, 


4xy = 24 


(6) 


Subtracting (6) from (6), 


a;2-2xy + y^ = l 


(7) 


Extracting square root of 


(7), x-y = ±l 


(8) 


Adding (8) and (1), 


2a; = 6 or 4 


(9) 




X = 3 or 2 


(10) 


Subtracting (8) from (1), 


2y = 4 or 6 


(11) 




y = 2 or 3 


(12) 



{X +y =8 1 
^ ^ r ) to find the values of x and y. 



1 


Solution. 






a; + y = 8 


(1) 




2C8 + y8 = 152 


(2) 


Dividing (2) by (1), 


x^-xy-{-y^ = 19 


(3) 


Squaring (1), 


x2-|-2a;yH-y2 = 64 


W 


Subtracting (3) from (4), 


3x2^ = 46 


(6) 




xy = 16 


(6) 


Subtracting (6) from (3), 


x^-2xy-^y^ = A 


(7) 


Extracting square root of (7) 


x-y=±2 


(8) 


Adding (8) and (1), 


2x = 10 or 6 


(9) 




05 = 6 or 3 


(10) 


Subtracting (8) from (1), 


2y = 6 or 10 


(11) 




2^ = 3 or 6 


(12) 
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5. Criven s . . . ^«, r > to ^^ t^e values of x and y. 
( a?* 4- y* = 97 ) ^ 

Solution. 

« + y = 6 (1) 

a:< + y* = 97 (2) 

4th power of (1), ic* + 4x«y + OxSya + 4xy« + y* = «26 (3) 

Subtracting (2) from (3) , 4 a^ + 6 a;V + 4 xy» = 528 (4) 

Dividing by 2, 2a;«y + SxV + 2xy» = 264 (6) 
SquMing (1) and multiplying by 2xy, 

2x8y + 4xV + 23cy« = 60a;y (6) 

Subtracting (6) from (6), scV = 60 acy - 264 (7) 

Transposing, x V - fiO xy = - 264 (8) 

Completing square, etc., xy = 6 or 44 (9) 
Combining (1) and (9), two pairs of simultaneous equations are formed, 

^^'^^y and /* + " = '' 
xy = 6) I xy = 44 

Solving according to solution of Example 2, the values of x and y are 



found. 

(m.) Homogeneous equations. 

« n- f 0^ — 0^ = 15) 

6. Cxiven I ^ ._ k to find the values of « and y. 

Solution. 

afi? - xy = 15 (1) 

2xy-ya=rl6 (2) 

Assume x = vy (3) 

Substituting vy in (1), v"y2 _ ^^2 -_ 15 ^^^ 

Substituting vy in (2), 2vy^ — i^ = lQ (5) 

From (4), ya=_i5_ 

From (5), ya = _JL_ 

2t? — 1 

Equating (6) and (7), -ii- = -11- (8) 

Clearing of fractions and reducing, 

16«2_4et, = _i5 (9) 

Whence, v = J or f (10) 



(7) 
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Substituting the value of v in (7), y^ = -^ or 4 (11) 

5 — 1 

And y2 = ^5_ or - 64 (12) 

y = ± 2 or ± 8>/^ 

Find the values of the unknown quantities in the following: 



9. 



10. 



12. 



13. 



14 



15. 



16 






a; y 10 






|2. + 3, = 22.. 22. ,^^3^,^^. 

f a^ + «y = 70. 1 



1 , 1 1 f , (2a! + y=22. 



a;' r 20 1 laa/ + 2/ 



I aw + 2^ = 120. 1 



■ lar'-23^ = 4.) (a!-y = 15.l 

fa«/=10. -i ja; + 4y = 14. | 

■ la!-y = 3.) ■ ty«-2y + 4a; = ll.) 

(a! + y=7.l ■ ta! + ys=6. > 
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\x + y + xy = U.l ' l2a!'-16 = 3!ry-2y». j 

fa!« + y« = m 1 (x-y=l. y 

U + y=72. i "• |a-_y» = 242.j 



29. 



30. 



31 

r a -I- ?/ ^ 
32. 



1.^ + 3^=17.} l3x' + 83^=14. I 

f (a;-y)(«»+y')=13.^ 4e. f 3a!« + 7a^ = 82. | 

\x^-x!/' = 6. \ la^+6a!y+9y»=279.; 

f!B» + « + y = 18-y».| fa!» + y»=3 + a!y. | 

la:y = 6.. I ■ la!* + 3^ = 21-aiy. f 

36 {^-'>y + f = 21.^ |a!« + «y + 2y»=44.i 

(y*-2a^ + 16 = 0. 1 ' \23?-xy + y'=16.i 

3g fa!» + a^ + y» = 39. ■» | as'-ajy + y«=7. •» 

l2a» + 3!ry + y« = 63. J * t a;* + ajy + y* = 133. ) 



33. 



34. 



37. 



38. 



39. 



40. 



(a^ + xy + 2y'=7i. | ( a? + y' + x + y=32.y^ 

\2x' + 2a^ + y':=73.\ *°* \xy = -16. J 



f«* + y' + a!y=49. ■» r a^+4/=266-4a!y. | 

la:^ + y* + a!y=931. j "' l3/- a^=39. } 

( a!«+a!V+y'=49. ) !«» + 2^=10. I 

|a;+V^ + y =19. I fa^+/-(a5+y)=78.-» 

la!»+a^ + j^ = 133. J ' \a!y+{x+y)=39. i 

3(x + y) ^ S(x-y) ^^Q 

64. ■{ X— y x+y 
x' + f = i5. 
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66 



56 



liry — ^ = 2a6. ) * la?y = a* — 6*. J 

i«y + y* = 2a(a-|-&). 3 !« — y-f Va? — ^= 6. J 

ra? + 3^ + 4V^?T? = 45.i 
la^ + y* = 337. J 



2 Vy — a; = 3 Vtt — x. ) 



PBOBIiBMS. 

277i 1. The sum of two numbers is 8, and their product is 
12. What are the numbers ? 

2. The sum of two numbers is 12, and the sum of their 
squares is 104. What are the numbers ? 

3. Divide 13 into two such parts that the sum of their 
square roots is 5. 

4. The product of two numbers is 99; and their sum is 20. 
What are the numbers ? 

5. The sum of two numbers is 100, and the difference of 
their square roots is 2. What are the numbers ? 

6. The difference of two numbers is 2, and the difference 
of their cubes is 56. What are the numbers ? 

7. Find two numbers whose sum multiplied by the second 
is 84, and whose difference multiplied by the first is 16. 

8. The product of two numbers is 48, and the difference of 
their cubes is 37 times the cube of their difference. What are 
the numbers ? 

9. The sum of two numbers is a, and the sum of their 
squares is b. What are the numbers ? 
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10. What two numbers are there such that their sum 
increased by their product is 34, and the sum of their squares 
diminished by their sum is 42 ? 

11. There is a number expressed by two digits, such that 
the sum of the squares of the digits is equal to the number 
increased by the product of its digits, and if 36 be added to 
the number, the digits will be reversed. What is the number ? 

12. From two places, distant 720 miles, A and B set out to 
meet each other. A traveled 12 miles a day more than B, and 
the number of days before they met was equal to one half the 
number of miles B went per day. How many miles did each 
travel per day ? 

13. A merchant received $12 for a quantity of linen, and 
an equal sum, at 50 cents a yard less, for a quantity of 
cotton. The cotton exceeded the linen by 32 yards. How 
many yards did he sell of each ? 

14. A farmer has a field 18 rods long and 12 rods wide, 
which he wishes to enlarge, so that it may contain twice its 
former area, by making a uniform addition on all sides. What 
will be the sides of the field when it is enlarged ? 

16. A merchant bought a piece of cloth for 9 147, from 
which he cut off 12 yards which were damaged, and sold the 
remainder for $120.25, gaining 26 cents on each yard sold. 
How many yards did he buy ? How much did it cost per 
yard? 

16. A man gave $4 to be divided among some children, but 
10 more joining the group, the share of each was reduced 2 
cents. How many children were there, and what was the 
share of each ? 

17. A drover sold a lot of cows for $2400. He sold a 
second lot, containing 10 cows less, at $ 10 more a head, and 
received $100 more than he did for the first. How many 
were there in the first lot, and what was the price per head ? 
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18. Mr. A has two fields, one a rectangle, and the other a 
square whose side is two thirds as long as the longer side of the 
rectangle. It takes 4 more rods of fence for the rectangular 
field than for the square one, and the square field contains 40 
more square rods than the other. What is the length of each 
field ? 

19. A boy rode 10 miles on his bicycle, when it broke down, 
and he was compelled to return on foot. He found that it 
took 1 hour and 15 minutes longer to walk back than it did to 
ride out. How fast did he ride, if he walked 4 miles less 
per hour than he rode ? 

20. The square of John's number of marbles increased by 
the product of John's and Frank's is 525. The square of 
Frank's number increased by the product of John's and 
Frank's is 700. How many has each ? 

21. There is a number expressed by two figures, such that 
if the digits be squared their sum will be 18 more than the 
number itself. Find the number, if the sum of the digits is 13. 

22. The product of two numbers is 16, and the sum of their 
fourth powers is 4112. What are the numbers ? 

23. A man loaned two sums of money at a rate equal to the 
number of hundreds represented by the first sum. His income 
from this was $ 96. If he had loaned them at a rate equal to 
the number of hundreds in the other sum, his income would 
have been increased $ 64. Find the sum loaned. 

24. A regiment of 1104 men was marching in two columns, 
each having 10 more men in depth than in front. 380 men 
were taken from the rear of these two columns to make a 
detour, and after this it was found that each column was an 
exact square with the same number of men on each side as 
there was in front of that column at first. Find the number 
of men in each column at first. 

25. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel, in going 360 feet. If the circumference 
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of each wheel had been 3 feet greater, the fore wheel would 
have made only 4 revolutions more than the hind wheel in 
going that distance. What is the circumference of each 
wheel ? 

26. Find two numbers whose sum, product, and difference 
of their squares are all equal. 

27. The joint capital of A and B was $416. A's money 
was in trade 9 months, and B's 6 months. When they shared 
stock and gain, A received $228 and B $252. What was the 
capital of each ? 

28. A rectangular piece of ground has a perimeter of 100 
rods, and its area is 589 square rods. What are its length and 
breadth ? 

29. Twenty persons sent together $48 to a benevolent 
society. One half the amount was contributed by women, and 
the other half by men ; but each man gave a dollar more than 
each woman. How many women contributed ? How many 
men ? What was the contribution of each ? 

30. In a purse containing 9 coins, some are of gold, others 
of silver. Each gold coin is worth as many dollars as there 
are silver coins, and each silver coin is worth as many cents as 
there are gold coins, and the value of the whole is $20.20. 
How many are there of each ? 

31. The difference of two numbers is 15, and half their 
product equals the cube of the smaller. What are the 
numbers ? 

32. A and B set out from two places, C and D, at the same 
time. A started from C and traveled through D in the same 
direction in which B traveled. When A overtook B, it was 
found that they had together traveled 60 miles, that A had 
passed through D 5 hours before, and that it would have 
required 20 hours for B to return to C at the rate he had been 
traveling. What was the distance from C to D ? 
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18. Mr. A has two fields, one a rectangle, ^ 
square whose side is two thirds as long as tha- | 
rectangle. It takes 4 more rods of fence ''J, ^ 
field than for the square one, and the ^(f ^ f * 
more square rods than the other. Wb ^ t% 
field ? ■ ; ^ 3 ^ 

19. A boy rode 10 miles on his i '^_ \: J 
and he was compelled to retur^ 4 ■• f 
took 1 hour and 15 minutes Ic,* '•, \ , ' 
ride out. How fast did he ^ t - s 
per hour than he rode ? -' • ' ■ 

i ■ 

20. The square of Jo' ^ ..' J ' 
the product of John' ' i' J 
Frank's number in/ f ' 
Frank's is 700. H / ^ . 

81. There is r • 
if the digits V ^„„^^ 

number itaelr 

22. The g the value of ■\/x+ 9 compare with | ? 



of ■\-T — q compare with % 



form (l)i if tte positive sign of the radical is used, 
I, then, will the root have ? What, if the negative 
ed ? Which root is numerically the greater ? 

orm (2), if the positive sign of the radical is used, 
will the root have ? What, if the negative sign is 
rhich root is numerically the greater ? 

onn (3), if the positive sign of the radical is used, 
will the root have ? What, if the negative sign is 



jrm (4), if the positive sign of the radical is ^•^^ 
will the root have ? What, if the negative is used? 
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280. Principles. — 1. In form (1) one root is positive and 
the other negative^ and the negative root is numerically the greater. 

2. In form (2) one root is positive and the other negative, and 
tlie positive is numerically the greater, 

3. In form (3) both roots are negative, 

4. In form (4) both roots are positive, 

281. Equal aad unequal roots. 

1. How do the roots compare numerically in (1)? In (2)? 

2. How does the second term of the root in (3) and (4)^ 
compare with the first term ? 

3. If g ss-^, to what does the radical quantity reduce ? How, 

then, will the roots compare numerically ? What signs will 
they have ? 

282. Principles. — 1. In forms (1) and (2) the roots of each 
are unequal, 

2. Informs (3) and (4) the roots of each are unequal except 
when ^ = q- 

283. Beal and imaginary roots. 

1. Since ?- is the square of ±-f what sign will it have 
whether p is positive or negative ? 

2. In forms (1) and (2), is the radical part, then, real or 
imaginary ? 

3. In forms (3) and (4) when will the radical part be real 
and when imaginary ? 

284. Principles. — 1. In foi-ms (1) and (2) both roots are 
real. 

2. In forms (3) and (4) both roots are real except when q is 
numerically greater than ^. They are then imaginary. 
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285. Determine the character of the roots in the following 
equations : 

1. ir*--3aj = 4. 

Solution. p = S,q = 4, and ±^^^+ q = ±^- =±^ 

.'. The roots are one positiye, one negative, unequal, the positive numer- 
ically greater, real 

2. aj»-8aj = 20. 7. a?-12x = --ll. 

3. a^-f4a;=12. 8. a^-f-6a; = — 5. 

4. a^-6a;=:16. 9. a^-f-20a; = 21. 

5. a^-7a;=8. 10. a^-14a; = 51. 

6. a^-a;=:6. 11. aj*-30aj = 64. 

286. Formation of Quadratic Equations. 

P 

1. Since the roots of the equation a?-^px = q are — o + 

^ „a -l-V?^, what U ae .u. o. *e ».« 
How does it compare with the coefficient of as ? 

2. What is the product of the two roots? How does it 
compare with the absolute term, or the second member of the 
equation ? 

287. When the unknown quantities are collected in the first 
member, and the known quantities united in the second mem- 
ber, the term of the second member is called the Absolute Term. 

288. Principles. — 1. The sum of the two roots of an affected 
quadratic equation having the form x^-\-px = q, is equal to the 
coefficient of the first power of the unknown quantity wUh its sign 
changed. 

2. The product of the roots is equal to the absolute term, with 
its sign changed. 
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Denoting the roots of the equation «* -fpoj = g by ri and rj, 
their sum with the sign changed, — (ri -f r^) may be substituted 
for p (Prin. 1) and their product with the sign changed, 
— rira, for q (Prin. 2). 

Substituting, x^ — (r^ + rj)x = — r^r^ 

Transposing, etc. , x^ — r^x — r^x + r^r^ — 
Factoring, x{x — r{) — r^{x — ri) = 

Or, (x-ra)(x-ri)=0 

Hence, to form a quadratic equation when the roots are 
given: 

Subtrcust each root from x and place the product of the remain- 
ders equal to zero. 

EXAMPIiES. 

1. Form equations whose roots are 3 and — 5. 

Solution. 

(x-3)(x + 5)=0 

.-. x2 4- 2x - 15 = or x3 -f 2x = 16 

or, 

The coefficient of the x is + 2, the sum of the roots with the sign 
changed, and the absolute term is + 15, the product of the roots with the 
sign changed. Hence the equation is x^ + 2 x = 15. 

Form equations whose roots are : 

2. 3, -2. 11. -I, -f 

3. 8, 6. 12. 3-f V2, 3-V2. 

4. 9, -8. 13. 2-f V3, 2-V3. 

5. -7, -10. 14. l-fV5, 1-V5. 

6. 15, —3. 15. a, a — 6. 

7. li, -2. 16. a -6, a + 2h. 

8- 3, -f 17. a(l + a), a(l-a). 

^- ^*' ^- ,o a + VS a-V6 

i,o. » • 

10. if. 2 2 



264 HIGH SCHOOL ALGEBRA. 

289. To Bolye equations by f actozing. 

1. What are the factors of ir* + 4a — 5 ? 

2. Place the factors of a? + 4a — 5 for that expression in 
the equation a?* -h 4a — 5 = 0. 

3. Since (x -f 5) (a? — 1) = 0, to what must one of the factors 
be equal to produce a product equal to ? 

4. Since when either a; + 5 = 0, or a5--l=:0 the equation 
is satisfied, what are the values of x? 

5. Since any equation may be expressed with one member 
as 0, by transposing all the quantities to one member, how 
may the values of the unknown quantities be found by 
factoring ? 

It is evident that only such equations as can be resolved into 
factors by inspection can be solved in this way, but it is evi- 
dent that very many equations cannot be readily factored. 

BXAMPLES. 

1 . Solve the equation aj? — 7 a; + 10 = 0. 

Solution. 
a;2-7a;4-10 = 
= (a;-6)(x-2) = 

/. X — 6 = 0, and x = 6 
also, X — 2 = 0, and x = 2 

2. Solve the equation 3aj* — 10aj-f-3 = 0. 

Solution. 

3x2-10x4-3 = 
= (3x-l)(x-3) = 

.-. 3 X — 1 = 0, and x = \ 
also, X — 3 = 0, and x = 3 
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Solve the following equations by factoring : 

3. aj»+3»-h2 = 0. 9. ir*- 10aj-39=:0. 

4. a?-\'7x + 12 = 0. 10. a^- 12a?- 64 = 0. 

5. aj2-4a;-21 = 0. 11. 4aj»-.10a? + 6 = 0. 

6. «2__7a.__ig^0 12. 9«*- 27a; + 18 = 0. 

7. aj'4-6a;-f-8 = 0. 13. 4a^-f 16aa? + 12a* = 0. 

8. a;*+12aj-f-32 = 0. 14. 9a*-f 30a6 + 246* = 0. 

Equations of higher degrees can sometimes be solved by 
factoring. 

15. Find the values of x in the equation aj'+2a:*— 3aj— 6=0. 

Solution. 
jr*H-2a;»-3a;~6 = 
Factoring, x\z + 2) - 3(x -f 2) = 

(a;a-3)(a; + 2) = 

.-. a;2 - 3 = and a; = ± V3 
also, X -f 2 = and sc = — 2 

16. Find the values of x in the equation a;^ — 1 = 0. 

Solution. 

jr»-l = 
Factoring, (x - l)(a;» + x + 1)= 

.-. a; — 1 = and a = 1 
also, x^ + a; 4- 1 = 

or, x^ + x = -l 

Completing the square, etc., x=— ^ ^ v ^ ^ 

Solve the following equations : 

17. a*-5aj« + 2aj-10 = 0. 20. (a;-.3)(a;2^3^^2) = 0. 

18. 2ar» + 6a^-3aj-9 = 0. 21. (a;-f 5)(x2_4^_21)=0. 

19. aa? + 2aJ»-6aa?-10 = 0. 22. a^-.27 = 0. 
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290. 1. What is the relation of 8 a; to 16 a ? 5y to 10 y? 

2. How does 8a compare with 2a? What is the relation 
of 8a to 2a? 

3. How does 9xy compare with 3xy? What is the rela- 
tion of Ooey to 3xy ? 

4. What is the relation of 2a to 4a? What is the rela- 
tion between 2a and 4a ? 

5. What is the relation of 3ic^ to 9ar^? What is the rela- 
tion between 3 a? and 9 a?? 

291. Batio is the relation of one quantity to another of the 
same kind. 

1. This relation is expressed either as the quotient of one quantity 
divided by the other, and is called Geometrical Ratio or simply RaAiOy or 
as the difference between two quantities, and is called Arithmetical 
Ratio. 

2. When it is required to determine what is the relation of one quantity 
to another, it is evident that the first is the dividend and the second the 
divisor. Thus, when the question is, " What is the relation of 6 a to 
10 a ? " the answer is J. 

3. When it is required to determine the relation between two quan- 
tities, either may be regarded as dividend or divisor. Thus, when the 
question is, " What is the relation between 5 a and 10a ? " the answer is 
i, or 2. 

292. The Terms of a Batio are the quantities compared. 

293. The Sign of ratio is a colon ( : ). 

Thus, the ratio between 12 a and 6 a is expressed 12 a : 6 a. 
The colon is sometimes regarded as derived from the sign of division, 
by omitting the line. 

256 
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294. The Antecedent is the first term of the ratio. 
Thus, in the expression 6 a : 3 a, 5 a is the antecedent. 

295. The Oonseqnent is the second term of the ratio. 
Thus, in the expression 5 a : 3 a, 3 a is the consequent. 

296. A Oonplet is the ^antecedent and consequent taken 
together. 

297i The ratio of the squares of two quantities is called the 
Duplicate ratio of the quantities; the ratio of their cubes, 
their Triplicate ratio. 

Thus, a^ : 6^ and a' : 6* are respectively the duplicate and triplicate 
ratios of a and b. 

298. Since the ratio of two quantities, as the ratio of a to 

h, may be expressed by a fraction, as -, it follows that the 

changes which may be made upon a fraction without altering 
its value, may be made upon the terms of a ratio without 
changing the ratio of the terms, since the numerator is the 
antecedent and the denominator the consequent. Hence, 

299. Principle. — Multiplying or dividing both teims of a 
ratio by the same quantity does not change the ratio of the terms, 

KXAMPLES. 

1. What is the ratio of 3a to 6a ? 5a to 10a ? 

2. What is the ratio of 7x to 35x ? 12ay to 13a ? 

3. If the antecedent is 15 a, and the consequent 20 a, what 
is the ratio ? 

4. What is the ratio of I- to i ? ito|? ftof? 

When fractions are reduced to similar fractions, they have the ratio of 
their numerators. 

5. When the antecedent is 2 a, and the ratio is ^, what is 
the consequent ? 

ALGEBRA. — 17. 
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300. 1. What two numbers have the same relation to each 
other as 3 to 6 ? As 2 to 8 ? As 5 to 15 ? 

2. What two quantities have the same relation to each 
other as 2a to 4a ? As 36 to 66 ? As Sb to 166 ? 

3. What quantity has the same relation to 6 a that 26 has 
to 46? 

4. What quantity has the same relation to 10 a; that«3^ 
has to 9y ? 

5. What two quantities have the same ratio to each other 
that 5 ay has to 10 a^ ? 

6. What two quantities have the same ratio to each other 
that Sax has to 4aa^ ? 

7. How have the two ratios in each of the several examples 
given above compared in value ? 

301. A Proportion is an equality of ratios. 

Thus, 5 : 6 = 10 : 12, and 5 xy: 10 oey = 4 aziSaZy axe proportions. 

302. The Sign of proportion is a double colon ( : : ) . 

This sign has been supposed to be the extremities of the lines 
which form the sign of equality. It is written between the ratios thus : 
x:y ::2a:2b. 

The sign of equality is frequently used instead of the double colon. 

303. The Antecedents of a proportion are the antecedents of 
the ratios which form the proportion. 

Thus, in the proportion a : 6 : : c : df, a and c are the antecedents, 
268 
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804. The Oonsequents of a proportion are the consequents of 
the ratios which form the proportion. 

Thus, in the proportion aihiicid, b and d are the consequents. 

305. The Extremes of a proportion are the first and fourth 
terms of the proportion. 

Thus, in the proportion a:b: icid, a and d are the extremes. 

306. The Heans of a proportion are the second and third 
terms of the proportion. 

Thus, in the proportion a:b::c:dj b and e are the means, 

307. A Mean Proportional is a quantity which serves as both 
means of a proportion. 

Thus, in the proportion a:b::b:c, 6 is a mean proportional. 

Since a proportion is an equality of ratios, and the ratio of 
one quantity to another is found by dividing the antecedent 
by the consequent, it follows that — 

308. Principle. — A proportion may be eocpressed as an 
equation in which both members are fractions. 

Thus, the proportion aibixc-.d may be expressed as - = -• 

6 d 

Since a proportion may be regarded as an equation in which 
both members are fractions, it follows that — 

809. Pbikciple. — The changes that may be made upon a 
proportion without destroying the equality of its ratios^ are based 
upon the changes that may be made upon an equation without 
destroying the equality, and upon the terms of a fraction without 
attenng the value of the fraction. 

PRINCIPLES OP PROPORTION. 

810. 1. Let any four quantities form a proportion; as 
a:h:'.c:d. 

2. Express the proportion as a fractional equation. 

3. Clear the equation of fractions. 



- f iiion contain? 
f produced from 

P R P ' '' '^ prodMci of (fc 

/ H3. 

^3 as both means of a pro- 
two 
' ,,emea t's equal to the square of the mean 

^ONSTKATION OF PKINCIPLE I. 

/represent any proportion. 

'>' M- 

ctions, ad = bc. 

product of the extremes is equal to the piod- 

mTMEBICAL ILLUSTRATIONS. 

3r6:T8:16 
3x16 = 8x6 

48 = 48 

e the proportion a:b::c:d into an equation, 

ciple 1. 

be, how may the value of a be found ? How 

What parts of the proportion are a and d ? 
, may either extreme of a proportion be 
ay either mean be found? 
E 2. — Either extreme is equal to iheproduct of 

by (Ae other extreme. Either mean ia equal to 

extremes divided by the other mean. 

■c-dn — '"' (i — — ft— — e — 5^ 
■ ' ~ d' ^ a' ~ c' ~ 6 

rin. 2, and illustrate its truth with tmmbera. 



t» 
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A^ f ad = &c, what will be the resulting equation 

mbers are divided hj bd? 

^ resulting equation as a proportion. 

\ the first member of the equation, form 

Vhat does be form ? 
\. 

- If the product of two quantities is equal 

J two other quantities^ one pair of them may he 

. extremes, and the other pair the msans, of a proportion. 

Thus, when ad = bc, a:b::c:d. 

Demonstrate Frin. 3, and illustrate its truth with numbers. 



316. 1. Change the general proportion a:b::c:d into an 
equation, according to Principle 1. 

2. Divide the members of the equation by cd. 

3. Express the result as a proportion. 

4. What change has taken place in the order of antecedents 
and consequents, compared with the original proportion ? 

817. Pbinciple 4. — If four quantities are in proportion, 
tlie antecedents will have the same ratio to each other as the 
consequents. 

Thus, when a:b::c:d,a:c::b:d. 

When the antecedents are to each other as the consequents, the quanti- 
ties are said to be in proportion by Alternation. 

Demonstrate Prin. 4, and illustrate its truth with numbers. 



318. 1. Change the general proportion a:b::c:d into an 
equation, according to Principle 1. 

2. Divide the members of the equation by ac. 

3. Express the result as a proportion. 

4. What change has taken place in the order of the terms 
in each couplet, compared with the original proportion ? 
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819. Principle 5. — Iff<yar quantities are in proportian, the 
second will be to the first as the fourth to the third. 

Thus, when a:b::c:d, b:a::d:c. 

When the terms of each ratio are written in the inverse order, the 
quantities are said to be in proportion by Inversion. 

Demonstrate Prin. 5, and illustrate its truth with numbers. 



320. 1. Express the proportion a:b::c:d os a fractional 
equation. 

2. Add 1 to each member of the equation. 

3. Eeduce each of the mixed quantities to the fractional 
form. 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
terms of the original proportion ? 

6. Since, when a:b::c:d, b:a::d:c (Prin. 5), if the 
changes just indicated are made in the second proportion, how 
may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? 

321. Principle 6. — Jf four qualities are in proportion, the 
sum of the terms of the first raiio is to either term of the first 
ratio as the sum of the terms of the second ratio is to the cm're' 
sponding term of the second ratio. 

Thus, when a:b::c:d, a + b:b: :c -\- did and a + b:a: :c + d:c. 

When the sum of the terms of a ratio is to one of the terms as the sum 
of the terms of another ratio is to its corresponding term, the quantities 
are said to be in proportion by Composition. 

Demonstrate Prin. 6, and illustrate its truth with numbers. 



322. 1. Express the proportion a:b::c:d as a fractional 
equation. 

2. Subtract 1 from each member of the equation. 

3. Reduce each of the mixed quantities to the fractional 
form. 



PROPORTION. 263 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
terms of the original proportion ? 

6. Since, when a:b::c:d, b:a::d:c (Prin. 6), if the 
changes just indicated are made in the second proportion, how 
may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? 

323. Principle 7. — If four quantities are in proportion, the 
difference between the tei'tna of the first ratio is to either term of 
the first ratio as the difference between the terms of the second 
ra^io is to the corresponding term of the second ratio. 

Thus, when a:b::c:dj a — b:b: :c — did and a — h:a: :c — die. 
When the difference of the terms of a ratio is to one of the terms as 

the difference of the terms of another ratio is to its corresponding term, 

the quantities are said to be in proportion by Division, 

Demonstrate Prin. 7, and illustrate its truth with numbers. 



324. 1. Change the proportion a.bwcid, according to Prin- 
ciple 6. Express the resulting proportion. 

2. Change the same proportion according to Principle 7. 
Express the resulting proportion. 

3. Change these proportions to fractional equations. 

4. Divide the first equation by the second. 

5. Express the result as a proportion. 

6. How are the terms of this proportion formed from the 
terms of the original proportion ? 

325. Principle 8. — If four quantities are in proportion, the 
mm of the quantities which form the first couplet is to their 
difference as the sum of the quantities which form the second 
couplet is to their difference. 

Thus, when a:b::c:d,a + b:a — b::c + d:c — d. 

Demonstrate Prin. 8, and illustrate its truth with numbers. 
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326. 1. Express the proportion a:b::c:d as a fractional 
equation. 

2. Raise each member to the nth power. 

3. Express the nth root of each member. 

4. Express each of the equations as a proportion. 

5. How may these proportions be formed from the original 
proportion ? 

327. Principle 9. — If four quantities are in proportion, the 

same powers of those quantUieSj or the same roots, wiU be in 

proportion. 

11 11 

Thus, when a:b::c:d, a" : 6" : : c*» : (?», and a" : 6" : : c*» : d^. 

Demonstrate Prin. 9, and illustrate its truth with numbers. 



328. 1. Express the proportion a:b::c:d as a fractional 
equation. 

2. What may be done to a fraction without changing its 
value ? 

3. Multiply the terms of the first fraction by m, and the 
terms of the second by n, 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
original proportion ? 

329, Principle 10. — If four quantities are in proportion, 
any equi-muUiple of the terms of the first couplet will be pro- 
portional to any equi-multiple of the terms of the second couplet. 

Thus, when a:b::c:d, ma imbiinc: nd. 

Demonstrate Prin. 10, and illustrate its truth with numbers. 



330. 1. Express the proportions a:b::c:d and x:y::z:w 
as fractional equations. 

2. Multiply together the corresponding members of the 
equations. 
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3. Express the lesulting equation as a proportion. 

4. How are the terms of this proportion formed from the 
terms of the original proportions a:b::c:d and x:y::z:w? 

331. Principle 11. — The pi'oducts of the con^esponding terms 
of any number of proportions are in proportion. 

Thus, when a:b::c:d and x:y::z:w,ax:by::cz: dw. 

Demonstrate Prin. 11, and illustrate its truth with numbers. 

Prove that the quotients will be in proportion if the pro- 
portions are divided term by term. 



332. 1. Express the proportions a:b::c:d and a:b::e:f 
as fractional equations. 

2. Since the first members of the equations are equal, what 
will the second members form ? 

3. Express the resulting equation as a proportion. 

4. How are the terms of this proportion formed from the 
terms of the original proportions a:b::c:d and a:b::e:f? 

333. Principle 12. — If two proportions have a couplet in 
each the same, the other couplets will form a proportion. 

Thus, when a : & : : c : d, and a : 6 : : e :/, then c:d::e:f. 

Demonstrate Prin. 12, and illustrate its truth with numbers. 

EXAMPIXS. 

334. 1. In the proportion 5 : 8 : : 4 : a;, find the value of x. 

Solution. 

5:8: :4:x 
Prin. 1, 6a; = 32 

In solving examples like the following, the student should employ as 
many of the Principles of Proportion as are applicable. 
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Find the value of x in the following proportions : 

2. 3: a;:: 4: 6. 7. « : 14 — OJ : : 4 ; 3. 

3. oj: 5:: 3:10. 8. a; : 12 : : « — 12 : 3. 

4. 4 : 6 : ; a? : 4. 9. a; : 6 : : a; + 6 : 10^. 

5. 3: a;:: a?: 12. 10. aj — 7 : a?-|-7 : : 2 : 9. 

6. a?:4::aj2:6. 11. a^: 3 — a; : : 8 : : 2. 

12. aj — l:a; — 2::2a;4-l:a; + 2. 

13. Divide $ 40 between two men so that their shares shall 
be in the proportion of 3 to 7. 

14. There are two numbers in the ratio of 2 to 3, and if 3 
be added to each, the ratio of the resulting numbers will be 
5 to 7. What are the numbers ? 

15. There are two numbers which have to each other the 
ratio of 3 to 5, and if 4 be added to each, the results will have 
the ratio of 2 to 3. What are the numbers ? 

16. Mr. A's crop of wheat was to his crop of oats as 2 to 3. 
If he had raised 50 bushels more of each, the quantity ^ of 
wheat would have been to the quantity of oats as 5 to 7. 
How many bushels of each kind of grain did he raise ? 

17. Find two numbers such that the greater is to the less 

as their sum is to 6, and the greater is to the less as their 

difference is to 2. 

Solution. 

Let X = the greater ; y = the less. 

By the conditions, x:y::x-\-y:6 (1) 

x:y::x — y:2 (2) 

ByPrin. 12, x + y:6::x '-y:2 (3) 

By Prin. 4, x + y:x — y::Q:2 (4) 

ByPrin. 8, 2x:2y::S:4 (5) 
By Prin., Art. 309, x:y::2:l - (6) 

From (1) and (6), Prin. 12, x + y:Q::2:l (7) 

From (2) and (6), Prin. 12, x-y:2::2:l (8) 

From (7), x + y = 12 (9) 

From (8), a; - y = 4 (10) 

/. jK = 8, 2^ = 4 
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18. The product of two numbers is 20, and the difference of 
their squares is to the square of their difference as 9 to 1. 

Solution. 

Let X = the greater ; y = the less. 

( xy = 20 } (1) 

By the conditions, < ^ > 

^ U2-2/2:(a;-y)2::9:l J (2) 

Dividing first couplet by (x — y)f Prin., Art. 310, 

X + y : X — y : : 9 : 1 (8) 

(4) 
(6) 
(«) 

(7) 
(8) 



By Prin. 8, 


2x:22^::10:8 


By Prin., Art. 309, 


X : y : : 6 : 4 


By Prin. 1, 


4x = 6y 




^=¥ 


Substituting in (1), 


^ = 20 




.-. » = ± 4 




a! = ±5 



19. Find two numbers such that their sum is 8, and their 
product is to the sum of their squares as 15 to 34. 

20. Find two numbers whose difference is 3, and whose 
product is to the sum of their squares as 10 is to 29. 

21. What two numbers are those whose sum is to their dif- 
ference as 7 to 1, and whose product is to the sum as 24 to 7 ? 

22. The sum of two numbers is 12, and their product is to 
the sum of their squares as 2 to 5. What are the numbers ? 

23. The sum of two numbers is 6, and the sum of their 
squares is to the square of their sum as 5 to 9. What are the 
numbers ? 

24. What two numbers are those whose product is 12, and 
the difference of whose cubes is to the cube of their difference 
as 37 to 1 ? 
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FRACTIONAL EQUATIONS SOLVED BY THE 
PRINCIPLES OF PROPORTION. 

335. Since a proportion is an equality of ratios^ and the 
ratio of two quantities may be expressed as a fraction, it is 
evident that the Principles of Proportion are applicable to 
equations which have both members fractions. 

Regarding the numerator of each fraction as an antecedent, 
and the denominator as a consequent, the terms of each frac- 
tion as a couplet, and the equation as a proportion, the Princi- 
ples of Proportion may be readily applied. 

1. Given ^-Va;4-1 ^ 6 ^^ g^^ ^ 

Solution. 

x + Vx + l 11 

By Prin. 8, the sum of the numerator and denominator of each mem- 
ber, divided by their difference, will form an equation. 

Hence, — ^ — = — (2) 

By Prin., Art. 309, ^ = | (3) 

Vx + 1 ^ 

Squaring, -^ = ? W 

Clearing of fractions, etc., 9 x^ — 64 x = 64 (6) 

Whence, x = 8 or — | 

2. Given a^HM-a^^^ = ^, to find x. 

-y/x -f a + Va? — a ^ ^ 

Solution. 

Vx + g — Vx — a __ x^ /j\ 

Vx + a + y/x — a ^ a 

By Prin. 8, gv^Ta ^ « + 2a (j) 

2Vx^^ 2o-a! 








PB 


^OPORTION. 


By Prin., Art. 309, 


Vx-\-a_x-{-2a 
Vx-a 52a-» 


Squaring, 




x-\-a_x^-{-4ax-{-4a^ 


By Prin. 8, 




2a Sax 


By Prin., Art. 309, 




x_x^-\-4a^ 
a 4ax 


Dividing denominators by 


a, 


4x 


Whence, 




x = ±2a\/i 
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(3) 

(4) 

(6) 
(6) 
(7) 



Solve the following by applying the Principles of Proportion 
when possible: 

3. Given ^^Zl2^4>^Zl?, to find ». 

V6JB + 2 4V6a; + 6 

4. Given ^^ziJ^ 3V^-26 ^^^^ 



6. Given Vlx + l + Vix ^ ^^ ^ ^^ ^ 

V4» + l — via 

In the solution the second member may be written as f . 



6. Criven ^ — = 6, to find x, 

Vo-fi — Va — X 



7. Given V^+T-Va^-1 ^1 ^ find a,. 



8. Given «±£±V2^±^ = 6, to find a:. 

a + aj— V2aa; + a2 



9. Given ^"' + '^-' + '" = ^, to find x. 
■Va^ + n^ — x c 



PROGRESSIONS. 



336. 1. How does each of the numbers 2, 4, 6, 8, 10, 12, 
compare with the number that follows it ? 

2. How may each of the numbers 4, 6, 8, etc., be obtained 
from the one that precedes it in the series 2, 4, 6, 8, etc. ? 

3. How does each of the quantities 4 a;, 8 a;, 16 a;, compare 
with the one that precedes it in the series 2 a;, 4 a;, 8 a;, 16 a;? 

4. Write a series of six quantities, beginning with 2 a and 
increasing by a constant addend 3 a. 

5. Write a series of six quantities, beginning with a and 
increasing by a constant multiplier r. 

337. A Series of quantities is a succession of quantities, each 
derived from the preceding according to some fixed law. 

338. The first and last terms of a series are called the 
extremes, the intervening terms the means. 

Thus, in the series, a,a + d, a + 2d, a + 3 (2, the quantities a and 
a + 3 (2 are extremes, and the others are means. 

339. An Ascending Series is one in which the quantities 
increase regularly from the first term. 

Thus, 2, 4, S, 16, and a, a + d, a-\-2d, etc., are ascending series. 

340. A Descending Series is one in which the quantities 
decrea-se regularly from the first term. 

Thus, 24, 12, 6, 3, and a, a — d, a — 2 d, a — 3 d, are descending series. 
270 
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ARITHMETICAL PROGRESSION. 

341. An Arithmetioal Progression is a series of quantities each 
of which is derived from the preceding quantity by the addi- 
tion of a constant quantity. 

Thus, 4, 6, 8, 10, 12, 14, and a, a — d, a — 2 d, a — 3 d, are arithmetical 
progressions. 

342. The constant quantity which is added is called the 
Common Difference! 

The common difference may be either positive or negative. When it is 
positive, an ascending series is produced ; when negative, a descending 
series. 

343. To find the last term. 

1. In the arithmetical progression, x, x-\-2, a? 4- 4, »4-6, 
what is the common difference? How many times does it 
enter into the second term ? How many times into the third 
term ? How many times into the fourth term ? 

2. In the series a, a 4- d, a -{'2d, a -f 3(f, how is the second 
term formed from the first term? The third term? The 
fourth term? The seventh term? The thirteenth term? 
Any term ? 

3. If the above series were descending, the first three terms 
would be a, a — d, a — 2c?. What would be the fifth term? 
The ninth term ? The eleventh term ? The twentieth term? 
The wth term ? 

344. When a represents the first term, d the common dif- 
ference, I the last term, and n the number of terms, 

I. Z=a + (n-l)d. That is, 

345. Principle. — The last term of an arithmetical progres- 
sion is equal to the first term increased by the comwxm difference 
multiplied by the number of terms less 1, 
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1. Find the 15th term of the series 1, 3, 5, 7, etc. 

PROCESS. 

I =z a -\' (n — l)d Explanation. — In this example a = 1, d = 2, 

and n = 15. Substituting these values in the 
1 = 1 -{■ (15 — 1)2 fonnula, the value of Z, or the last term, is 29. 

Z = 29 

2. Find the 18th term of the series 4, 7, 10, 13, etc. 

3. Find the 12th term of the series 3, 7, 11, 15, etc. 

4. Find the 10th term of the series H, 2, 2^, 3, etc. 

5. Find the 12th term of the series 25, 23, 21, 19, etc. 
Suggestion. — The common difference is —2. 

6. Find the 20th term of the series 8, 4, 0, — 4, etc. 

7. Find the 30th term of the series a, 2 a, 3 a, 4 a, etc. 

8. Find the 15th term of the series f, ^, f, ^, etc. 

9. Find the nth term of the series 1, 3, 5, 7, etc. 

10. A boy agreed to work for 50 days, at 25 cents for the 
first day, and an increase of 3 cents per day. What were his 
wages the last day ? 

11. A body falls 16^ feet the first second, 3 times as far 
the second second, 5 times as far the third second. How 
far will it fall the seventh second ? 

346. To find the snm of the terms. 

1. Express five terms of the series a, a -f d, etc. 

2. How is the term before the last obtained from the last? 
The second term from the last ? The third term from the last? 

3. Express four terms of the series before the last, when I is 
the last term, and d the common difference. 

4. How will the sum of the last four terms and the first 
compare with the sum of the terms, in a series consisting of 
only five terms ? 
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347. Let a represent the first term, I the last term, d the 
common difference, n the number of terms, and a the sum of 
the terms. 

Writing the sum of n terms in the usual order and then in 
the reverse order, and adding the terms, we have : 

5 = a 4- (a + d) + (a 4- 2d) 4- (a + 3d) H h ^ 

5 = ^ 4- (^ - d) + (Z - 2 d) 4- (/ - 3 d) 4- . . . a 

2s = (a + l)-^(a'{-l) + {a + l) + (a + l)+'"(a + 1) 

.*. 2«=sn(a4-I) 

II. « = 2(a 4- 1) or nf^^\ That is, 

348. Peinciple. — The sum of any number of terms in arith- 
metical progression is equal to one half the sum of the extremes 
ravUiplied by the number of terms. 

EXAMPIiBS. 

1. What is the sum of the series 2, 4, 6, 8, etc., containing 
12 terms ? 

PBOOESS. 

I = a4-(n — l)d 

^ = 24-(ll x2) = 24 Explanation. — Since the last term is not 

(, *v given, it is found by the previous case to be 

J 24. Then, by the formula given for obtain- 

^ / ing the sum, it is found to be 156. 

2. What is the sum of 12 terms of the series 1, 3, 5, 7, etc. ? 

3. What is the sum of 9 terms of the series 4, 6, 8, 10, etc. ? 

4. What is the sum of 8 terms of the series 5, 8, 11, etc. ? 
6. What is the sum of 7 terms of the series 3, 4^, 6, etc. ? 

6. What is the sum of 8 terms of the series 3 a, 6 a, 7 a, 
9a, etc.? 

7. What is the sum of 9 terms of the series a4-6, a + h + c^ 
a 4- 6 4- 2c, etc.? 

ALGEBRA. — 18. 



274 HIGH SCHOOL ALGEBRA. 

8. What is the sum of n terms of the series x, 3x, Bx, 
7x, etc.? 

9. What is the sum of 8 terms of the series 2, 1, 0, — 1, 
- 2, etc. ? ' 

10. A man walked 15 miles the first day, and increased his 
rate 3 miles per day. How far did he walk in 11 days ? 

11. How many strokes does a clock strike in 12 hours ? 

12. A person received a gift of $100 per year from his 
birth until he was 21 years old. These sums were deposited 
in a bank, and drew simple interest at 6%. How much was 
due him when he became of age ? 

13. A debt can be discharged in 26 days by paying $ 1 the 
first day, $3 the second, $5 the third, and so on. What is 
the amount of the debt ? 

14. If a man travels 20 miles the first day of his journey 
and increases his rate 3 miles each day, how far will he travel 
in 12 days ? 

16. If a person travels 30 miles the first day, and each suc- 
ceeding day a quarter of a mile less than he traveled the day 
before, how far will he travel in 45 days ? 

16. A sets out for a certain place, and travels 1 mile the 
first day, 2 the second, and so on. Five days afterward B 
starts from the same place to overtake A, and travels 12 miles 
a day. How far will A have traveled before he is overtaken ? 

17. Thirty flower pots are arranged in a straight line four 
feet apart. How far must a lady travel who, after watering 
each plant singly, returns to a well four feet from the first 
flower pot, and in a line with the plants ? 

18. A body falls 16^ feet the first second, and in each 
succeeding second 32|- feet more than in the next preceding 
one. How far will it fall in 20 seconds ? 
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349. From the fundamental formulas, 

Z = aH-(n — l)d and « = ^(a4-Z), 

when any three of the elements are given the other two may 
be found. 



1. How many terms are there in the series 3, 6, 7, etc., if 

the sum is 168 ? 

Solution. 

Z = a+(n-l)(i 

.*. { = 3 + 2n — 2 = l4*2n, tobe substitated in next fonnula. 

168 = ^(3 + 1 + 2n) = ^(4 + 2n)=2n + n« 

n« + 2n = 168 

n = 12 or - 14 

The n^atiye value has no significance, therefore the number of terms 
is 12. 

2. The last term of the series is 50, the common difference 
4, and the sum of the terms is 338. How many terms are 
there? 

Solution. 

Z = a + (n- l)d 
50 = a + (n-l)4 
50 = a + 4»-4 

388 = ^^-::^ (a + 50) 

8 

333 _ 2700 + 4o-g« 
8 

.-. a = 2 
and w = 5i^ = 13 
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3. Given d = 4, n = 21, « =s 1197, to find a. 

4. Given n = 10, Z = 29, s = 155, to find d, 
6. Given a = 3, d = 6, « = 607, to find n. 

6. Given a = 25, d = 3, n = 12, to find I 

7. Given a = 6, Z = 42, n =s 9, to find «. 

8. Given I =57, d^5, n = 21, to find a. 

9. Given a = 6, d = 6, Z = 1152, to find n. 

10. Given a =9, 1 = 41, « = 150, to find n. 

11. Given a = 27, n = 9, « = 72, to find Z. 

12. Given Z =|, d = ^, 5 = 20, to find a. 

13. Given a = — ^, i = — |, « = — y, to find d. 

14. Given a = f, Z = -^, « = -4i, to find n. 
16. Given d = 21, 1 = 242, n = 12, to find a. 

360. To insert arithmetical means. 

1. Insert 5 arithmetical means between 2 and 26. 

Solution. — Since there are 5 means there must be 7 terms ; hence 
there are given the first term 2, the last term 26, and the number of terms 
7, to find d, the conmion difference. 

Substituting in l = a-\-(n — l)d 

d = 4 

.*. 2, 6, 10, 14, 18, 22, 26, is the series, and the means are 6, 10, 14, 18, 22. 

2. Insert 4 arithmetical means between 3 and 18. 

3. Insert 8 arithmetical means between 13 and 76. 

4. Insert 4 arithmetical means between — 4 and 17. 

5. Insert 4 arithmetical means between 193 and 443. 

6. Insert 8 arithmetical means between i and f. 

7. Insert 6 arithmetical means between — 8 and — 4 

8. Insert 9 arithmetical means between 1 and — 1. 
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SPBOIAL APPLICATIONS. . 

351i In solving some of the problems in Arithmetical Pro- 
gression there are several ways of representing the unknown 
terms of the series. 

1. When X represents the first term of a series, and y the common 
difference, the series may be represented by 

«, « + y, « + 2y, « 4- 3y, etc. 

2. When there are three terms in the series, the middle term may be 
represented by x, and the common difference by y ; as, 

« - y, IB, X -f y. 

3. When there are fiot terms in the series, t&e middle term may be 
represented by x, and the common difference by y ; as, 

a; - 2 y, a; - y, x, a; + y, a; + 2 y. 

4. When there are four terms in the series, x — 3 y may represent the 
first term, and 2 y the common difference ; as, 

a; - 3y, X - y, x + y, x + 3y. 

It is obvious that by the notation adopted the «uffi of the quantities 
contains but one unknown quantity. 

PROBI.EMS. 

1. There are three numbers in arithmetical progression, 
whose sum is 18 and the sum of whose squares is 116. What 
are the numbers ? 

Solution. 
Let X — y = the first term, 

X = the second term, 
X + y = the third term, 

y = the common difference. 



By the conditions. 


f 3x = 18 -k 

l3xa + 2y2 = 116J 


(1) 
(2) 


From (1), 


x = 6 


(3) 


Substituting in (2), 


108-f 2y2 = 116 


(4) 


Whence, 


y = 2 
X — y = 4, 1st term, 

X = 6, 2d term, 
X -f y = 8, 3d term. 


(6) 
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2. The first term of an arithmetical series is 5, the last 
term 92, and the sum of the terms 1455. What is the 
number of terms ? 

3. The first term of an arithmetical series is 2, the last 
term 30, and the sum of the terms 160. What is the number 
of terms ? 

4. The first term of an arithmetical series is 16, the 
common difference — 3^, and the sum of the terms 30. What 
is the number of terms ? 

6. The sum of three numbers in arithmetical progression 
is 15, and the product of the second and third is 35. What 
are the numbers ? 

6. The sum of three numbers in arithmetical progression 
is 9, and their product is 15. What are the numbers ? 

7. The sum of three numbers in arithmetical progression 
is 18, and the sum of their squares is 126. What are the 
numbers ? 

8. There are three numbers in arithmetical progression 
such that the product of the first and third is 16, and the sum 
of the squares of the numbers is 93. What are the numbers ? 

9. There are three numbers in arithmetical progression 
such that the first is 3, and the product of the first and third 
is 21. What are the numbers ? 

10. The sum of four numbers in arithmetical progression 
is 10, and their product is 24. What are the numbers ? 

11. There are four numbers in arithmetical progression 
such that the product of the first and fourth is 27, and the 
product of the second and third is 35. What are the numbers ? 

12. There ^re four numbers in arithmetical progression 
such that the product of the fourth number by the common 
difference is 16, and the product of the second and third is 24 
What are the numbers ? 
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^ are five numbers in arithmetical progression 

\L sum is 40, and the sum of their squares 410. 

'^ nbers ? 

V, lye numbers in arithmetical progression 

{^ *-. is 945. What are the numbers ? 



^■\ 



r numbers in arithmetical progres- 
their squares is 166. What are 



. IS expressed by three digits which are in 

.a progression. If the number is divided by the 

oi the digits, the quotient will be 26, and if 198 be added 

to the number, the digits will be inverted. What is the 

number ? 



GEOMETRICAL PROGRESSION. 

352. A Oeometrioal FrogresBion is a series of quantities which 
increase or decrease by a constant multiplier. 

Thus 2, 4, 8, 16, 32, and a&>, a&^, ah^ a, are geometrical progressions. 

In the first series the ratio is 2 ; in the second it is — 

h 

353. The constant multiplier is called the Ratio. 
The ratio may be integral or fractional, positive or negative. 

354. To find the last term. 

1. In the geometrical progression 2, 4, 8, 16, what is the 
ratio? How is the second term obtained from the first? 
How is the third term obtained from the first ? How is the 
fourth term obtained from the first? 

2. In the geometrical progression a, ocy, x^, x^, a?y*, etc., 
what is the ratio? How many times does the ratio enter as 
a factor into the second term ? How many times into the 
third term ? How many times into the fourth term ? How 
many times into the nth term ? 
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366. When a represents the first term, r the ratio, and I the 
last or nth term, 

L l = ar^-\ That is, 

866. Principle. — The last term of a geometrical progression 
is equal to the first term, multiplied by the ratio raised to a 
power whose index is 1 less than the number of ternns, 

EXAMPI<£S. 

1. Find the 8th term of the series 2, 4, 8, etc. 

PBOCESS. 

I _. ai^"^ Explanation. — In this example a = 2, r = 2, and n = 8. 

Sabstituting these values in the formula, the value of 2, or 
1 = 2 X 2^ the last term, is 256. 

1 = 256 

2. Find the 6th term of the series 5, 10, 20, etc. 

3. Find the 9th term of the series 2, 4, 8, etc. 

4. Find the 7th term of the series 3, 9, 27, etc. 
6. Find the 10th term of the series 1, 2, 4, 8, etc. 

6. Find the 7th term of the series 2 a, 4 a*, 8 a', etc. 

7. Find the 9th term of the series 3, 6 ax, 12a*aj*, etc. 

8. Find the nth term of the series 1, 2, 4, 8, etc. 

9. Find the nth term of the series 3, 12, 36, etc. 

10. Find the 8th term of the series 3, 1, ^, etc. 

11. If a person should be hired for 8 days at the rate of J 1 
the first day, $ 3 for the next day, $ 9 for the third day, and 
so on, what would his wages be for the last day ? 

12. If a man begins business with a capital of $1000, aud 
doubles it every three years, how much will he have at the 
end of 15 years ? 

13. If a man should purchase 10 horses, giving $1 for the 
first, f 2 for the second, $4 for the third, and so on, what 
would the last horse cost him ? 
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14. A man bought 9 bushels of wheat. If he had paid 3 
cents for the first bushel, 9 cents for the second, 27 cents for 
the third, and so on, what would the last bushel have cost him ? 

15. A man worked 6 days on condition that he should 
receive for the 6 days as much as the last day's work would 
amount to at the rate of 1 cent for the first day, 5 cents for 
the second day, and so on, the wages of each day being 5 times 
the wages of the previous day. How much did he receive ? 

16. If a farmer plants a pint of corn and it produces 4 
bushels, how much com will he have at the expiration of 
4 years, if he plants the entire harvest each succeeding spring ? 

17. A capital of $2000 is increased by ^ of itself each 
year. What will it be at the beginning of the fifth year ? 

357. To find the sum of a series. 

1. Express five terms of the series, a, ar, ar^, 

2. What is the nth or last term of the series ? 

358. Let a represent the £rst term, I the last term, r the 
ratio, n the number of terms, and s the sum of the terms. 
Then, 





s = a + ar + a?-* -h ar^ + ••• -I- ar^"^ 


(1) 


(l)xr 


r« = ar -I- ar* H- a?-^ H a?***"^ + a*** 


(2) 


(2) - (1). 


r« — s = af* — a 
»(r — l) = ar" — a 

II. «=«'--» 





r-1 
Since I = a7^''\ rl = ar"^ 

Substituting rl for ar^ in the formula for the sum, we have 

TTT »*^ — « 
III. 8= 

r — 1 
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1. Find the sum of 10 terms of the series 2, 4^ 8; etc. 

PROCESS. 

a = ^^ — ^ Explanation. — In this example, a = 2, r 

r —1 = 2, n = 10. Substituting in the first for- 

^ ^i» ^ mula obtained for the sum, the sum is 2046. 

2-1 

2. Find the sum of 11 terms of the series 1, 2, 4, 8, etc. 

3. Find the sum of 9 terms of the geometrical series 1, 3, 
9, 27, etc. 

4. Find the sum of 12 terms of the geometrical series 4, S, 
16, 32, 64, etc. 

5. Find the sum of 11 terms of the geometrical series 3, 9, 
27, 81, 243, etc. 

6. Find the sum of 10 terms of the geometrical series 2 a, 
4 a, Sa, etc. 

7. Find the sum of 10 terms of the geometrical series 2fl^, 
6iB*, 18 iB*, etc. 

8. Find the sum of n terms of the series 2, 4, 8, 16, etc. 

9. Find the sum of 10 terms of the series 2, 1, ^, \, etc. 

10. Find the sum of 8 terms of the series 8, 2, ^, ^, etc. 

11. The extremes of a geometrical progression are 4 and 
1024, and the ratio is 4. What is the sum of the series ? 

12. The extremes of a geometrical progression are 2 and 
512, and the ratio is 2. What is the sum of the series ? 

13. What is the sum of a series in which the first term is 
2, the last term 0, and the ratio ^ ; or what is the sum of the 
infinite series 2, 1, ^, J, etc. ? 

14. What is the sum of the infinite series 6, 3, 1^, etc. ; or 
what is the sum of a series in which the first term is 6, the 
last term 0, and the ratio ^ ? 
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15. What is the sum of the infinite series 2, |, }, etc. ? 

16. What is the sum of the infinite series 

17. What is the sum of the infinite series 

a?-y + ^-^ + ^etc.? 

18. A man engaged to work for 8 months, upon condition 
that he should receive $2 for the first month, $4 for the 
second, $S for the third, and so on. How much did he earn 
in the time ? 

19. A man rented a farm of 500 acres for 20 years, agree- 
ing to pay $1 for the first year, $2 for the second year, $4 
for the third year, and so on. What was the entire amount 
of rent paid for the farm ? 

20. A merchant made $ 500 the first year, and continued in 
business 5 years, making each year 3 times as much as the 
preceding year. How much did he make? 

21. What sum of money can be paid by eight installments, 
the first of which is $1, the second $2, the third $4, and so 
on in a geometrical ratio ? 

22. If a body be put in motion by a force which would 
move it 10 feet the first second, 8 feet the second, 6.4 feet the 
third, and so on, how far would it move? 

23. A man sold a horse upon the following terms: The 
purchaser was to pay 1 cent for the first mile the owner drove 
him, 2 cents for the second, 4 cents for the third, and so on 
for four hours. If he drove the horse 32 miles in 4 hours, 
how much did the horse cost ? 
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869. To insert geometrical meaxus between two termB, 



1. Insert 3 geometrical means between 2 and 32. 

PROCESS. Explanation. — Since there are 3 

_^ ^_j means, the number of terms is 6. 

^ = ^^ The first term is 2, the last term is 

32 = 2 7^ 32. Substituting these values in the 

. ^ __ ^ formula I = ar^-^t the ratio is found 

^" — * to be 2, the series 2, 4, 8, 16, 32, and 

2 = r the means 4, 8, 16. 

2. Insert 4 geometrical means between 1 and 32. 

3. Insert 3 geometrical means between 31 and 496. 

4. Insert 5 geometrical means between 1 and 729. 

5. Insert 7 geometrical means between 2 and 13122. 

6. Insert 4 geometrical means between \ and 128. 

7. Insert 6 geometrical means between — 2 and — 4374. 

8. Insert 4 geometrical means between 3 and — -f^- 

The geometrical mean between two quantities may also be 
found as follows : 

Let a and h represent the quantities, and m the mean. 

^ = the ratio, as also does -^. 
a m 

.-. ^ = ^, m2 = ab, and m = Vab. That is, 
a m 

360. Principle. — The geometi*ical mean between two quarv- 
titles is equal to the square root of their product, 

9. Find the geometrical mean between 9 and 16. 

10. Find the geometrical mean between 5 and 45. 

11. Find the geometrical mean between 14 and B^, 

12. Find the geometrical mean between — 9 and — 49. 
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13. Find the geometrical mean between 13^ and 4}. 

14. Find the geometrical mean between ^ and 18|. 

15. Find the geometrical mean between 16a^ and 25xy. 

361. From the formulas for the last term and the sum, when 
any three elements are given, the other two can be found. 

1. Given Z, r, and «, to find a. 

2. The last term of a geometrical progression is 128, the 
ratio 2, and the sum 254. What is the first term ? 

3. The last term of a geometrical progression is —128, 
the ratio 2, and the sum — 255. What is the first term ? 

4. Given a, n, and l, to find r. 

5. The first term of a geometrical progression is 2, the 
number of terms 5, and the last term 512. What is the ratio ? 

6. The first term of a geometrical progression is f, the 
number of terms 4, and the last term 18. What is the ratio ? 
Write the series. 

7. Given r, n, and Z, to find a. 

8. The last term of a geometrical progression is 1215, the 
number of terms 6, and the ratio 3. What is the first term ? 
Write the series. 

9. Given a, I, and a, to find r. 

10. The first term of a geometrical progression is 2, the 
last term ^, and the sum ^^, What is the ratio ? Write 
the series. 

11. The first term of a geometrical progression is 3, the last 
term 6144, and the sum 12285. What is the ratio ? 

12. Given a, r, and s, to find I. 

13. The first term of a geometrical progression is 5, the 
ratio 3, and the sum 1820. What is the last term ? 
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SPECIAL APPLICATIONS. 

862. In solving some problems in Geometrical Progression 
there are several ways of representing the unknown terms of 
the series. 

1. When X represents the first term and y the ratio, the series may be 
represented as follows : 

X, xy, xy% 0^, jey*, etc. 

2. When there are three terms in the series, they may be represented 

as follows : 

y 
^t ajy* y*» in which - represents the ratio ; 

or, by a, Vxy, y, in which ^^- represents the ratio. 

3. When there are /our terms in the series, they may be represented 
as follows : 

0? j^ y 

— , X, y, and — , in which - represents the ratio. 
y XX 



PBOBIiEMS. 

1. The sum of three numbers in geometrical progression is 
7f and the sum of squares of these numbers is 21. What are 
the numbers ? 

Solution. 

Let x, Vxy, and y represent the numbers. 

By the conditions, -< > 

^ ' \x^ + xy + y'^ =^21 f (2) 

Dividing (2) by (1), x-y/^ + y = Z (3) 

Adding (1) and (3), 2x + 2y = 10 (4) 

a; + y = 5 (5) 

Subtracting (5) from (1), Vxy = 2 (6) 

a^ = 4 (7) 

Whence x = 1, Va^ = 2, y = 4 
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2. The sum of a geometrical series containing 8 terms is 
1785, and the ratio is 2. What is the first term ? 

3. The sum of a geometrical series containing 6 terms is 
1365, and the ratio is 4. What is the first term ? 

4. The sum of a geometrical series is 1. The first term is 
^y and the last term 0. What is the ratio ? 

5. The first term of a geometrical series is 32, the last 
term 4000, and the number of terms 4. What is the ratio ? 

6. Find three terms in geometrical progression whose sum 
is 13, and the sum of whose squares is 91. 

7. The product of three numbers in geometrical progres- 
sion is 8, and the sum of their squares is 21. What are the 
numbers ? 

8. The sum of the first and third of four numbers in 
geometrical progression is 10, and the sum of the second and 
fourth is 30. What are the numbers ? 

Suggestion. — Represent the numbers by x, xy, xi/^, and xy*. 

9. The sum of four numbers in geometrical progression is 
15, and the last term divided by the sum of the means is |. 
What are the numbers ? 

10. The sum of three numbers in geometrical progression 
is 14, and the sum of the extremes multiplied by the mean is 
40. What are the numbers ? 

11. The sum of the first two of four numbers in geometrical 
progression is 10, and the sum of the last two is 22^. What 
are the numbers ? 

12. Find three numbers in geometrical progression such 
that the sum of the first and last is 20, and the square of the 
mean 36. 

13. The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the means is 
328. What are the numbers ? 
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14. A man bought a farm for 93000, agreeing to pay prin- 
cipal and interest in five equal annual installments. What 
will be the annual payment, including interest at 6% ? 

Solution. 

Let P = any principal. 

p = the annual payment. 

r = the rate per cent. 

P(l + r) = amount due at end of first year. 

P(l + r) — p = sum due after first payment is made. 

P(l + r)2 — p (1 + r) = amount due at end of second year. 

P(l4-*')^— p(l + r) — p = sum due after second payment is made. 

P(l + r)» -p(l + r)* -i>(l + r)8 -i)(l + r)^ -p (1 + r) -p 

= sum due after fifth payment is made. 

Since the debt was discharged when the fifth payment was made, 

P (1 + r)6 -p (1 + r)* - p (1 + r)3 - p (1 + r)2 - p (1 + r) - p = 

Whence, 

P(H- r)* +p(l + r)8 +p(H- r)2 + p(l + r) +p = P(l + r)6 

P=, ^(M-r)6 

(1 + r)* + (1 + r)» + (1 + r)2 + (1 + r)+ 1 

Or, since the denominator forms a geometrical series, 

_ P(l + r)<^ __ Pr(l-f r)5 
^ ~ (1 -t- r)s - 1 "" (1 H- r)s - 1 
r 
And, in general, 

^ iV(l + r)> ^ $6000 X .06 X (1.06)* ^ ^^^g^ ^g 
(l + r)»-l (1.06)6-1 

15. If a man agrees to pay a debt of $ 3000^ bearing interest 
at 7 %, in 6 equal annual installments, what would be the an- 
nual payment ? 

EXAMPI^ES FOB BKTIKW. 

363. 1. Add 3x^y — 4:xVy-\-5, Viy + 2«y* + 4, 6y^x — 
Vxy — 7, 4yV« — 3y^aj — 6, and 2-{-5xy^ --Syx^. 

2. Add 2iB*2/^-f 2a;-V_3a52^ 25*a;— ]/*-a + 6a^, 3aj*/- 
5(^2^-26*aj-'"y^ + 3a, and 2a^ + cy. 
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3. Add 46 — 2cy""' + m to 7cy"' + 8aaj — 66 + 10a» — 26 
+8m— 3, and subtract from the result the sum of Sox— 4m+3, 
5cy"' — 3005 — 6, and 3m — lOcy"* — 2m. 

4. From 17a!y»+3a»+10a subtract 7ay+4a»+12aj— 26a?. 
6. Multiply a* + a»6 + aV + a6» + 6* by a-6. 

6. Multiply 3ar-^ — 2y— « by 2 a? — 3 y*. 

7. Multiply 3a;"* -2y* by 3aj~* + 2y*. 



«— « 



8. Multiply 2a?*-3y « by 2a:*' + 3y • . 

9. Expand (a:*' + y**)(x*' + y*"). 

10. Divide a?* — y* by x + y. 

11. Divide Qi? + }f by aj + y. 

12. Divide af — y" by «— y to6 terms. 

13. Divide ^ + a* + ^ + ? by ?+l. 

2 8 4 ^2 

14. Factor 4a5' + 4ay + y*. 

15. Factor «* — y*. 

16. Factor a;" — 2a; — 35. 

17. Factor a» — 6a;— 27. 

18. Factor a;* — /. 

19. Find the highest common divisor of a*— y*, «* — 2a;y + y", 
and xy — y*, 

20. Find the highest common divisor of 6a^ + lla:* + 3 
and 2a?* — 5a;* — 12. 

21. Find the highest common divisor of 4 a;* — 24 a;* + 34 a* 
+ 12a; -18 and 4a;»-18a;* + 19a;-3. 

22. Find the highest common divisor of as* — 4a;'— 16a;* + 
7a; + 24 and 2a;»-15a;* + 9a; + 40. 

23. Find the lowest common multiple of 2a'as, 3aa^, and 
4a*a5y. 

▲ LOBBRA. — 19. 
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24. Find the lowest common multiple of a?* — y*, aj-fy, 
x — y, and xy^-y^, 

25. Reduce -— -r -^— — to its lowest terms. 

Jar — X — 6 

26. Reduce ,^^ o^^""^^ to its lowest terms. 

jc3 + 2aj*-3a; + 20 



27. Reduce ^^r % r to its lowest terms. 

28. Simplify -^ - -^ + ^ 



05 + 1 1 — 05 aj^— 1 

29. Simplify 3 + 25 _^ 2-3^ 1^-^. 



80. Simplify 
1 



+ 



(a-.6)(6-c) (6-a)(a-c) (c-a)(c-6) 



81. Simplify --^-i-5—+ ^""^ 



l + a; + aj2 1 — aj + a^ l+a* + «* 



32. Simplify (. + i)(a^ + A)(.-l). 



33. Simplify ^ + 5^_2^=|1. 

a — a-\-o a+cr 



34. Simplify f-^ + l-^U/_^_._^ 

a; j \ X 

36. Divide f-? 3L.A by f-^ + -i^Y 

\x-y x + yj ya^ + f af — fj 
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36. Multiply ^^-g^y + y*-^ by =L±JLzl. 

2x-3 + - 

37. Simplify ^^_^'' - 

X 

38. Divide 2^^^^ by V^^. 

39. Raise a + y to the seventh power. 

40. Expand (2a + 36)*. 

41. Expand (a + 6)^®. 



42. Eaise Va-Ky to the sixth power. 

43. Find the sum of V^, VS^V, V^^. 

44. From -V3a^z-\-exyz-{-3fz subtract Vl2y*2. 
46. From 6-v^ subtract 6>^. 

46. Multiply V« — Vy by V« + Vy. 

47. Multiply Va+V6 by Va+Vft. 

48. Solve 7-[7 + 7-(7 + aj)] = 7. 

49. Solve a -^— = 6 • 

X X 

50. Solve -H = -H — • 

a — b X a-\-b x 

^^ a ^ bx d a CX 
61. Solve = - -• 

a c b a 

52. Solve i^±i + ^^"^^ = ^^ + ^^. 

9 6a; -12 18 

63. Solve (aj + |)(aj-f)-(aj + 6)(aj-3) + | = 0. 

64. Solve — ^ ^ / 4- ^ ^ / = m + n. 

x-{-b x-\-a 
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Solve : 

55. — = o — X, 

X-\-4: 

56. (! + «)'+ (!-«)* = 242. 
67. V4 + «= ^ 



62. <( 



05 + 2 = 8. 



V4— 03 

58. Va;-32 = 16-Vac. 



59. V4aj + 21 = 2ViB + l. 

V9a-4 15 + 3Va 

Va + 2 V» + 40 



60. 



61- V2 4-« + Va; = 



V2T 



a; 



iaJ + iy + i2^ = 22. 

63. ^i« + y + i2 = 33. 

7a;-22 + 3w = 17. 
4^ — 22 4-1; = 11. 

64. ^ 5y — 3x — 2w = S. 
4:y — 3w + 2v = 9, 



> 



65. 



'cx-\-y-\-az = a-\-ac-\-c. 

c^x -\- y -\- ah = Sac, 

acx- + 2y + acz = a* + 2ac 4- c*. 



66. 



67. 



riB« + i»y = 12.| 
ty8 + ajy = 24.) 

f 3a; + 3y = 16. 
lay = 6. 



72. 



ja:8 + 2y* =41. 



= 41.| 
= 33.) 



} 



aj2y + xy^ = 180. 



^®* iar' + y' = 189. { 



73. 



74. 



+ 2xy 

x' + x-\- y = 18-3^. 
xy 



(oi?-\-x-\ 

{ 



} 



xy-\-xf = 12. 



= 12. 1 
= 18.) 



69. 



( V^=15. ) 



75. 



^0J^y* = 96 — 4o5y. 
( a; + y = 6. 



} 



70. -^ 16 ^ 



aJ + y + Va; + y = 12. 



71 



jaj*-y* = 369.'i 




} 
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78. Solve }2a^-24(.4-y) = -240.j 

(aj« + 3^ = 100. > 

79. Solve I (;;-2.)(^ + S^) = 13.| 



80. What two numbers, which are to each other as 3 to 4, 
have a product which is equal to twelve times their sum ? 

81. A person being asked the time of day, replied that the 
time past noon was equal to f of the time to midnight. What 
was the time of day ? 

82. Find a number which being increased by 4 and the 
sum multiplied by 3, gives the same result as if half the 
number were multiplied by 8 and the product were diminished 
by 8. 

83. Find two numbers in the proportion of 3 to 4 such that 
if 9 be added to each the sums will be as 6 to 7. 

84. The sum of two numbers is 12, and the difference of 
their squares is 72. What are the numbers ? 

85. It is required to divide 99 into five such parts that the 
first may exceed the second by 3, may be less than the third by 
10, greater than the fourth by 9, and less than the fifth by 16. 

86. There are two numbers whose product is 6, and whose 
sum added to the sum of their squares is 18. What are the 
numbers ? 

87. What number is that, to which if 12 be added, and 
from ^ of the sum 12 be subtracted, the remainder will be 12 ? 

88. A boy paid 20 cents for 200 apples and pears together, 
buying 25 apples for a cent and 25 pears for 3 cents. How 
many of each did he buy ? 

89. A steamboat, whose rate in still water is 10 miles per 
hour, descends a river whose velocity is 4 miles per hour, and 
returns. She was away for 10 hours. How far did she go ? 

90. Three years ago A's age was ^ of B's, and 9 years 
hence it will be | of it. What is the age of each ? 
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91. There is a number whose three digits are the same; 
and when 4 times the sum of the digits is subtracted from the 
number, the remainder is 297. What is the number ? 

92. A woman being asked what she paid for her eggs, 
replied, " Six dozen cost as many cents as I can buy eggs for 
32 cents." What was the price per dozen ? 

93. What fraction is that which will be doubled when the 
numerator is multiplied by 4 and 3 is added to the denom- 
inator ; but will be halved when 2 is added to the numerator 
and the denominator is multiplied by 4 ? 

94. The stones which paved a square court-yard would just 
cover a rectangular surface whose length was 6 yards longer 
and whose breadth was 4 yards shorter than the side of the 
square. What was the area of the court ? 

95. A gentleman had not room in his stables for 8 of his 
horses, so he built an additional stable one half the size of the 
other, and then had room for 8 horses more than he had. How 
many horses had he ? 

96. A gentleman purchased two square lots of ground for 
$ 300. Each of them cost as many cents per square rod as 
there were rods in a side of the other, and the sum of the 
perimeters of both was 200 rods. What was the cost of each? 

97. There is a number consisting of three digits. The sum 
of the squares of the digits is 83, and the square of the 
middle digit exceeds the product of the other two by 4. If 
396 be added to the number, the digits will be reversed. What 
is the number ? 

98. A and B hired a pasture, into which A put 4 horses, 
and B as many as cost him 18 shillings a week. Afterward 
B put in 2 additional horses, and found that he must pay 20 
shillings per week. What was paid for the pasture per week ? 

99. The sum of two numbers is 40. If the greater be 
multiplied by 2, and the less by 3, the difference of the 
products will be 15. What are the numbers ? 
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100. A general; having lost a battle, found that he had only 
3600 more than half his army left fit for action, 600 more 
than ^ of his men being disabled by wounds, and the rest, 
which were \ of the whole army, being killed or taken 
prisoners. How many men had he in the army ? 

101. Four places are situated in the order of the letters, 
A, B, C, D. The distance from A to D is 34 miles; the 
distance from A to B is to the distance from C to D as 2 is to 
3, and \ of the distance from A to B added to ^ the distance 
from C to D is three times the distance from B to C. What 
are the respective distances ? 

102. Given a + V3 = — :— — , to find the values of x. 

V3-aj 

103. Several persons incurred an expense of $12, which 
they were to share equally. If there had been 4 more in the 
company, the expense to each person would have been 50 
cents less than it was. How many persons were there in the 
company ? 

104. It is between 11 and 12 o'clock, and the hour hand and 
minute hand make a straight line. What is the time ? 

105. A rectangular field, whose sides are to each other as 2 
to 5, contains 4 acres. What are the length and breadth of the 
field? 

106. Divide 18 into two such parts that the squares of those 
parts may be to each other as 25 to 16. 

107. What will be the payment which will discharge a debt 
of $ 2000 in four years, paying principal and interest in equal 
annual installments, interest at 6 % ? 

108. A rectangular plat of ground has a walk 6 feet wide 
around the outside, which contains \ as much area as the plat 
itself. If the sides are to each other as 3 to 4, what are the 
length and breadth of the plat ? 

109. Given -5 ^ "*" ^ ~ . ^ ^^\,to find x and y. 

ixy : or -{- y' : : 3 : 10 } 
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110. Given i J^ "" . , v . ^^ -. ?■ » to find x and y. 

111. There are four numbers in arithmetical progression 
Bueh that the sum of the two least is 20, and the sum of the 
two greatest is 44 What are the numbers f 

112. A farmer has two cubical granaries. The side of one 
is 3 yards longer than the side of the other, and the difference 
in their solid contents is 117 cubic yards. What is the side 
of each ? 

113. A merchant expended a sum of money in goods, which 
he sold for $ 56, and thereby gained a per cent, equal to the 
number of dollars which the goods cost him. How much did 
they cost him ? 

114. The sum of three numbers in geometrical progression 
is 13, and the sum of the extremes multiplied by the mean is 
30. What are the numbers ? 

116. Given \ ^ "7 ^ [■ , to find x and y, 

(a^ — Jy'=l) 

116. There are two rectangular boxes, one containing 20 
cubic feet more than the other. Their bases are squares, the 
sides of each being equal to the depth of the other. If the 
capacities of the boxes are in the ratio of 4 to 5, what is 
the depth of each box ? 

117. What three numbers in geometrical progression are 
there whose sum is 14, and the sum of whose squares is 84 ? 

118. What is the square root of aV + 6*a^ + c*-h2ato*-f 

119. A merchant has three pieces of cloth whose lengths 
are in geometrical progression. The aggregate length of the 
three pieces is 70 yards, and the longest piece is 30 yards 
longer than the shortest. What is the length of each ? 

120. A father divided $ 2100 among his three sons, so that 
the shares were in geometrical progression, and the second 
had $ 300 more than the third. What was the share of each ? 
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121. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and then finds that the quantities left are 
to each other as 4 to 7. He then puts into the smaller cask 
3 gallons, and into the greater 4 gallons, and the quantities 
they contain are then to each other as 7 to 12. How many 
gallons were there in each at first ? 

122. Some smugglers discovered a cave which would ex- 
actly hold their cargo, which consisted of 13 bales of cotton 
and 33 casks of wine. While they were unloading, a revenue 
cutter hove in sight, when they sailed away with 9 casks and 
5 bales, leaving the cave two thirds full. How many bales, or 
how many casks, would the cave hold ? 

123. A farmer sold a meadow at such a rate that the price 
per acre was to the number of acres as 2 to 3. If he had 
received $270 more for it, the price per acre would have been 
to the number of acres as 3 to 2. How many acres did he sell, 
and at what price per acre ? 

/— 40 

124. Given \7f r= 3a?, to find x. 

Va? 
126. The sum of two numbers is to their difference as 4 to 
1, and the sum of their cubes is 152. What are the numbers ? 

126. A and B set out from two towns which were 204 miles 
apart, and traveled in a direct line until they met. A traveled 
8 miles per hour ; and the number of hours before they met 
was greater by 3 than the number of miles B traveled per 
hour. How far did each travel ? 

127. A merchant bought a number of pieces of cloth for 
$ 225, which he sold at $ 16 a piece, and gained by the sale as 
much as one piece cost him. How many pieces were there ? 

128. '^here are three numbers in arithmetical progression 
whose sum is 15. If 1, 4, and 19 be added to them respect- 
ively, they will be in geometrical progression. What are the 
numbers? 

129. A and B agreed to reap a field of grain for 90 shil- 
lings. A could reap it in 9 days, and they promised to complete 
it in 5 days. They were obliged, however, to call to their 
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assistance G, an inferior workman, who worked the last two 
days, in consequence of which B received 3s. 9d. less than he 
otherwise would have received. In what time could B and C 
reap the field ? 

130. Find two quantities such that their sum, their product, 
and the sum of their squares shall be equal to each other. 

131. Find two quantities such that their product shall be 
equal to the difference of their squares, and the sum of their 
squares shall be equal to the difference of their cubes. 

132. A sets out from London to York, and B, at the same 
time, from York to London, both traveling uniformly. A 
reaches York 25 hours and B reaches London 36 hours after 
they have met on the road. Li what time did they each 
perform the journey ? 

133. From two towns, which were 102 miles apart, two 
persons, A and B, set out to meet each other. A traveled 3 
miles the first day, 5 miles the second day, 7 miles the third 
day, and so on. B traveled 4 miles the first day, 6 the next, 
8 the next, and so on. In how many days did they meet ? 

134. Given a?* - 2 aj* + a; = 30, to find a?. 

Resolve into factors by partially extracting the square root and factor- 
ing the remainder. 

135. Given aj»-6a^ + lla; = 6, to find aj. 

Multiply both members of the equation by x, and resolve into factors 
by extracting the square root partially and factoring the remainder. 

136. Given •] ^ T ^ Z. 007 [y^ ^^ » a^d V- 

( iC* -h V* = 17 ) 

137. Given < ^ . , ^/v r > to find x and y. 

(aj»y + a;/ = 10 j ' ^ ^ 

138. A railway train, after traveling 2 hours, is detained 
by an accident 1 hour. It then proceeds, for the rest of the 
distance, at f of its former rate, and arrives 7f hours behind 
time. If the accident had occurred 50 miles further on, the 
train would have arrived 6^ hours behind time. What was 
the whole distance traveled by the train ? 



IMAGINARY QUANTITIES. 



364. 1. What is the square root of a*? Of — a'? 



2. Into what factors may V— a* be separated so that one 
of them shall be a perfect square ? V — 4 ? V— 9 ? 

3. What is the square of any radical quantity of the second 
degr ee? W hat is the square of VS ? Of V^^ ? Of V^^3a ? 
Of V^=^? 

366. An Imaginary Quantity is an indicated even root of a 
negative quantity. 

Thus, V— 2 a, V— 3 as, V— a are imaginary quantities. 
In contradistinction to imaginary quantities, all other quantities, 
whether rational or irrational, are called real quantities. 

In accordance with the processes in radicals, 

V^Ti =V4 xV^ = 2V:rT 

V3l6 = Vl6 X V^=l = 4 V^ 



V^ =V5 xV^=3=V6V^rT 



-yZ-^a* =Va^ X V— l = aV— 1. Hence, 

366. Principle. — Every imaginary quantity may be reduced 
to the form of aV—T, in which a is real and •>/— 1 is the 
imaginary factor. 

367. An expression which contains an imaginary quantity 
is called an im^i/ginary expression. 

Thus, 3 -I- V— 6 is an imaginary expression. 
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868. To add or snbtract imaginary quantities. 



1. Add V^^^ and 2V^=^4i?. 



PBOCESS. 

V— aj*= a;V— 1 



5xV^n. 



Explanation. — Since the radical expres- 
sions aie dissimilar, they must be reduced to 
similar radicals before adding. Re ducin g and 
adding coefficients, the sum is 5xV— 1. 



Simplify : 



2. V^Tl+A.^^^. 

3. V^Ts + Vinj. 



4. 6 V^^ + 2 V^=ri6. 
6. 4V^ri25-3V^^^80. 



7. V— a»+V-4a^. 

8. 2V^=^4y+26V=r9. 



9. 3V- 16aV+ aV- 25x*. 
10. V-9a*-aV— 16. 



11. V-3mV-V-27mV. 



369. To midtiply imaginary qnantities. 
1. Multiply 2V^^ by 2V^. 



2 V^=3 = 2 V3 X V^^ 



2V^^=2V6xV-l 

(2 V3 X V^^) X (2 V6 X V^n:) 

= 4 Vis X ( V^=T)« = - 4 Vis = - 12 V2 

Explanation. -^ In order to determine the sign of the product, ¥re 
separate each of the imaginary quantities into two factors, one of which 
is V— 1. We then multiply, as in radical quantities, observing that 
(V— 1)^ = — 1. V— 1 X V— 1 would, according to the ordinary roles 
for multiplication of radicals, give as a product V+ 1, which is equal to 
± 1 ; but, inasmuch as we know that V4- 1 was derived from the prod- 
uct of two negative factors, viz., V— 1 and V— 1, the root of V+l, in 
this case, is — 1, and not + 1- Hence, 
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370. Pbingiple. — The product of two imaginary quantities 
is real, and the sign before the radical is determined by the 
ordinary rules reversed. 

Multiply : 
2. V^ by V^Ts. 7. l-V^l by 1-V=^. 

S. 2V^^ by 3V^^. 8. 3V^^ by 2V^^. 

4. 2 V^=^ by 3V^. 9. - 5V^^ by 3 V^^. 

5. 3V^=^ by 2V^=^^. 10. 3V^^ by SV^. 

6. 1+V^ by 1-V^. 11. V^ by V^X V^. 

12. 7 + 3V^^ by 6-2V^^. 
18. Va; + V— y by V^ + V— a5. 

371. To diyide imaginary quantities. 

1. Divide 6V^ by 3V^. 

PROCESS. Explanation. — DiTiaion of imaginary 

y — - y — jr /^ quantities is performed in the same man- 

6 V ~ 6 -f- 3 V — 2 = 2 V3 ^^r as division of radicals. 

2. Divide 4 + V^ by 2-V^=^. 

Solution. 

2-V-2 
Rationalizing the denominator, = ^^ "^^^^^^ j"^^^"^? 

6 
Divide : 

8. avoirs by V^^. 6. 2 by 1+V^. 

4. 2V^=^ by 3V^^. 7. -2V^=3 by 1-V^. 

5. 2V^=^^ by 3V^=^. 8. V^ by 2V^^. 
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9. 4 + V4 by 2-V^^. 12. -36 by 2V^^. 

10. -6a«V« by 3V^^^. 18. 8V-a^ by 4V«. 

11. -12V6 by 2V^=^. 14. 2 + V^=^ by l-V^^:. 



15. 14 + 6V=^ by 2-3V^=l. 

16. V6 + V^^ by V6-V^^. 

ZERO AND INFINITY. 

372. How much is 2 times ? 3 times ? 500 times ? 
a times ? Any number of times ? 

373. Principle. — 1. When zero is mvUiplied by a finite 
quantity, the product is zero. 

How much is divided by 2 ? divided by 6 ? divided 
by a ? divided by any number ? 

374. Principle. — 2. When zero is divided by any finite 
quantity, the quotient is zero. 

1. Since 2 times = 0, 3 times = 0, 500 times = 0, and 
a times = 0, if both members of each of these equations are 
divided by 0, one of the factors, what will be the result ? 

2. Since the value of ^ is found to be equal to 2, 3, 500, and 
a, what may be said of the value of the expression } ? 

375. Principle. — 3. When zero is divided by zero, the 
quotient may be any finite quantity, or it is indeterminate. 

1. What is the quotient of 2 divided by i ? By J? By^? 

ByiV? 

2. When the divisor is diminished, while the dividend 
remains the same, what effect is produced upon the quotient ? 

3. If the divisor is made very smaM, what will be the effect 
upon the quotient ? What, when the divisor becomes infinitely 
small or zero? 
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376. Pbinciplb. — 4. When a finite quarUUy is divided by 
zerOy the quotient is infinitely large. 

1. What is the quotient when 4 is divided by 2 ? By 4 ? 
By 8? By 16? 

2. When the divisor is increased, the dividend remaining 
the same, what is the effect upon the quotient ? What will be 
the quotient when the divisor becomes infinitely large ? 

377. Principle. — 6. When a finite quantity is divided by 
an infinitely large quantity, the quotient is zero. 

378. The preceding principles may be expressed by algebraic 
formulas as follows, — the sign (oo) being used to indicate 
infinity : 

Prin. 1, X a = 0. Prin. 3, - = any finite quantity. 

Prin. 2, 5 = o. Prin. 4, ^=oo. 

a '0 

Prin. 6, ~ = 0. 



EXAMPI.BS. 

379. 1. What number is that whose third part exceeds its 
fourth part by as much as ^ of it exceeds ^ of it? 

PBOCESS. 

Let X = the number. 

X X 29 a; 2x Explanation. — Solving the example 

o T == ~^Q ^ as shown, the value of x is found to be 

^^ . ^ ^^ ^ ^ - ; that is, it is indeterminate. 

20aj-15a; = 29a:-24a? O' 

This result may be interpreted to 
44a; — 44a? = m^^^^ ^^^ ^^^ number will fulfill the 

(44 — 44) a; = conditions of the problem. 





x = 



44-44 
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2. Find a number such that when 5 is added to 3 times 
the number, and the result is divided by the number increased 
by 2, the quotient will be 3. 

The solution of this example gives the number to be oo ; that is, there 
is no finite number which will fulfill the conditions, and consequently the 
problem is impossible, 

3. What number is there such that when f of it is dimin- 
ished by 4, the result is 3 less than i of it plus ^ of it ? 

4. I bought 400 sheep in two flocks, paying 9 1-60 per head 
for the first flock and $2 for the second. I lost 30 of the 
first flock and 56 of the second, and sold the rest of the first 
flock at $2 per head and the rest of the second for $2.50 per 
head without gain or loss. Bequired the number of each flock. 

6. A can earn $3 per day, and 6 $5. In 2 days B will 
have a certain sum, and in 4 days A will have 9 2 more than 
this sum. In how many days will A and B have the same 
sum? 

6. A man being asked his age, replied that if from 3 times 
his age 10 years were subtracted, and to 4 times his age 8 years 
were added, the former result would be equal to f of the latter. 
What was his age ? 

7. Two teachers, A and B, receive the same monthly salary. 
A is employed 10 months in the year, and his annual expenses 
are $600. B is employed 8 months in the year, and his 
annual expenses are $480. A saves as much money in 3 years 
as B does in 4 years. What is the monthly salary of each? 



INDEITBBMINATB EQUATIONS. 

380. While Indeterminate Equations may have an infinite 
number of values for the imknown quantities (Art. 182), it is 
nevertheless true that by the introduction of a condition or 
conditions into a problem, the number of values may be lim- 
ited and these values algebraically and accurately determined. 
One common limitation in problems discussed under the pres- 
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ent head is that the results shall be x)ositive integerSy or posi- 
tive whole numbers. 

In this entire discussion whole nomher is understood to mean positive 
whole numher, and int^er,po6itiYe int^er. 

EXAMPI^S. 

1. Find two integers whose sum is 3. 

SOLCTIOX. 

Let z = one number, 

and y = the other. 

Then, x + y = 3 

and z = I or 2 

y = 2 or 1 

2. Find two mtegers whose sum is 5. 

3. Find two integers whose sum is 7. 

4. There are two integers such that one of them added to 
four times the other makes 17. Find all the possible numbers. 

5. Given 3a? + 4y = 29. Find values of x and y in whole 

numbers. 

Solution. 

Since x and y are positive integers, it is evident that 3 x must be equal 
to 3 or a multiple of 3, and 4 y must be equal to 4 or a multiple of 4. 
Since the sum of these multiples is equal to 29, it is evident that, if we 
subtract from 29 successively the multiples of 3, some one of the remain- 
ders will be a multiple of 4, if the problem is possible. 

By subtracting 3 and its multiples 6, 9, 12, etc., successively from 29, 
it IB found that 9 and 21, or 3 times 3 and 7 times 3, are the only multiples 
of 3 which leave multiples of 4. Hence, x = 3 or 7. 

Substituting the values of a: in the equation, y = 5 or 2. 

Another Solution. 
3x + 4y = 29 (1) 

y = 29^ (2) 

1 4- X 
Expressing the value of |^ as a mixed quantity, y = 7 — « H — -^- — 

4 

1 4- a; 
Since x and y are integers, 7 — « is integral, and ^ is aiso integral ; 

4 

for if it were not, the value of y would contain a fraction. 

ALGEBRA. 20. 
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/. ^ = to, a whole number or integer. 
4 

Then l + aj = 4w 

x = 4to — 1 

Makmg to = 1, 2, 3, etc., successively, 

X = 3, 7, 11, 16, etc. 

The corresponding values of y are 5, 2, — 1, — 4, etc. 
Since the values of x and y are positive, only the first two values fulfill 
the conditions, and 

X = 3 and y = 5, or x = 7 and y = 2 

6. Separate 200 into two integers, one of which is a multiple 
of 7, the other some other multiple of 13. 

Solution. 

Let 7 X = one number, 

and 13 y = the other. 

Then, 7a;+13y = 200. 

Hence, 72;= 161, and 13 y = 39, the number sou^t. 

7. Determine whether 500 can be separated into two parts, 
one of which shall be a multiple of 17, the other a multiple 
of 19. 

Find the least values of x and y in the following equations : 

8. Sx=zSy-16. 11. 7a;-9y = 29. 

9. 14a; = 5y-|-7. 12. 19a; — 5y = 119. 
10. 27a; =1600- 16 y. 13. 17a;-49y = -8. 

14. A man has If 500 which he wishes to spend for cows 
and sheep ; cows cost $ 17 apiece, and sheep 9 5 apiece. How 
many can he buy of each ? 

15. A man buys 100 animals for $ 100, giving $ 10 each for 
calves, 9 2 each for sheep, and $ ^ each for geese. How many 
animals of each kind may he have purchased ? 
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Solution. 




Let 




X = the number of calves, 
y = the number of sheep, 




and 




z = the number of geese. 




Then 


- 


X + y + « = 100 


(1) 


and 


10 


x+2y + ^=100 


(2) 



Eliminating z, 19 a; + 3 y = 100. 

16. What is the least whole number which being divided 
by 19 will give a remainder 6, and being divided by 17 will 
give a remainder 12 ? 

Suggestion. — 19 « + 6 = 17 y + 12. 

17. A boy being asked how many apples he had, replied 
that he had between two dozen and three dozen ; that when 
he took them 4 iat a time, he found there were 3 left, but 
when he took 6 at a time, there was but 1 left. How many 
apples had he ? 

18. Find two numbers either of which, upon being divided 
by 3, 4, and 5, gives the remainders 2, 3, and 4, respectively. 

19. Find the least whole number which, being divided by 
7, 8, and 9, respectively, leaves the remainders 6, 7, and 8. 

20. Find the least whole number which, being divided by 
39, leaves the remainder 16, and when divided by 56 leaves a 
remainder 27. 

21. A person sold a number of sheep, calves, and lambs, 40 
in all, for % 48. How many may he have sold of each, if he 
received for each calf % 1.75, for each sheep $ 1.25, and for 
each lamb f .75 ? 

22. A farmer has oats worth 42 cents, barley worth 64 
cents, and rye worth 87 cents per bushel. How many bushels 
of each may he take to make a mixture of 200 bushels, worth 
75 cents per bushel ? 

23. A man bought calves, sheep, and lambs, 154 in all, for 
% 154. He paid $ 3^ each for calves, $ 1^ each for sheep, and 
%\ each for lambs. How many may he have bought of each ? 



308 HIGH SCHOOL ALGEBRA. 

24. Four boys have a pile of marbles. A throws away 1, 
and takes ^ of the remainder; B then throws away 1, and 
takes J of the remainder ; C then throws away 1, and takes 
\ of the remainder; D then throws away 1, and each boy 
takes J of the remainder. At least, how many marbles must 
have been in the pile, and how many does each boy now have ? 

26. I bought a certain number of histories, at $2.50 apiece, 
and a number of lexicons at $1.75 apiece. The entire cost 
was $ 44.75. How many did I buy of each kind ? 

26. A man bought 30 animals for $ 130, paying $ 7 each 
for calves, $3 each for sheep, and $2 each for pigs. How 
many of each kind did he buy ? 

27. Divide 70 into three parts which shall give integral 
quotients when divided by 6, 7, 8, respectively, and the sum 
of the quotients shall be 10. 

28. A dealer in stock can buy 100 animals for $400, by 
paying $ 9 apiece for sheep, $ 2 apiece for pigs, and $ 1 apiece 
for lambs. How many of each kind may he buy ? 

29. A farmer bought 100 animals, consisting of sheep, 
turkeys, and geese, for $ 200. The sheep cost him $ 7 apiece, 
the turkeys $ 2f apiece, and the geese $ 1 apiece. How many 
of each kind did he buy ? 

INEQUALITIES. 

381. An Inequality is an algebraic expression, indicating that 
one quantity is greater or less than another. 

382. The Sign of inequality is>. It is placed with the 
opening of the angle toward the greater quantity. 

Thus, a > 6 is read, a is greater than h; a < 6 is read, a is less than 6. 
Any negative quantity is regarded as less than 0, and the one having 
the greatest number of units is considered the least. Thus, 

-2>-3; 0>-2. 

383. The quantities on each side of the sign of inequality 
are called members. 
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384. When the first members of two inequalities are each 
greater or each less than the corresponding second members, 
the inequalities are said to subsist in the same sense. 

When the first member is greater in one inequality and less 
in another, the inequalities are said to subsist in a contrary 
sense. 

Thus, a > 6 and c>d subsist in the same sense, and x > y and v<,z 
subsist in a contrary sense. 

385. 1. In the inequality 10 > 6, if 4 be added to each 
member, how will the inequalities subsist ? If 4 be subtracted 
from each member, how will they subsist ? 

2. If to the equation 10 = 10, the inequality 6 > 4 be added 
member to member, how will the inequalities subsist? If 
the inequality be subtracted from the equation, member from 
member, how will the inequalities subsist ? 

3. If the members of the inequality 10 > 6 be multiplied or 
divided by the same positive quantity, how will the inequali- 
ties subsist ? If they be multiplied or divided by any negative 
quantity, how will they subsist ? 

4. If the corresponding members of two or more inequali- 
ties, subsisting in the same sense, be added, as 10 > 6 and 
4 > 3, how will the inequalities subsist ? If the corresponding 
members of the inequality 4 > 3 be subtracted from 10 > 6, 
how do the inequalities subsist ? If 20 > 3 be subtracted 
from 10 > 5, how do they subsist ? 

5. If each member of the inequality 9>4 be raised to the 
same power, how will the inequalities subsist ? If the same 
root of each be taken, how will the inequalities subsist ? 

If each member of the inequality — 2 > —3 be raised to the 
second power or any even power, how will the equalities 
subsist ? If each member be raised to the third power or any 
odd power, how will they subsist ? 

If the same even roots of each member of the inequality 
— 64 > — 729 be taken, how will the inequalities subsist ? 
How, if odd roots are taken ? 
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6. If the members of the inequality 5>3 be divided by 
-- 1; how will the inequalities subsist. 

386. Pbinciples. — 1. Ifeqwil quantities he added to or sub- 
tracted from the members of an inequality y the inequalities wiU 
subsist in the same sense; if, however, the members of an 
inequality be subtrax^ted from the corresponding members of an 
equation, the inequalities will subsist in a contrary sense. 

2. If the members of an inequality be multiplied or divided by 
the same or equal positive quantities, the inequalities will subsist 
in the same sense; if, however, the multipliers or divisors he 
negative, the inequalities will subsist in a contrary sense. 

3. If the corresponding members of two or more inequalities 
subsisting in the same sense be added, the inequalities will subsist 
in the same sense; if, however, the members of one inequality 
be subtracted from the corresponding members of another, the 
equalities will not always subsist in the same sense. 

4. If the same powers or roots of the members of an inequality 
be taken, tJie inequalities will subsist in the same sense, provided 
the members of the original inequality be positive, or if odd 
roots of negative quantities be taken; if, however, the members 
of an inequality be negative, and they be raised to the same even 
power, or the same even root be extracted, they will subsist in a 
contrary sense. 

5. If the signs of all the terms of an inequality be changed, 
tJie resulting inequality must be caressed in a contrary sense. 

EXAMPI^ES. 

1. Find the limit of x in the inequality 5 a; — 6 > 19. 

Solution. 

5a;-6>19 
(Prin. 1), 5aj>25 

.-. The inferior limit of x is 6. 

2. Find the limits of x and y in 2x-\'3y > 26 and 2a? -|- y=16. 
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Solution. 

2a; + 3y>26 (1) 

2x-\-y = ie * (2) 

(2)-(l) (PriiLl), 2y>10 (3) 

(Prin. 2), y > 5 (4) 

(2) - (4) (Prin. 1), 2x< 11 

(Prin. 2), x<6i 

.-. The inferior limit of y is 5 and the superior limit of ac is 6 J. 
Consequently, y may = 6 and x may = 6, and these values saUsfy the 
equation. 

Find the limit of x in the following : 

3. 4x-7>21. ^ a. + ? + ? + ?>12. 

3aj 2 3 6 

4. 2aj + ^-17>ll. . . • . 

2 ^ a«-&«^a«-&« 

7. -^^— >- - - • 

^ ax , , 1. ^a* ^'^ ^^ 

6. — \-ox — ao> — 

7 7 8. llaj-9>4x + 33. 

Find limits of x and y in the following, and, if possible, 
integral values of x and y which will satisfy the equations : 

9. 3x + y = 9. 5a;, 2y_.. 

fl; + 2y<12. ^^' "6""*""5 " 

10. 4aj + 2y = 26. 3a; 2y 
3a; + 4y>38. T 5^ 

11. aj + 6y = 13. 

5x + 2y>7. 14^ 3^_^7j^^^ 

5 4 

2 3 ?^_^<?. 

a? y o 7 5 3 

5 + 2^^- 

15. If a and b are unequal, prove that a* 4- &* > 2a6. 

16. If a and h are unequal, find the inferior limit of ^ 4- — 

^ a 

17. When a and 6 are unequal, which is greater, — -^-— - or 
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387. 1. What power of 3 is 9 ? 27? 81? 243? 

2. What power of 4 is 4 ? 16? 64? 256? 

3. What power of 10 is 10 ? 100? 1000? 1? 

388. The Logarithm of a number is the index of the power to 
which a constant number must be raised to produce the given 
number. 

Thus, when 4 is the constant number, 2 is the logarithm of 16, for 
42 = 16. 

389. The constant number which must be raised to some 
power in order to produce the given numbers is called the 
Base of the system of logarithms. 

390. Logarithms may be computed upon any base, but the 
base of the Oommon System of Logarithms is 10. 

Since 10" = 1, the logarithm of 1 is 0. 
Since 10^ = 10, the logarithm of 10 is 1. 
Since 10^ = 100, the logarithm of 100 is 2. 
Since W = 1000, the logarithm of 1000 is 3. 
Since 10"^ = ^, the logarithm of .1 is —1. 
Since 10~^ = y^^, the logarithm of .01 is — 2. 
Since 10"^ = yttW *^® logarithm of .001 is — 3. 

391. It is evident, therefore, that the logarithm of any num- 
ber between 1 and 10 is less than 1, and is a fraction ; between 
10 and 100, 1 plus a fraction ; between 100 and 1000, 2 plus a 
fraction, etc. 

312 
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392. The integral part of a logarithm is called the Oharaoter- 
istio ; the fractional part, the Mantissa. 

Thus, in log. 3.16857, the characteristic is 3 and the mantissa .16867. 

From the examples given in Art. 387, the following princi- 
ples may be deduced. 

393. Pbinciples. — 1. Tlie characteristic of the logarithm of 
an integral number is a number which is 1 less than the number 
of figures in the given number, 

2. The characteristic of a decimal fraction is negative, and 
jiumerically 1 grealer than the number of zeros immediately 
follotving the decimal point 

Thus, the characteristic of 42 is 1 ; of 428 is 2 ; of 4234 is 3 ; of .01 is 
- 2 ; of .42 is - 1 ; of .324 is - 1 ; of .00326 is - 3. 

394. The following examples will illustrate the diaracteristic 
and mayitissa, and their significance : 

Log. of 231.4 = 2.364363, or 231.4 = 102 »«4 8 68 
Log. of 23.14 = 1.364363, or 23.14 = IQi^fiAisz 
Log. of 2.314 = 0.364363, or 2.314 = 10 8 6 4 8 6 8 
Log. of .2314 = 1.364363, or .2314 = 10^ 8 6 4 8 6 8 
Log. of .02314 = 2.364363, or .02314 = 10^8 8*«8 8 

From an examination of the examples given it is seen that 
as the number decreases in a tenfold ratio, the logarithm 
is diminished by unity. The logarithm of .2314 is then 
0.364363 - 1 or - 0.635637, and that of .02314 - 1.635637. 
But it is found convenient to write it 1.364363, the under- 
standing being that the characteristic only is negative. The 
mantissa is always positive. It is evident also that in the 
logarithms of numbers expressed by the same figures, the 
decimal part, or mantissa, is the same, and the logarithms 
differ only in the characteristic. Hence, tables of logarithms 
of numbers contain only the mantissas* 
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TABLES OF LOGABITHMS. 

396. The tables of logarithms on the next two pages give 
the decimal part, or marUiasa, of the common logarithms of all 
numbers from 1 to 999 correct to five decimal places. 

The logarithms given in the tables begin with the mantissa 
of 10, but since the mantissas of 10, 20, 30, 40, etc., are the 
same as the mantissas of 1, 2, 3, 4, etc., the table may be said 
to give the logarithms of numbers from 1 to 1000. 



Explanation op Tables. 

I 

The left-hand column of each page of the table is a column of numbers. 
It is designated by N. 

The mantissas of the logarithms of these numbers are opposite them in 
the next column. 

At the top of each page and extending across the top are found the 
figures 0, 1, 2, 3, 4, 5, 6, 7, 8, O, each standing over a column of figures. 
These figures are the right-hand figures of numbers whose left-hand figures 
are given in the left-hand column, and the figures under them are the cor- 
responding mantissas of the numbers. 

It will be seen that the first column of mantissas contains five figures, 
while the others contain only four. This difference is due to the fact that 
the left-hand figure in the mantissas, which is usually the same for a whole 
horizontal column, is omitted except in the first column. When, however, 
the first figure of the mantissa in any column after the first is 0, and the 
corresponding figure in the previous column is 9, the left-hand figure for 
this mantissa and all others following it in the same horizontal line is one 
greater than the first figure of the left-hand colmun of mantissas in this 
line. 

By subtracting these mantissas, each from the one next succeeding, it 
is found that those in the same horizontal line have nearly the same dif- 
ference. 

This Average Difference is found in the column marked D. 

It is evident that any tables of logarithms, however extensive, cannot be 
absolutely accurate. They will approach accuracy, however, in propor- 
tion as the number of decimal places in the mantissa is increased. 

The tables given here are designed to exhibit the methods of computa- 
tion with logarithms, but fuller ones are required in actual practice. 
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Table of Common Looabithms. 



N. 





1 

0432 


2 

0860 


3 

1284 


4 

1703 


5 

21 19 


6 

2531 


7 
2938 


8 

3342 





D. 


lO 


00000 


3743 


414 


IX 


04139 


4532 


4922 


5308 


5690 


6070 


6446 


6819 


7188 


7555 


378 


xa 


07918 


8279 


8636 


8991 


9342 


9691 


0037 


0380 


0721 


1059 


348 


13 


"394 


1727 


2057 


2385 


2710 


3033 


3354 


3672 


3988 


4301 


322 


14 


14613 


4922 


5229 


5534 


5836 


6137 


6435 


6732 


7026 


7319 


300 


X5 


17609 


7898 


8184 


8469 


8752 
1484 


9033 


9312 


9590 


9866 


0140 


280 


x6 


20412 


0683 


0952 


1219 


1748 


201 1 


2272 


2531 


2789^ 


263 


17 


23045 


3300 


3553 


3805 


4055 


4304 


455 « 


4797 


5042 


5285 


248 


x8 


25527 


5768 


6007 


6245 


6482 


6717 


6951 


7184 


7416 


7^^ 


235 


19 


27875 


8103 


8330 


8556 


8780 


9003 


9226 


9447 


9667 


9885 


223 


ao 


30103 


0320 


0535 


S^S 


0963 


1175 


1387 


1597 


1806 


2015 


212 


21 


32222 


2428 


2634 


3041 


3244 


3445 


3646 


3846 


4044 


202 


22 


34242 


4439 


4635 


4830 


5025 


5218 


541 1 


5603 


5793 


5984 


»93 


23 


36173 


6361 


6549 


6736 


6922 


7107 


7291 


7475 


7658 


7840 


185 


a4 


38021 


8202 


8382 


8561 


8739 


8917 


9094 


9270 


9445 


9620 


177 


as 


39794 


9967 


0140 


0312 


0483 


0654 


0824 


0993 


1 162 


1330 


170 


26 


41497 


1664 


1830 


1996 


2160 


2325 


2488 


2651 


2813 


2975 


164 


27 


43*36 


3297 


3457 


3616 


3775 


3933 


4091 


4248 


4404 


4560 


158 


28 


44716 


4871 


5025 


5179 


5332 


5484 


5637 


5788 


5939 


6090 


152 


29 


46240 


6389 


6538 


6687 


6835 


6982 


7129 


7276 


7422 


7567 


H7 


30 


47712 


7857 


8001 


8144 


8287 


8430 


8572 


8714 


8855 


8996 


142 


31 


49136 


9276 


^i§ 


9554 


9693 


9831 


9969 


0106 


0243 


0379 


138 


32 


50515 


0651 


0786 


0920 


1055 


1188 


1322 


1455 


1587 
2892 


1720 


134 


33 


51851 


1983 


2114 


2244 


2375 


2504 


2634 


2763 


3020 


130 


34 


53x48 


3275 


3403 


3529 


3656 


3782 


3908 


4033 


4158 


4283 


126 


35 


54407 


4531 


4654 


4777 


4900 


5023 


§'^§ 


5267 


Pl^ 


5509 


122 


36 


55630 


575» 


5871 


5991 


61 10 


6229 


6348 


6467 


6585 


6703 


119 


37 


56820 


6937 


7054 


7171 


7287 


7403 


7519 


7634 


7749 
8883 


7864 


116 


38 


57978 


8092 


8206 


8320 


8433 


8546 


8659 


8771 


8995 


"3 


39 


59106 


9218 


9329 


9439 


9550 


9660 


9770 


9879 


9988 


0097 


no 


40 


60206 


0314 


0423 


0531 


0639 


0746 


0853 


0959 


1066 


1172 


107 


41 


61278 


1384 


1490 


^595 


1700 


1805 


1909 


2014 


21 18 


2221 


105 


4a 


62325 


2428 


2531 


2634 


2737 


2839 


2941 


3043 


3«44 


3246 


102 


43 


63347 


3448 


3548 


3649 


3749 


3849 


3949 


4048 


4»47 


4246 


100 


44 


64345 


4444 


4542 


4640 


4738 


4836 


4933 


5031 


5128 


5225 


98 


45 


65321 


5418 


55H 


5610 


5706 


5801 


5896 


5992 


6087 


6181 


95 


46 


66276 


6370 


6464 


6558 


6652 


6745 


6839 


6932 


7025 


7117 


93 


47 


67210 


7302 


7394 


7486 


7578 


7669 


7761 


7852 


7943 


8034 


91 


48 


68124 


8215 


8305 


8395 


8485 


8574 


8664 


8753 


8842 


8931 


90 


49 


69020 


9108 


9197 


9285 


9373 


9461 


9548 


9636 


9723 


9810 


88 


50 


69897 


9984 


0070 


0157 


0243 


0329 


0415 


0501 


0586 


0672 


86 


5X 


70757 


0842 


0927 


1012 


1096 


1181 


1265 


1349 


1433 


1517 


84 


5a 


71600 


1684 


1767 


1850 


1933 2016 


2099 


2181 


2263 


2346 


83 


53 


72428 


2509 


2591 


2673 


2754 2835 


2916 


2997 


3078 


3159 


81 


54 73239 


3320 


3400 


3480 


3560 3640 


3719 


3799 


3878 


3957 


80 
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Table of Cohmok Logabithms. 



N. 





1 
4115 


2 


3 


4 


6 


6 

4507 


7 
4586 


8 


9 


D. 

78 


55 


74036 


4194 4273 ! 4351 4429 


4663 


4741 


56 


74819 


4896 


497415051 5128.5205 


5282 


5358 


5435 


55" 


77 


57 


75587 


5664 


5740 


5815. 589* 5967 


6042 


6118 


6193 


6268 


76 


58 


76343 


6418 


6492 


6567 6641 6716 


6790 


6864 


6938 


7012 


74 


59 


77085 


7«59 


7232 


7305 7379 7452 


7525 


7597 


7670 


7743 


73 


60 778*5 


7887 


7960 


8032 8104 1 8176 


8247 


8319 


8390 


8462 


72 


61 178533 


8604 


8675 


8746 8817; 8888 


8958 


9029 


9099 


9169 


71 


62 : 79239 


9309 


9379 


9449 ' 95«8 \ 9588 


9657 


9727 


9796 


9865 


69 


63 79934 


0003 


0072 


0140 10209 0277 


0346 


0414 


0482 


0550 


68 


64 


80618 


0686 


0754 


0821 


0889 : 0956 


1023 


1090 


1158 


1224 


67 


65 


8I29I 


1358 


1425 


1491 


1558 


1624 


1690 


ns7 


1823 


1889 


66 


66 


81954 


2020 


2086 


2151 


2217 


2282 


2347 


2413 


2478 


2543 


!5 


67 


82607 


2672 


2737 


2802 


2866 


2930 


2995 


3059 


3123 


3187 


64 


68 


83251 


3315 


3378 


3442 


3506 


3569 


3632 


3696 


3759 


3822 


63 


69 


83885 


3948 


401 1 


4073 


4136 


4198 


4261 


4323 


4386 


4448 


62 


70 


84510 


4572 


4634 


4696 


4757 


4819 


4880 


4942 


5003 


5065 


62 


71 


85126 


5187 


5248 


5309 


5370 


5431 


5491 


5552 


5612 


5673 


61 


72 


85733 


5794 


5854 


5914 


5974 


6034 


6094 


6153 


6213 


6273 


60 


73 


86332 


6392 


6451 


6510 


6570 


6629 


6688 


6747 


6806 


6864 


5? 


74 


86923 


6982 


7040 


7099 


7157 


7216 


7274 


7332 


7390 


7448 


58 


75 


87506 


7564 


7622 1 7679 


7737 


7795 


7852 


7910 


7967 


8024 


58 


76 


88081 


8138 


8195 . 8252 


8309 


8366 


8423 


8480 


8536 


8593 


57 


77 


88649 


8705 


8762 


8818 


8874 


8930 


8986 


9042 


9098 


9154 


56 


78 


89209 


9265 


9321 


9376 


9432 


9487 


9542 


9597 


9653 


9708 


55 


79 


89763 


9818 


9873 


9927 


9982 


0037 


0091 


0146 


0200 


0255 


55 


80 


90309 


0363 


0417 ',0472 


0526 


0580 


0634 


0687 


0741 


0795 


54 


81 


90849 


0902 


0956 


1009 


1062 


1116 


1 169 


1222 


1275 


1328 


53 


82 


9I38I 


1434 


1487 


1540 


«593 


1645 


1698 


1751 


1803 


1855 


53 


83 


91908 


i960 


2012 


2065 


2117 


2169 


2221 


2273 


2324 


2376 


52 


84 


92428 


2480 


2531 


2583 


2634 


2686 


2737 


2788 


2840 


2891 


51 


85 


92942 


2993 


3044 


3095 


3146 


3197 


3247 


3298 


3349 


3399 


51 


86 


93450 


3500 


355 » 


3601 


3651 


3702 


3752 


3802 


3852 


3902 


50 


87 


93952 


4002 


4052 


4101 


4151 


4201 


4250 


4300 


4349 


4399 


50 


88 


94448 


4498 


4547 


4596 


4645 


4694 


4743 


4792 


4841 


4890 


49 


89 


94939 


4988 


5036 


5085 


5134 


5182 


5231 


5279 


5328 


5376 


49 


90 


95424 


5472 


5521 


5569 


5617 


5665 


5713 


5761 


5809 


5856 


48 


91 


95904 


5952 


5999 


6047 


6095 


6142 


6190 


6237 


6284 


6332 


47 


92 


96379 


6426 


6473 


6520 


6567 


6614 


6661 


6708 


6755 


6802 


47 


93 


96848 


6895 


6942 


6988 


7035 


7081 


7128 


7174 


7220 


7267 


46 


94 


97313 


7359 


7405 


7451 


7497 


7543 


7589 


7635 


7681 


7727 


46 


95 


97772 


7818 


7864 


7909 


7955 


8000 


8046 


8091 


8137 


8182 


45 


96 


98227 


8272 


8318 


8363 


8408 


8453 


8498 


?543 


8588 


8632 


45 


97 


98677 


8722 


8767 


881 1 


8856 


8900 


8945 


8989 


9034 


9078 


45 


98 


99123 


9167 


921 1 


9255 


9300 


9344 


9388 


9432 


9476 


9520 


44 


99 


99564 


9607 


9651 


9695 


9739 


9782 


9826 


9870 


9913 


9957 


44 
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396. To find the logarithm of a number. 

1. Find the logarithm of 3824. 

Explanation. — Since the tables on the preceding pages contain the 
mantissas of no numbers expressed by more than three figures, the man- 
tissa of 382 is first found, which is the same as the mantissa of 3820. It 
is found to be .58206. 

Since the mantissa of the next larger number, 383 or 3830, is 114 
hundred-thousandths greater than the mantissa of 3820, every unit added 
to 3820 will add .1 of 114 hundred-thousandths to the mantissa, and 4 
will add .4 of 114 hundred- thousandths, or 46 hundred-thousandths. This 
added to .58206 gives .58252, the mantissa of 3824. 

Since the number is expressed by 4 figures, the characteristic is 3. 

Therefore, the logarithm of 3824 is 3.58262. 



Find the logarithms of : 



2. 318. 

3. 285. 

4. 486. 

5. 335. 

6. 33.6. 

7. 2.68. 

8. .384. 

9. 4831. 

10. 3846. 

11. 2785. 

12. 3169. 

13. 1875. 

14. 2.345. 

15. 1.684. 



16. 2105. 

17. 1508. 

18. 3054. 

19. 2247. 

20. 3156. 

21. 2984. 

22. 4138. 

23. 3645. 

24. 5039. 

25. 3755. 

26. 4167. 

27. 3483. 

28. 5.718. 

29. 62.45. 



30. 8966. 

31. 7847. 

32. 3521. 

33. 4712. 

34. 8363. 
36. 9274. 

36. 4995. 

37. 6726. 

38. 5.787. 

39. 62.88. 

40. 423.9. 

41. 7620. 

42. 83.43. 

43. 8.562. 



44. 540.6. 

46. 78.99. 

46. 8.754. 

47. 6278. 

48. .0111. 

49. .0001. 

50. .3001. 

61. .0142. 

62. .0201. 

53. 2451. 

54. 4367. 
65. 8590. 

56. .0078. 

57. .0142. 
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397. To find a number whose logarithm is given. 

1. Find the number whose logarithm is 3.95323. 

PBOGESS. 

Given log., 3.95323 

Log. next less, 3.95279 

Difference of logs., 44 

Tabular difference, 49 

44 -5- 49 = .89-1- 

Number corresponding to mantissa, .95279 is 897. 
Annexing to 897 the rest of number, .89-f-, the whole number 
is 8978.9 -h, since it is expressed by four figures. 

Explanation. — The logarithm next less than the given logarithm is 
3.95279. This, subtracted from the given logarithm, gives 44 as a 
remainder. Since the difference between the logarithms is .00044, and 
the average difference between the logarithms as given in the table is 
.00049 for each unit of increase in the numbers, an addition of (f of a 
unit must be made to the number whose logarithm is next less, so that 
the number corresponding to the given logarithm may be found. The 
addition is .89. The number corresponding to the logarithm 3.95279 
consists of 4 integral figures, the first 3 of which are found from the table 
to be 897. Annexing the part foimd by dividing the difference of the 
logarithms by the average difference, the number is 8978.9+. 

Find the numbers corresponding to the following : 

2. 2.38257. 8. 2.86435. 14. 2.72586. 

3. 2.18625. 9. 3.24685. 15. 1.21436. 

4. 0.23146. 10. 2.98456. 16. 2.51326. 

5. 1.28643. 11. 2.58643. 17. 3.14215. 

6. 2.98465. 12. 3.94875. 18. 2.64823. 

7. 3.18425. 13. 0.21654. 19. 4.80167. 

398. Hnltiplication by logarithms. 

Since logarithms are the exponents of the powers to which 
a constant quantity is to be raised, how may quantities be 
multiplied when their logarithms are known ? 
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1. Multiply 32.4 by 26. 

PBOCESS. 

Log. of 32.4 = 1.51066 
Log. of 26 = 1.41497 

Sum of logs. = 2.92552 
2.92652 is log. of 842.4. 
/. 32.4 X 26 == 842.4. 



ExpLANATioH. — We find the 
logarithm of each of the giyen 
numbers, and, inasmuch as the 
logarithms are exponents of a 
constant quantity, the product of 
these numbers will be the con- 
stant quantity, with an exponent 
equal to the sum of the expo- 
nents of this constant quantity. 
The sum of these exponents or logarithms is 2.02662. The number cor- 
responding to this logarithm is 842.4, the product of the numbers. 

NoTB. — The student should bear in mind that logarithms cannot be 
relied ui>on to give accurate results with large numbers. The logarithms 
are themselves but approximations toward accuracy, and they should 
therefore be used only when approximate results will answer the purpose, 
or where the ordinary processes of arithmetic cannot be applied. 



Multiply : 

2. 2.3 by 3.7. 

3. 25 by 3.6. 

4. 216 by 3.5. 

5. 312 by .24. 

6. 123 by 3.4. 

7. 2.24 by 2.6. 

8. .0023 by .26. 

9. .0016 by .016. 



10. .034 by 26. 

11. .057 by 6.7. 

12. .068 by 7.2. 

13. .0018 by .25. 

14. .0432 by .082. 
16. 856.7 by 1.38. 

16. .0796 by .152. 

17. 4876 by 37.5. 



18. 3.04 by .003. 

19. 468 by 34.5. 

20. .002 by .008. 

21. 3456 by .035. 

22. 2874 by .836. 

23. 41.03 by .507. 

24. .0009 by .708. 
26. 8976 by 2.04 



399, Divisioii by logarithms. 

Since in multiplication we add the logarithms, or the 
exponents, of the constant quantity, how may division be 
performed ? 

1. Divide .05476 by 15. 

PKOCESS. 

Log. of .05475 is 2.73839 
Log. of 15 is 1.17609 

Difference of logs, is 3.56230 

3.56230 is log. of .00365. 
.-. .05476 -h 15 5^ .00365. 



Explanation. — We find 
the logarithm of each number, 
and then subtract the loga- 
rithm of the divisor from that 
of the dividend. The number 
corresponding to this differ- 
ence between the logarithms 
is the quotient. 
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Divide : 

2. 2.45 by 9.8. 9. 34.43 by .011. 16. 3.485 by .205. 

3. 18.312 by 24. 10. 259.2 by .012. 17. 7.865 by .013. 

4. 105.7 by 3.5. 11. 87.36 by 2.1. 18. 8925 by 42.5. 

5. 135.05 by .037. 12. 97.24 by .022. 19. 3250 by .52. 

6. .04905 by .327. 13. 13.696 by 32. 20. .21084 by .042. 

7. 69854 by 217. 14. 216.83 by 2.3. 21. 2938 by 14.2. 

8. 823.68 by 307. 15. 38142 by 3.7. 22. 3685 by .273. 

400. Involiition by logarithms. 

Since logarithms are exponents, how may quantities, whose 
logarithms are known, be raised to any power ? 

1. What is the second power of 25 ? 

Explanation. — Since in involu- 
PROCESS. tion we multiply the exponent of 

the quantity by the exponent of the 
Log. of 25 is 1.39794 power to which it is to be raised, 

2 in involution by logarithms we may 

find the logarithm of the given 

Log. of the power is 2.79588 quantity, and multiply it by the 

2 rr r\f oo • 1 i» /»nf cxponcnt of the power to which it 

.79688 IS log^of 625. j^ ^^^ ^^ ^^^ . ^^^ ^^^^ ^^. 

.'. (25) =625. responding to the resulting loga- 

rithm will be the power sought. 



Find by logarithms the values of the following : 




2. 652. 


9. 9P. 


16. 6.758. 


23. 


3.0408. 


3. 841 


10. 102«. 


17. 723*. 


24. 


.00658. 


4. 753. 


11. 107*. 


18. 7998. 

• 


25. 


.0862*. 


6. 64*. 


12. 1468. 


19. 8.76^ 


26. 


768.4*. 


6. 878. 


13. 475«. 


20. .9608. 


27. 


4.1321 


7. 378. 


14. 612». 


21. 3.548. 


28. 


5.184«. 


8. 49*. 


16. 5848. 


22. 29.32. 


29. 


37.258. 
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401. Eyolution by logarithms. 

Since in involution the logarithms, or exponents, are multi- 
plied by the index of the power to produce the power, what 
must be done when roots of numbers are to be extracted ? 

1. What is the square root of 625? 

Explanation. — Smce in evolution 
PBOGESS. yfQ divide the exponent of the quantity 

Log. of 625 is 2.79688 ^ !^^ r"*^' conesponding to the 
° root to be extracted, in evolution by 

Dividing by 2, 1.39794 logarithms we find the logarithm of 

1 QQTaA • 4-1. 1 * OK ^^® ^^®^ number, and divide it by the 

l.^y /y4: IS tne lOg. Ol ZD. ^^^^ ^f the required root ; the num- 

.*. (625)^=25. ^^ corresponding to the resulting 

logarithm will be the root sought. 

Find by logarithms the indicated roots of the following : 

2. 196*. 6. 1681*. 10. 13824* 

3. 256*. 7. 3969*. 11. 16.625*- 

4. 676*. 8. 4096*. 12. 74088*. 
6. 1156* 9. 5184*. 13. 91125*. 

Find the values of the following to three decimal places : 

14. ^v^. 18. \/l5. 22. >/973. 

15. \/65. 19. ^/67. 23. \/a27. 

16. -v^. 20. -v^i05. 24. ^9l81. 

17. </96. 21. ^v^m. 26. a/62:73. 

26. ^'^P. 28. ^ + ^ 



V2 + ^/3 ^/12-^v^ 

27. ^^M?. 29. V6+^ 



ALOEBBA. — 21. 



i 



THE BINOMIAL THEOREM. 



-•o«- 



402. The Binomial Theorem derives a formula by means of 
which any binomial, whether its exponent be positive or negar 
tive, integral or fractional, can be expanded without employing 
the ordinary process of involution. 



POSITIVE INTEGRAL EXPONENTS. 

403, From the binomials whose powers are given in Art. 
201, certain Principles were derived. 

Assuming that those principles or laws are applicable to 
the expansion of any binomial, as {a-\-x), having a positive 
integral exponent, as n, we have 

(a 4- »)" = a** + na^'-^x + ^(^"""^^ a^-V 

,n{n-l){n^2)^^_,^_ (1) 

1.2.3 ^^ 

This formula is called the Binomial Formula. 

404. We know that the laws are applicable to the expansion 
of binomials to the third, fourth, and fifth powers ; we shall 
now show that they are true for any power. 

It is plain that if they hold true for the (n -f- l)th power, they 
hold true for the sixth power, since we know that they hold true 
for the fifth ; and if they are true for the sixth power, they are 
true for the seventh, and so on for any power with a positive 
integral exponent, inasmuch as the (n -f- l)th power is a power 
whose exponent is one greater than any assumed power. 
322 
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405. Since formula (1) gives the expansion of (a -f x)*, if 
each member is multiplied by (a-\-x), we shall have the 
expansion of (a -h x)*^^ Multiplying, we have 

1*2 1 • 2 • 3 

4- ... 4- a"x -f na»-*x» -f- ^i^JIllla-V + — (2) 
Uniting similar terms, 

= o"+'+ (n + l)a''g+ r"<"~^> + nV'-V 

/n(>i-l)(n-2) n(n-l)\ ^.^ 
I, 1.2.3 1.2 y 

= o'^«+ (n + l)o"a! + "('t-l + g) ^,_,^ 

1 • 2 

= a»+*+ (n 4- l)a»x + n^^i-^ a*»-^a? 

(n+l)n(n-l) , 
^ 1.2.3 ^ 

By examining the formula as it is given in its last reduc- 
tion, it is seen that it has the same form as the expansion of 
(a + aj)*, « + l simply taking the place of w. Substituting 
n -f 1 for n in equation (1), it reduces to the form of equation 
(2) as expressed in its last reduction. Therefore, the formula 
holds true for the (n + l)th power. 

Since the formula (1) is true for the fifth power, it must be 
true for (n -j- l)th or sixth power, and for the power next higher 
or the seventh power, and so on, and, consequently, for any 
power, whose exponent is a positive integer. 

406. When (a — x) is raised to the nth power, it is evident 
that the terms containing the even powers of x will be positive 
and those containing the odd powers will be negative ; that is, 
the second term will be negative because it contains the first 
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power of X, the third, term will be positive because it contains 
the second power of x, etc. Therefore, 

(a - xy = a" - 7ia*»-^a? + ^^^!^"7/^ a"-W 

_ n(n-l)(n~2) ^,_3^ 
1.2.3 

407. In the binomial (a + a?), if a? and a be interchanged and 
the binomial be expanded, the coefficients of the terms will be 
the same as in formula (1). Hence, the coefficients of the latter 
half of a power of {a + x) are the same as those of the first half 
written in the reverse order, 

BXAMFIiES. 

Expand the following : 

1. {a^-x)\ 6. {c^-\-dy, 9. (a? + V^V- 

2. {a-xy. 6. {a^-x^y 10- V^ + 2-v^)«. 

3. {a'^-hr. 7. x-'^^fy 11- (3a^-iVir. 

8. f2._3,Y 1,. f^--^Y. 

\2/ «/ \V/ -y/xJ 



4. (a-^4-c-*)'. 



408. To find any term. 

Exponents. — From formula (1) it is apparent that the 
exponent of x in the second term is 1, in the third term 2, 
in the rth term r — 1. 

Since the sum of the exponents in any term is n, the expo- 
nent of a in any term will be n — r 4- 1. 

CoiflFFiciENTS. — Since the coefficient in the third term is 

^^^"'^^, in the fourth term n(n-l){n--2)^ ^^^ coefficient 
± ' 2 1.2.3 

in the rth term is n(n-l)(n-2)(n-3) - (n-r + 2) . 

l-2.3-4...(r-l) 
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EXAMPUSS. 



1. Find the sixth term of (a + by. 

2. Find the fifth term of (a - a?)'« 

3. Find the seventh term of (a 4- c)". 

4. Find the ninth term of (a + by^ 
6. Find the fourth term of (3 - a^y. 

6. Find the fourth term of fa — ) • 

V y 

7. Find the fifth term of (- 4- -Y- 

\x aj 

8. Find the fourth term of (a* — Va)'. 

9. Find the fourth term of {^x — y^yy. 

10. Find the sixth term of fa"^ + ^Y • 

11. Find the fifth term of (Va - V^)^ 

12. Find the eighth term of (>^ — Vc)'. 

13. Find the seventh term of (aa*-f- 2 Vi)'. 

14. Find the fourth term of fJ^ - \/~0*" 

409. A polynomial may be expanded by the binomial 
formula by grouping its terms in the form of a binomial. 
Thus, (a 4- ft 4- c)" = [(a + &) + c]" and (a 4- 6 4- c 4- d)- = 
[(a4-6>4-(c4-ci)]". 

Expand : 

1. (a;4-y4-2J)'. 4. (a^ -{- ax -{- x^y. 

2. (l4-aj-a^)*. 6. (a 4-«*4-«4-l)^ 

3. (ar^-a;4-2)*. 6. (1 4- 2.t- .^^4-2)^ 
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UNDETERMINED COBPFICIBNTS. 

410. 1. Expand the fraction into a series, by dividing 

1 — X 

the numerator by the denominator. How many terms are 
there in the quotient ? What name may, therefore, be given 
to the series ? 

2. If a? = ^, what is the value of the fraction ? What does 
the series become ? What is the sum of the first 2 terms ? 
Of the first 3 terms ? Of the first 4 terms ? How will the 
sum of the largest conceivable number of terms compare with 
2, the value of the fraction ? 

3. If ic = 1, what is the value of the fraction ? What does 
the series become ? What is the sum of the largest con- 
ceivable number of terms ? 

4. If ic = — 1, what is the value of the fraction ? What does 
the series become ? What is the sum of the first 2 terms ? 
Of the first 3 terms ? Of the first 4 terms ? An even number 
of terms ? An odd number of terms ? How does the sum 
of the terms correspond with the value of the fraction ? 

5. If a? = 2, what is the value of the fraction ? What does 
the series become? What is the value of 3 terms? Of n 
terms ? What relation exists between the sum of the terms 
and the value of the fraction ? 

411. A Convergent Series is an infinite series, in which the 
sum of the terms, however many may be taken, can never 
exceed a certain finite value. This finite value is the sum^ of 
the series. 

Thus, the fraction — —, expanded into a series by division, becomes 

1 — a; 
1 + a; -f x2 -f a;8 _j — . Whether the series is convergent or not depends 

upon the value of x. If a; = J, the series becomes l-fi + J+i4--', 
and the sum of any number of terms, however great, is. less than 2, the 

value of the fraction . Hence, under that supposition, the series is 

convergent. " ^ 
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It is evident that as the number of terms is increased, their sum 
approaches 2, the sum of the series. 

2. It is evident, also, that when x = l, the series becomes 1 + 1 + 1 + 
1 + •••, and hence is not convergent, because the sum may exceed any 
finite value. The same is true when x is equal to any positive quantity 
greater than 1 ; also, when x = — 1. 

Hence, the series is convergent only when x lies between + 1 and — 1. 

412. A Divergent BerioB is an infinite series in which the sum 
of the terms is greater than any definite finite quantity, if 
enough terms are taken. 

Thus, the sum of the terms of the series 1 -f » + aJ^ + as* + ••• may be 
made larger than any definite finite quantity when a; = 2, or 3, or any 
value not lying between + 1 and — 1, if enough terms are taken. 

1. Since the sum of the terms of a divergent series has no limit, and 
since the sum of the terms is not equal to the fraction from which it was 
expanded, it is evident that it cannot be used in discussions of series. 
Hence, in all discussions concerning series, the series must be understood 
to be convergent. 

413. An Identical Equation is an equation in which the 
members are identical, or may be reduced to identity. 

Thus, ax + b = ax -{■ b ia &n identical equation. 

Also, ^ ~ ^ = a + 05 is an identical equation. 
a — X 

414. Undetermined Ooefficients are unknown coefficients assumed 
in connection with quantities. 

Thus, (! + «)* may be assumed equal to A + Bx + Cx^ + Dofi in which 
A, Bj C, and D are undetermined coefficients of afi, x\ a^, and «*. 

415. Ooefficients in identical equations. 

Ass\imeA'\-Bx-\-C'je^'\-Da?'\-etc.=A''\-B'X'\-C'a^'\'D'a?-hetc,, 
in which both series are convergent, and in which A, B, A', B\ 
etc., are constaiU quantities, independent of x, and x a quan- 
tity to which various values may be assigned, or a variable 
quantity. 

Transposing A - A' -\- (B - B') x •}- (C - C) a? + (D - D') a^ 
-I- etc. = 0. 

If -4 — ^' is not equal to 0, let their difference =p. 

Then (^B - B') x -\- {C - a)x^ +{D - D')a* + eUi.=-p. 
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Now since A and -4' are constant quantities, their difference 
p must be a constant quantity. But the value of — jp in the 
equation (J5 - 5') a; + ((7 -f C') ic* + (Z> + !>') «* + etc., is varia- 
ble since it depends upon the values of x, which is a variable 
quantity. Consequently the value of x is both fixed and vari- 
able, which is absurd. Hence, it is impossible that there is a 
difference between A and -4'. 

.-. ^--4' = and A=:A' 

Hence, {B - B')x + ((7- (7)0^ + (/> - D')7? = 

Dividing by a?, 5 - 5' -f (C - C)x -\-(D^ D')a^ = 

Reasoning as before, -8 = 5'; C=C'', D = D^, etc. 

416. Principles. — 1. The co'efficients of the same powers of 
X in tvjo equal and identical convergent series are equal, 

2. The coefficients of x in an equation of the form of A + Bx 
-f Cx^ + Da^ H =0 are each equal to 0. 

417. Expanding fractions into series. 



BXAMPIiES. 

1. Expand into a series. 

1 -{- X -\-ar 

Solution. 
Assume ^ - ^ - ^^ = A + Bx -{- Cx^ + Dx^ + Ex^ — 

Clearing of fractions and collecting terms. 



l-x-x^ = A-\-B 

+ A 



«+ C 
x + B 

-\-A 



x^ + D 

x^-{- B 



x^ + D 
x^-{- C 






Equating coefficients of like powers of x (Prin. 1). 

A= 1 

^+^ = -1 ,\B = -2 

C-^B+A = -1 .-. C= 

D+C+B= .\Dz= 2 

^ + />+ C= .-. E = -2 

... 1 - a; - a?^ ^ X _ 2a; + Oa;-^ + 2a;8 - 2a;* 

1 + a; + x2 

The same result may be obtained by division. 
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2. Expand into a series. 

a-\-bx 

Solution. 

Assume — - — = A + Bx + Cx^ + Xte^ + ... 
a + bx 

Clearing of fractions, a = Aa-h Ba x -^ Ca x^ -{- Da 

+ Ab +Bb + C6 

Equating coefficients of like powers of x (Prin. 1), 

Aa = a .'. A = l 

Ba + Ab = ., B = -- 

a 

Ca + Bb = .-.6' = + ^ 

7)8 

Da + Oft = .', D = -—, etc. 

a* 



« =l_U6^_6' + 6?,etc. 



a + 6ic a a* a' a* 

The same result may be obtained by division. 

Expand the following to five terms : 
3. ^-^. 7. . ^_-^ . 11. 



1+a? l-3a;-2iB^ l + aj + a^ 

. l-2aj o 2-3a; ,„ 2-a? 

4. — • o« -• 1«. 



l-3aj l + aj + o^ l-2ic + ar^ 



• • 


1- 


3a;-2it^ 


8. 


2 


-3a; 


1 + 


aj + a^ 


9. 




1 


1- 


3a; + 2ar^ 


A 


3 


-2a? 



6 ^ + ^ 9 - 13 

2 + 3a; * l-3a; + 2ar^' ' H-2a;2^3^ 

6. 1 + 2^. 10. -l-2^_. 14. ^ + ^^ 



1 — x — x 1— aj + o^ 1 — 4a; + 4a:^ 

418. To resolye a fraction into its partial fractions. 

To resolye a fraction into partial fractions is to separate it into 
fractions whose sum is equal to the given fraction. 

It is evident that the denominators of the partial fractions 
must be factors of the denominator of the given fraction. 



330 HIGH SCHOOL ALGEBRA. 



EXAMPLES. 

6a; — 14 
1. Resolve -r — into partial fractions. 

ar — 6aj + 8 

Solution. 

The factors of the denominator are (oj — 2) and (x — i); consequently 
the denominators of the partial fractions are (x — 2) and (x — 4) re- 
spectively. 

5rK — 14 A S 

Assume = -^=^ — | — =-— , an identical equation. 

aj«-6a; + 8 x - 2 a; - 4 

Clearing of fractions, 6X'-lA = Ax — AA-\-Bx — 2B 

= (A + B)x-iA-2B 
By Prin. Art. 414, ^ + ^ = 6 

~4^-2B=-14 
Solving the equations, A = 2 and B = 3 

5a; -14 ^ ^ 3 



a;2_6a; + 8 a;-2 a;-4 

3a* — 1 
2. Resolve — into partial fractions. 

ar — X 

Solution. 

The factors of the denominator are a;, (« — 1), and (aj + 1). 



flc* — a; X x — 1 x+l 
Clearing of fractions, 

3a;2 ± Oa: - 1 = ^^ - ^ + 5a;« + J5a; + Ca^ - Cx 
= -^+(B- C)x-{-(^A + B+ C)x2 
By Prin. Art. 414, _^ = -l .-. ^ = 1 

5-0 = .'. B=C = l 

A + B+ C = S .'. C=zl 

3a;2-l_l i[_ 1 



«* — « X X — I x + 1 



3. Resolve -— - — — into partial fractions. 



Assume 7^' + ^ = -^ + -^— 

2aa + x-l a;+l 2x-l 



I 



Solution. I 
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Clearing of fractions, 7x^ + x=(2A + B)x ■\- B - A 

= 0x2+ (2^ + 5)0;+ B-ui 

.-. 7 = 0, an absurdity. 

Therefore the numerators of the fractions cannot be A and B. 
Assume the numerators to be .<4x and Bx, Then the fractions are 
readily formed. 

Resolve into partial fractions : 

3aj-3 ^ lla; + 13 



-m* 


a;2 - a; - 2 


K 


5a? -f7 


O. 


aj*H-3aj-f 2 


a 


2a;-6 


o. 


iB2_5a.^6 


7. 


7aj + 4 


a?^2xS 


fi 


9aj-35 



10. 



11. 



12. 



13. 



2aj»-7aj + 3 

5aj«-2 
ar* — a?* — 2a5 

3a^-6a; + 2 
aj8_3aJJ4.2a;' 

3a;2_4 

a;* — 4a; 

6a* + 5a;-3 



aJS-8a; + 15 ar^-j- 2a:2__3a. 
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ANY EXPONENT. 

419. It has been shown (Art. 403) that when n is a positive 
integer, 

since any power of 1 is 1. 
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It is yet to be shown that this formula is trae when the 
exponent n is a positive fraction, a negative integer, or a nega- 
tive fraction. 

P 

420. First Let »i be a positive fraction — 

p 
Let (1-f a;) 'rrrl + aa; -[-••• and let Ax represent all the terms 

after the first. 

.-. (l'\'X)9=zl^Ax 

also (1 H- xy = (1 H- Axy 

Expanding, 1 -fpa? -f ••• = 1 + qAx + ... 

= 1 -f gooj-f ... 

Equating coefficients, p = qa 

P 
.-. a = - 

p p 

and (1 +«)« = ! + -a? + ... 

That is, the formula is true for two terms when n is a posi- 
tive fraction. 

421, Second, Let n be negative, and either integral or frac- 
tional. 

^ - (Art. 403) 



1 + ncc + ... 
Dividing the numerator by the denominator, 

(1 + «)""= l — ria?+ ... 

That is, the formula is true for two terms when n is nega- 
tive and either integral or fractional. 

Therefore the formula is true for two terms whatever be 
the exponent, and the coefficient of the second term is n. 
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422. The general law of coefficients is yet to be determined. 

Let {l-\-xY = l'\-nx + Ax' + B3!^+Cx*+"' (A) 

in which A, B, and C, etc., are the undetermined coefficients 
of a^, a^, x\ etc. 

To find the value of the undetermined coefficients, we involve 
them in an identical equation, so that the coefficients of like 
powers of x may be equated (Art. 414) . 

To do this, put x = X'\-z, The expression (! + «)" then 
becomes (1 + a? -f- «)*, in which (1 -f x) or (x -f z) may be 
regarded as one term. 

[(! + ») + «]* = (1 + xy -f n(l -f x)''-h 

+ A(l + xy-h^ -h B{1 -f xy-^s? + ... 
[1 + (a? + z)T = 1 + w(a; + «) + A{x + 2)^ + 5(a; + zY + ... 

= 1 + 7i.a; + ^ar^ + Bar^ H- ... 

+ (n + 2Jir+3-Baj2H )2?H 

Equating the two right-hand members, we have an identical 
equation, when both members of the equation are convergent. 

Therefore, 

(1 + a?)» + w(l + xy-h + A(l -f xy-'x^ + ... 

= 1 + na? + ^x^H- 5aj3-f ... + (?i + 2^aj + 35aj2 + ...)« 

Equating coefficients of z, 

n(l H- a?)"-i = n + 2^aj + SBx^ + ... 

Multiplying each member by 1 + a:, 

n(l + «)« = (2^ + 7i)x + (35 4- 2^)x2 ^ ... 

From Eq. (A), w (1 + a;)" = n + n^a? + iiAoc^ + n^a;' H 

.'. n + n^x -{- nAa^ -{- nBa^ -\ =;i + (2^ + n)a; 

+ (35 + 2^)ar^+... 
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Equating the coefficients of like powers of x (Art. 414), 

1 ■ ^ 

3B + 2A = nA .: 3B = nA-2A = A{n-2) 

. n(»-l)(n-2) 

• 1.2.3 

Substituting these values in equation (^A), 

^ ^ 1.2 1-2.3 

423. The expansion of (1 + a;)* is not the expansion of the 
most general form of a binomial, since the first term is 1; 
consequently the equation must be changed so as to express the 
expansion of (a -f a;)* for the general form. 

OB 

Putting - for x, then 
a 

A I ^V i I ^1 n(n—'l)a^ , n(n — l)(n — 2) a?* , 
\ a J a 1'2 or 1-2.3 or 

Multiplying both numbers by a**, observing that, 

a*( 1 + - 1 — a ( — -^-^ = ^ 1 ^ = (a + »)** 
\ aj \ « / ct 

(a H- aj)" = a" -f na«-^a; + ^^^^J^^ a""^a^ 

1 . ^ 

n(n-l)(?i-2) 8 , 
^ 1.2.3 

Therefore, the general formula has been shown to be appli- 
cable for the expansion of any binomial with any exponent, 
provided the second member is convergent when it forms an 
infinite series. 
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BXAMPUCS. 

1. Expand (a + &)* to four terms. 

Solution. 
The coefficient of the first tenn is 1 
The coefficient of the second term is f 

The coefficient of the third term is ^^^""^) or - — 

1.2 32 

The coefficient of the fourth term is ^^ "^ or ^5. 

32 3 384 

/. (a + 6)* = a* + } a'h - ^a'h^ + tA«"^6' + • • 

Expand to four terms : 

2. (a + &)*. 6. (a-6)-». 10. (l+Sa;)*. 

3. (a + 6)'. 7. (a-ft)*. 11. (2a + 3&)*- 

4. (a + b)-^ 8. (a-f6)"*. 12. </l-2a?. 

6. (a-^byK 9. (a + &)"*. 13. ^ "^ 

14. Find the approximate square roob of 11. 

Solution. 

ViT= >/9T^=:V32T2=(3a + 2)* 

Expanding, (32 + 2)* = (32)* + J(3*)"^ • 2 - 4(32)"* . 22 4. ... 

= 3 + J . 3-1 . 2 - J . 3-8 • 22 4. ... 

= 3 + — .2 L..4+... 

2.3 8 . 38 

= 3 + . 3333 - . 0186 + 
= 3 . 3148 + 

Find the approximate values of the following : 

15. V7. 17. V26. 19. <^85. 

16. VI8, 18. \/29. 20. \/245. 
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THEORY OF EQUATIONS. 

424. The object of this discussion is to discover methods of 
solving equations of a higher degree than the second, and 
the processes of approximating to the roots of numerical 
equations. 

No general method of solving equations of a higher degree than the 
fourth has yet been deduced ; but if the equations are numerical, approxi- 
mate roots may be found. 

425. Equations containing one unknown quantity may be 
reduced to the general form, 

aj» + px""^ + qxT-^-] hsx^ + «« + w = (1) 

In equation (1) p, q, etc., are positive or negative, integral or frac- 
tional, real or imaginary, and n is a positive integer. 

It is sometimes called the redticed equation. The reduction is effected 
by transposing, collecting the terms of the same degrees, and by dividing 
by the coeflficient of the highest power of the unknown quantity. 

426. A Boot of an equation is any expression which, upon 
being substituted for the unknown quantity, satisfies the 
equation. 

In the reduced equation, a root of the equation reduces the first mem- 
ber to 0, when it is substituted for x. 

427. Divisibility of equations. 

Suppose a is a root of the reduced equation, 

of -f paf'^ -f qaf'-^'\- • • • sa:^ -f iaj -f- w = 

Then, x = a, and « — a = 

Divide the equation by x ^ a, representing the reduced 

equation by X, the quotient by Q, the remainder, if any, by 

B; then, 

X=y{X'-a)Q-\-R 

Inasmuch as a is a root of the equation, it may be substi- 
tuted for Xj and then by the definition of a root, X, the first 
member of the reduced equation, equals and (X'-a) = 0. 
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Since (x — a) equals 0, E equals 0. That is, there is no 
remainder, and x — a is an exact divisor of equation (1). 
Hence, 

428. Principle 1. — If a is a root of the reduced equation, the 
equation is exactly divisible by x — a, 

429. Suppose the first number of the reduced equation to be 
divisible by a; — a. Then, 

X= q{x-a) 

Now, whatever value of x reduces X to is a root of the 
equation, and since, when x^^a, X is equal to 0, a is a root of 
the equation. 

430. Principle 2. — If the first member of a reduced equation 
is exactly divisible by x — a, a is a root of the equation, 

1. Show that 2 is a root of the equation a;? — 7aj-i-6 = 0. 

2. Show that 3 is a root of the equation ic* — Gfic* + 11 a? — 
6 = 0. 

3. Show that 4 is a root of thfe equation a^ — 5a?* — 8a; + 
48 = 0. 

4. Show that 5 is a root of the equation ar* — 16 as* + 66 a; 
- 80 = 0. 

431. ITnmber of roots of an equation. 

Suppose a to be a root of the reduced equation, 

of -{-paf-^ + gaf-^H \. sx^ -\- tx -}- u = 

then by Prin. 1 the equation is divisible by x--a, and the 
quotient may be expressed as follows, if p', q\ etc., denote the 
powers of x in the quotient, 

af*-^ +i9'a?"-2+ ... Vx + w'= 

ALGEBBA. — 22. 
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Suppose & to be a root of this last equation. Then it may 
be factored as follows : 

(x - b) (af-» -\-p"ar'^+ ... t''x+u") = 

It is evident that this process may be continued until the 
highest power of x in the second factor is a;"~^, or until x dis- 
appears from the second factor. The process will then have 
been performed n times, each time giving one root. Hence 
the equation has n factors, and, 

(x — a) (a; — &) (a; — c) ••• (a? — = 

Consequently the equation has n roots. 
Since the first member of the equation has only the factors 
a? — a, aj — &, a? — c, ... a; — Z, it can have no other roots. 

432. Principle. — Every equcUion of the nth degree contain- 
ing but one unknown quantity Iws n roots, and no more, 

1. One root of the equation ar' — 2a^ + 7a; — 30 = is 3. 

Find the other roots. 

Solution. 

jB8_2a;2 + 7x-30 = 
Art. 426, Prin. 1, = (x - Z)^x^ + « + 10) = 

/. a:2 + aj + 10 = 
Solving, a = -i + jV- 39 and - \ -jV-30, the other roots. 

2. One root of the equation a^ — 4aj' -f a; -f 6 = is 2. Find 
the other roots. 

3. One root of the equation a^ — 205* — a? + 2 = is —1. 
Find the other roots. 

4. One root of the equation a?* — 3 as* — 10 a; -f 24 = is 4. 
What are the other roots ? 

6. One root of the equation a' — 15a^ + ^^ — 80 = is 5. 
What are the other roots ? 

6. Two roots of the equation a;* + 3«* — 16aj — 60 are —2 
and 3. Find the other roots. 
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433. OoSfficients of the tenns of an equation. 
Suppose x = a, b, c, d 

Then, a? — a = 0; a; — 6 = 0; a;--c=0; x^d 

.'. (x^a)(x — b)(x — c){x — d) 








X + abed = 



or 05* — a a^-fttft a^ — abc 

— 6 -{-ac — abd 

— c -{-ad — • acd 

— d -{-be — 6cd 

From this equation the following principles may be deduced : 

434. Principles. — 1. The coefficient of the second term of 
an equation of the nth degree in its reduced form is the sum of 
all its roots with their signs changed, 

2. The coefficient of the third term is the sum of their products 
taken two and two, 

3. The coefficient of the fourth term is equaX to the sum of their 
products taken three and three with their signs changed, etc. 

4. The last term is the product of aU the roots with their signs 
changed, if the degree of the equation is odd. 

From the preceding equation and principles, it is evident 
that: 

1. If the roots are all positive, the signs are alternately 
positive and negative. 

2. If the coefficient of the second term is wanting, the sum 
of the root is ; for otherwise the sum of the roots would be 
some quantity. 

3. If there is no absolute term, one root must be 0; for 
otherwise the term would not be wanting. 

4. Every rational root is a divisor of the last term ; for the 
last term is the product of all the roots. 
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EXAMPI.ES. 

1. Form the equation whose roots are 2, 3, and 4. 

2. Form the equation whose roots are 3, 1, and 5. 

3. Form the equation whose roots are —1,-3, and 2. 

4. Form the equation whose roots are 1, 2, 3, and — 4. 

5. Form the equation whose roots are 1^ 3, and ^. 

6. Form the equation whose roots are 2, — ^, — 3, and ^. 

7. Two roots of the equation 05* — 10aj^ + 35aj* — 50aj + 24 = 
are 1 and 2. Find all the roots. 

8. Find all the roots of the equation ^ — o^ — 22/^ + 12aJ4- 
8 = 0, if two of the roots are 2 and — 1. 

435. Fositiye and negative roots of eqnationg. 

436. A Variation of Sign is the change of sign in two succes- 
sive terms. 

Thus, in X — y, there is one variation of sign ; m x — y + z, there are 
two. 

437. A Fermanenoe of Sign is the continuation of the same 
sign with two successive terms. 

Thus, in X + ^9 there is one permanence of sign ; iax + y — z — v, there 
are two. 

438. Assume the signs of the terms in a complete equation 

to be -f H 1 h + +> and suppose a new factor, a; — a = 0, 

corresponding to a new positive root, to be introduced. 

The signs of the product may be found as follows : 
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In the original equation there were 4 variations, and in the 
product there are 5, whether the ambiguous signs are con- 
sidered positive or negative. Hence, the introduction of a 
positive root has caused at least one additional variation of 
sign. 

Since this is true for any positive root, there must be as 
many variations of signs as there are positive roots. 

By introducing the factor a? -f a = 0, in which a is a negative 
root, it may be shown in a similar manner that there are as 
many permanences of sign as there are negative roots, 

439. Principles. — 1. An equation cannot have more positive 
roots than it has variations of sign, 

2. An equation cannot have more negative roots than it has 
pei-manences of sign. 

3. A complete equation whose tei'ms are all positive can have 
no positive roots, and one whose terms are alternately positive 
and negative can have no negative roots, 

440. Since the roots enter into the coefficients, two imaginary 
roots, by multiplication, give a real quantity. If, however, 
there is an odd number of imaginary roots, some one of them 
will appear in the coefficients. Hence, 

441. Principle. — When the coefficients of the reduced equa- 
tion are all real^ if there be imaginary roots, they exist in pairs. 

EXAMPI^ES. 

442. The roots of the following equations are all real. 
Determine their signs ; 

1. aj3-3ar»-4aj + 12=:0. 4. oj^ -f aj* - 4 = 0. 

2. a3-6ar» + 12a;-18 = 0. 5. ic3_3a;_2 = 0. 

3. a5«-ar'-10a; + 24 = 0. 6. a* -ar^- 7a^-|-a? + C = 0. 
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TRANSFORMATION OF EQUATIONS. 

443. To transform an equation into another in which the roots are 
equal to the roots of the given equation bnt have opposite signs. 

Let the given equation be 

a?" -f-paf"^ -f- gaf*""*-]- ••• -f sic* -f- to -f w = 

Substitute — y for x. Since y has the same value as x with 
the sign changed, the equation becomes 

When n is even, the first term is positive, the second nega- 
tive, the third positive, etc., and equation (1) becomes 

y-^pyn-l^qyn-2 ^ gf ^ ty -]- U = (2) 

When n is odd, the first term is negative, the second posi- 
tive, the third negative, etc., and equation (1) becomes 

• '«2r+P3r-'-g2r"' + - + «2/'~<2^+w=o (3) 

Changing all the signs, equation (3) becomes 

yn —py^'^ -f gy«-2 sf']-ty-u = (4) 

By comparing equations (2) and (4), the truth of the fol- 
lowing principle is apparent. 

444. Principle. — An equation may he transformed into 
another having the same roots, hut with opposite signs, hy chang- 
ing the signs of tJie alternate terms, heginning with the second, 

K the equation is incomplete, the missing terms must be supplied by 
writing the missing quantity with for its coefficient. 

EXAMPLES. 

1. Transform the equation a^-faj^ — 4a:^-f3ic — 6 = into 
another having the same roots with contrary signs. 

Solution. 
Supplying the missing term, a;^±0ic*4-a;'--4a52 4-3a; — 6 = 
Changing the signs, x^ T^x^ — oi^ -^ ^x^ -Zx-^%=0 

or, = a^ - a;3 + 4a;2 - 3a; + 6 = 
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In like manner transform the following : 

2. a^ + 3a^-2iB« + 3a?-6 = 0. 

3. i»«-3a^-4iB* + 7a? + 13 = 0. 

4. aj« + 2aJ*-5aj»-3aj + 4 = 0. 

445. To transform an equation into another whose roots are some 
multiple of the roots in the given equation. 

Let the given equation be 

a* +paf-^ -f qar-^ H h ««* + ^« 4- n = (1) 

y 

Let y = maj, a multiple of x ; then aj = — • 

y 

For X substitute — Equation (1) becomes 

£; +i'£s^ + 9^, + •••+«£-, + «£ + « = 

Since m" is the L.C.M. of the denominators, we multiply 
the equation by it, obtaining 

y* -f pmy^~^ 4- grnhf*"'^ -f- •• • + sm'^'^y -f- trtC^y -f- wm* = (2) 
Hence, 

448. Principle. — -4n equation may he transformed into an- 
other whose roots are a multiple of those in the given equation by 
multiplying the successive terms by 1, m, m\ m% etc., m being the 
given factor of the multiple, 

EXAMPUSS. 

Transform the following equations into others whose roots 
are three tim£s the roots of the given equation : 

1. a^-{-Ax -16 = 0. 3. aj3-2aj*-9 = 0. 

2. a^-{-2a^- 3 = 0. 4. ar*-3a; -2 = 0. 
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447. To transform a giyen equation into another whose ooSfficients 
are all integersi 1 being the ooSfficient of the first term. 

By the principle (Art. 446), when m is the L.C.M. of the 
denominators of the coefficients, the transformed equation will 
have integral coefficients, but often a smaller number will 
remove the denominators. 

Thus, transforming aj^ — |a^— ^a— 5f = 0by putting -^ for 
X, we have 

1728 3 144 48 6 
and f^Sf + S6y- 10080 = 

But ^ = a? will transform the equation, and it becomes 

y3 - 42^ + 9y- 1260 = 

In general, take for the denominator of y the smallest number whose 
power corresponding to the highest exponent of x is a multiple of the 
denominators. 

Thus, 216 is the smallest maltiple of 12 which is a cube, and its root is 
6, the denominator of y. 

Transform the following equations into others whose co- 
efficients are all integral, 1 being the coefficient of the first 
term. 

3. !B»-3a!» + ^-^ = 0. 

4 9 

4. a?-Jfx«-3a; + 3J = 0. 

6. a!*-i|a^ + M'»'-Ha' + tHr = 0- 
8. «»-i9!» + |a!-24 = 0. 
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448. To transfonn an equation into another whose roots are greater 
or less than the roots of the given equation by a given quantity. 

It is obvious that the equation a?* — 3iB*-f5aj — 6 = can be 
transformed into another whose roots are less by 2, by 
substituting y + 2 for x. The equation then becomes 

3^-82r*H-2l2^-15y + 4 = 

The process of expanding the binomials and reducing the 
equation is so tedious that a shorter and simpler method has 
been devised. It is determined as follows : 

Assuming the general equation with one unknown quantity 

of +i>ic"-^ -f ga;"-^ H 1- «a:* + fx -f « = (1) 

For X substitute y + ?•. It will then be transformed into 
another equation whose roots are less by r. It will become 

{y + rr -hl^y -f ry-' + - + s{y H- ry + t(y + r) + w = (2) 
Expanding and reducing, (2) becomes 



y" + nr 


3 -r 2 


y'-i + . 




+P 


+ n(M — l)pr 




^pjM-i 




+ <? 




+ ••• 

+ tr 

+ M 



=0 (3) 



Indicating the coefficient of y"~^ by p', the coefficient of 
yn-2 Yyy qi Qj^^ ^Y^Q absolute term by u', (3) becomes 



yn +py-i + gy-2 + . . . s'aj2 + ^'a? 4- m' = 



(4) 



Restoring the value of y, which is x — r, (4) becomes 

{x — ry -\-p'{x — ry-^ -f q'(x — r)~-* + ... «'(a; — r)* 

-\.t\x-r) + u' = (5) 

The first member of (5) is identical with the first member 
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of (1), for the process by which (4) was deduced from (1) 
is simply reversed. Hence, 

flJ* -^paf^'^ H- qaf^~^ -f- ••• -f «b* + <« -|- « 

= (a? — r)» +i>'(a; — r)*-^ + q'{x — r)—^ _|. ...g^x — r)» 

+ «'(aj-r) + w' (6) 

is an identical equation. 

Dividing the second member by a? — r, the remainder w' is 
obtained, which is the absolute term in (4). 

Dividing the quotient by a? — r, the remainder t^ is obtained, 
which is the coefficient of x in (4). 

Hence, if we continue to divide by a — ?-, the successive 
coefficients of x in (4) will be determined. 

Since the first member of (6) is identical with the second 
member, the coefficients of (4), the transformed equation, 
may be found in the same way. Hence, 

449i Principle. — To transform an equation into another 
whose roots are greater or less than the roots of the given 
equation by a given quantity, 

Divide the first member of the equation by x ±r, and con- 
tinue the process until a remainder is found which is indepen- 
dent ofx; then divide this quotient by the same divisor until n 
divisions have been performed. The successive remainders will 
be the coefficients of the transformed equation. 

The result may be obtained more readily and more simply 
by the use of Detached Coefficients and Synthetic Division. 

450. Division of polynomials may be readily performed by 
the use of the coefficients alone, provided care is taken to 
restore the proper literal quantities in the terms of the 
quotient. 

Let it be required to divide o^ — 5 a^ -f 13 by x — 2. 
Since the coefficients of the quotient depend upon the coeffi- 
cients of the dividend and divisor, and not upon the literal 
factors of the terms, the process by detached coefficients may 
be employed. 
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1 _ 5 i + 13 


1-2 


1-2 


1 - 3 - fl 


-3±0 




-3 + 6 




- 6 4- 13 




-6+12 





1 

.-. The quotient is a;^ _ 3^; _ ^ + Rem. 1. 

1. Since the first term of the divisor is 1, the first term of the quotiertt 
is the same as the first term of the dividend. 

2. The other terms of the quotient are the same as the first terms of 
the successive partial dividends. 

3. Each remainder is found by subtracting the product of the first term 
of the partial dividend by the second term of the divisor from the succes- 
sive terms of the dividend. 

4. Since the first term of the divisor is 1, it may be omitted, and if the 
sign of the second term of the divisor be changed, the products may be 
added. 

The process given above may, therefore, be abridged as follows : 

Dividend, 1 _ 6 ± + 13 | +2 

Partial products, 2 — 6 — 12 

Quotients, 1 — 3 — 6 + 1, Remainder. 

.'. The quotient is a;^ — 3 a; — 6 + Rem. 1. 

451. The method of division illustrated above is called 
Synthetic Division. 

Divide by synthetic division : 

1. x*-Ua^-\-71ix^-irAx + 120 by aj-5. 

2. ar^ + 6aj*-10ar^-112a:2__ 207a? -110 by x + 2. 

3. aj^-12ar'^ + 47i»2-72iC + 36 by x-G. 

EXAMPLES. 

1. Transform the equation ar^ — 7a; + 7 into another whose 
roots are 1 less than those of the given equation. 

Solution. 

Using synthetic division, and applying the principle (Art. 449), the 
dividend and successive quotients are divided by ic — 1, or changing the 
sign of the second term, by + 1. 

The coefficients of terms of the polynomial that are wanting must be 
supplied by ± 0. 
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liO-7+7 1+1 
+1+1-6 

Dividing by +1, + 1 - 6 + 1 /. + 1 = Ist Rem. 

+ 1+2 

Dividing by +1, +2-4 /. - 4 = 2d Rem. 

+ 1 

+ 3 .-. +3 = 3dRem. 

Hence, the required coefficients are 1, +3, — 4, and + 1. 
.'. y' + 3 y2 — 4 y + 1 = is tlie transformed equation. 

2. Transform the equation ir* — 27 a; — 36 = into another 
whose roots are less by 3. 

Solution. 

1 ±0-27 -36 L±^ 
+ 34. 9-54 

+ 3-18-90 .-. 90 = 1st Rem. 

+ 3 + 1 8 

+ 6+0 .-. = 2d Rem. 

+ /. 9 = 3d Rem. 

Hence, the required coefficients are 1, + 9, and — 90. 
.-. 2^ + 9 2/2 _ 90 = is the transformed equation. 

3. Transform y*-f8y^-f 21 3/* 4-25^ + 8 = into an equa- 
tion whose roots are 2 greater than the roots of this equation. 

4. Transform the equation 2/* — 15 ^ + 9 = into an equa- 
tion whose roots are greater than the roots of the given 
equation by 5. 

5. Find the equation whose roots are less by 10 than those 
of the equation x^ + 5ic^ — 3ic — 5 = 0. 

6. Find the equations whose roots shall be less by 3 than 
the roots of the equation a?* — 3a^ — ISic^ + 49aj — 12 = 0. 

7. Find the equation whose roots shall be less by 10 than 
the roots of the equation a;^-f3r^ — 3a^-f7a; — 317 = 0. 
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8. Find the equation whose roots shall be less by 2 than 
the roots of the equation J/* + 37^ — 94y + 13 = 0. 

9. Transform the following equation into another equation, 
whose roots shall be less by 3 than the *roots of the given 
equation «* - 22 aj^ + 179 a^ - 638 a + 840 = 0. 

10. Transform the following equations into others, whose 
roots are less by 2 than those of the given equations : 

1. aj*-4aj* + 3ar^-2«2-faj-l = 0. 

2. a:* + 40ar'-20aj2-f 35 = 0. 

3. 2/^-1=0. 

4. aj»-80aj + 90 = 0. 

COMMENSURABLE BOOTS. 

452. Oommenstirable Boots are the integers or rational fractions 
which are roots of an equation. 

They may be either positive or negative. 

EXANPUSS. 

What are the commensurable roots of : 
1. ar'-9a^-f 26ic-24 = 0. 

Solution. 

First. There are three roots (Art. 432). 
Second. All roots are positive (Art. 439). 
ITiird, Their product is 24 (Art. 434). 

The moderate increase in the coefficients as we pass from left to right 
indicates that the roots are not the largest possible factors of 24. 
Try 2 as one of the roots. Then by synthetic division 

1 - + 26 - 24(+ 2 
2-14-24 



-7-1-12 

.'. x^ — 7 a; + 12 = is the equation which will give the other roots. 
Solving, a; = 4 or 3 

.*. The roots are 2, 4, and 3. 
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2. 6aj*-llaj2-|-6ic-l = 0. 

Solution. 

Transforming so that the first term shall have 1 for a coefficient by 
substituting ^ forx, * 

First, There are three roots (Art. 432). 
Second. All roots are positive (Art. 439). 
Third. Their product is 36 (Art. 434). 

Solving, as in Example 1, the roots of the transformed equation are 
2, 3, and 6. Consequently the roots of the original equation are i, i, and 1. 

3. a?*-14aj»4-73x2-170a;-hl50 = 0. 

Solution. 

Try 3 as one of the roots. Then, by synthetic division, the quotient is 
aj8 - 11x2 + 40x- 60 = 0. 

Try 6 as another root. Then the quotient is a;^ _ ^ jc + 10 = 0. 
Solving, the other roots are found. 



1 _ 14 _|- 73 _ 170 + 160 I +3 
3 _ 33 + 120 - 160 

_ 11 4. 40- 50 
6-30- 50 



-6 + 10 

.-. ic2-6x+ 10 = 



Solving, x = S ± V— 1 



.•. The roots of the equation are 3, 5, 3 + V— 1 and 3 — V— 1. 

Find the commensurable roots of the following equations : 

4. aj«-10aj* + 29a;=20. 

5. 6a^-llix^-'Aox-\-T2 = 0. 

6. i»*-f5a:3-28ar^-122aj + 60 = 0. 

7. X* ^ 5a^^ 4:60^ + 152x-{- 192 = 0. 

8. 6a?* - 25058 + 31ic2_ 25a; + 25 = 0. 

9. x^-16a^-i-Sdx^-206x-^16S = 0. 

10. a:* - 48*3 -f- 827 a^ - 6048a; + 15876 = 0. 
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REVIEW EXERCISES. 

453. Find the value of x in the following equations : 

9a;-7 11 4a; + 12 ^14 75a? Ja;-j-6 
2x2 X 6 2x ' 

„ x — bx, ^ a^ — 2b , p 

a — 1 b(x — l) b 

. 6x4- 4a 1.2 1. 1 a^ — Sbx , Qbx — Ba^ 

3. OicH -7 abrz=bx-\ j 

4 a 2a 

4. ^(x^-l)-\-i{x-^2) = 16-^{x + 3). 

x-7 1 ^ 2a?-15 

aj + 7 2(aj + 7) 2a;-5' 

^ 5a;-4 , 12a;-f-2 10a? + 17 
9 llaj-8 18 

7. Vaj + 3+Vi = 



Vaj + 3 



8. Va; + 5 -f VaJ + 12 = 7 . 

9. V« + Va + a; = 



Va-f-^ 

a^(a + c) a^(b -j- c) _ a^ -f g'a? ^ 

(a — 6) (a; — a) (a — 6) (aj — 6) ar^ — a^ 

XX* "^ — c« 

Va + a; — -y/a^x 

,„ Voi + Vft Va—Vb 
iz, — — z = ~ — • 

■\/ax — V6 V6 



V6+Al'&-V6^-6aj 



14. a-^x = yja^-\-x^/b^-]-a^, 



y 



852 
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15. — i^z = -L + ;; ' 

V3a;-f-l ^ 



16. 9a?-f-Vl6a^ + 36a;' = 15ar^-4. 



17. Va*" — 



40 



3a;. 



18. (3aj-f-.5)' + (5aj-.5)*=6(3a;-.5)2H-4.T. 

19. Reduce to its simplest form the expression 



20. < 



VZ254.V^Z49+V-121-V-64+V-l-V-36±0V^::2: 
Solve the following equations : 

5y + 2«=22. 
6m — 4a5 = 14. 
8y + 3w = 31. 

f 4aj — 5y -f 32 + 41; — 5tt = 12. 1 
7y''2z + u-2v==10. 
92; + 3w + 4v — 4a; = 6. 
4:X — Sy-^2z-3u = 10, 

^5u'-4:V'\-Sx — 2y:=7. 



21. < 



22. Va'^ + a^ + a; ^6 
Va^ + iB^-aj c 



23. 



V9a-4 15+V9aj 
V«H-2 Va4-40 



24. aj + Va2 + «2_ 



na" 



Va'-h^ 



26. :.z:i.(^-5)(a: + 5)^^. 



a; 



26. 



12 a; + 4 

Va* — CK^ — Vft* -|- a?^ c 
Va2 - aj^ -f V6' + ic2 d 



-4. 
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29. 



30. 



31. 



32. 



33. 



34. 



35. 



36. 



27. aj + Va2 + ic2 = 



28. 



a^ 



Va^ + o* 
1 



l-Vl-aj2 1+Virr^ 



V3 



7^ 



( 4iB2 + 0^ + 4^2 =58. \ 



a 6 



= 1. 



a + a? 6 + y 
a; -f y = a + 6. 

a^-f y8=(a; + y)a^. 



rar' + 2r=( 
( a; + y = 4. 



} 






a? y 2 



2 ^1 



> 






-1-^ = 21. I 
y = 333. j 

= 3a;.| 



x^ + y^ 



X 



16 y 



37. 



2/2-2aJ3^ = 12. I 
= 432. I 



rr- 



y*-12xf 



38. 



jaj2+3a.^_,,=73_2a:3^. 
<Y4-3y4-a:=44. 



} 



(ar' + 2a^3^ = 441-aj*3^2 

39. 'i _ > 

( a^ = 3 -f a;. ) 
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(2aj-4y)2+aj-2y=5. 



r t:^aj-4y)' 
lar^-v'=8. 



41. 



r2aj +3y =19. 



} 



\5aP 



+ ^y = IV. ^ 
-7.v2 = 62.) 



42 



43 



•{ 
■{ 



45 



■{ 



4 xy -\- x^ff = 96, 
a? + 2^ = 6. 

a^ + y3 = 35. I 

a^ + a^2 „ ;^2. 1 
= 18.) 



} 



-hxf 



aj*H-/ = 20. I 
= 160. 1 



46. 



a^y '\-y^x 



aj*-2^=65. 



47 



48 



iB2 + 2a^ + 2r' + 2a; + 2y = 120. 



raf 4-:5a^ + i 
1 a^ — .V^ = 8. 



r aj' — 2r = t)5. | 
* ix^y'\-xy'=:7S,\ 



} 



^y + xf 
a?-^f-x^y=z9S, 



} 
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49 



iB2+y2:aj2_-2^..25:7. 






} 






52. 



53. 



54. 



51 



•{ 



(Sx + 4.y){7x-2y)-7x-\-2y 



= 44. 1 
= 30.) 



{ 12 :x::y:S. | 



= 14. 



55. < 




x + y = 6, 

{a^ + f)xy = 300. 
337. 



la^ + 3^ = 



} 



56. 



aj-fy 
x — y 

f 



57 



\2x-^xy-^2y 



-2^ = 8.| 
2v = 16.) 



58. 



59. 



60. 



61. 



62. 



63. 



(2{a?-\-f){x^y)=lbxy. | 
.(a. + 2^)2^23^2 = 49. I 
( (« + 2^)««/ = 30. I 



5(a^ + 2/^) + 4a;2^ = 356. 



{ 



} 

= 455. ) 



r a? + y = 5. 



2a;2/-24(aj + 2/) = -240. 
aj2 H- y^ = 100. 



{ 



} 



64. < 



i»(« + y + 2!)=60. 1 

y(aJ + yH-«) = 75. 
»(aJH-y + 2) = 90. 



65. 



fB2 _|- y2 + 2!2 = 125. 

t(a? + y + 2)y = 125.J 



I 
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68 |^^""2^Aaj--r;=a-> 



y-^-Vxy^h. i 
(« — y) (aj2 — y2) = a. 
(« + 2/) («^ + 2/^) 

69. Insert 6 arithmetical means between ^ and |. 

70. Insert 3 geometrical means between 9 and |. 

71. Find the arithmetical mean between f and — ^^, 

72. Find the geometrical mean between 23^ and 4^, 

73. Expand by the binomial theorem (a — xy to five terms. 

74. Expand by the binomial theorem (a"* — 2ir*)*^ to 
five terms. 

75. Expand (1 + 2a? — a;^)^ by the binomial theorem. 

76. Find the fifth term of (a"* -f-2aj*)^^' by means of the 
binomial theorem. 

77. Find the approximate value of ^125 to five decimal 
places, by the binomial theorem. 

1 — a; 

78. Expand — to five terms in ascending pow- 

-I — o X — ^ Ou 

ers of X. 

79. Separate ^-— - into partial fractions. 

ar — 1 

5 a;^ 4- 10 a; 4- 4 

80. Separate -^— - -^ — -— into partial fractions. 

3/ 4" *^ •^ 4" ^ ^ 

81. Show that 2 is a root of the equation aj^ — 7ar^4-14aj — 
8 = 0. 

82. Show that 3 is not a root of the equation aj^ — 3aj* 4- 6 a; 
4-8 = 0. 

83. One root of the equation ar^ — 11 a*- 4- 37 a; — 35 = is 5. 
Find the other roots. 

84. Form the equation whose roots are 1, — 2, and — 4. 
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86. Given 3a; -f 5y-f 7« = 100 and Sx + 4.y -\- 5 z== 100. 
Find all the different possible values of x, y, and z in whole 
numbers. 

86. Separate 590 into two parts, so that their product shall 
be 80464. 

87. Divide the number 327 into three parts proportional to 
the numbers |, 6, and |. 

88. A gentleman bought a horse for a certain sum. He 
afterward sold him for $ 144, and gained as much per cent, as 
the horse cost him. How much did he pay for the horse ? 

89. An engraving, whose length was twice its breadth, was 
mounted on Bristol board, so as to have a margin 3 inches 
wide, and equal in area to the engraving, lacking 36 inches. 
What was the width of the engraving ? 

90. There is a stack of hay whose length is to its breadth 
as 5 to 4, and whose height is to its breadth as 7 to 8. It is 
worth as many cents per cubic foot as it is feet in breadth ; 
and the whole is worth at that rate 224 times as many cents 
as there are square feet on the bottom. What are the dimen- 
sions of the stack ? 

91. I let fall a stone into a deep pit, and I hear it strike 
the bottom in seven seconds. Granting that a falling body 
falls 16 feet the first second, four times as far in two seconds, 
nine times as far in three seconds, and so on, also, that sound 
travels 1100 feet per second, how deep is the pit ? 

92. The hypotenuse of a right triangle is 24 feet more 
than the base, and 3 feet more than the perpendicular. 
Determine the sides of the triangle. 

93. A farmer had two flocks of sheep, each containing 147. 
From the first flock he sold a certain number, and from the 
second a number expressed by the same digits inverted. One 
flock then contained twice as many sheep as the other. How 
many did he sell from each flock ? 
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94. There are two vessels, one holding a gallons of wine, 
the other holding h gallons of water. Determine the capacity 
of a third vessel, such that if it be separately filled from each 
of the first two, and the liquor from each be poured into the 
other, the resulting mixtures shall contain like proportions 
of wine and water. 

95. The base of a right-angled triangle is 20 inches, and is 
a geometrical mean between the hypotenuse and the per- 
pendicular. What is the hypotenuse ? 

96. It is required to find three numbers, such that the 
difference of the first and second shall exceed the difference 
of the second and third by 6, the sum of the numbers shall be 
33, and the sum of the squares 441. 

97. A piece of cloth, by being wet in water, shrinks one 
eighth in its length, and one sixteenth in its breadth. If the 
perimeter of the piece is diminished 4J feet, and the surface 
5f square feet by wetting, what were the length and breadth 
of the piece ? 

98. A rectangular lot is 119 feet long and 19 feet broad. 
How much must be added to the breadth, and how much taken 
from the length, in order that the perimeter may be increased 
by 24 feet, and the contents of the lot remain the same ? 

99. From two towns, 396 miles apart, two persons, A and 
B, set out at the same time, and traveled toward each other. 
After as many days as are equal to the difference of miles 
they traveled per day, they met, when it appeared that A had 
traveled 216 miles. How many miles did each travel per day ? 

100. Find two numbers such that their sum, their product, 
and the difference of their squares may be all equal to one 
another. 

101. Find two numbers, such that their product shall be 
equal to the difference of their squares, and the sum of their 
squares shall be equal to the difference of their cubes. 
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102. A miner bought two cubical masses of ore for $ 820. 
Each of them cost as many dollars per cubic foot as there 
were feet in a side of the other ; and the base of the greater 
contained a square yard more than the base of the less. What 
was the price of each ? 

103. A May-pole was broken by the wind in such a manner 
that 4 times the upper or broken part, added to 6 times the 
remaining part, was equal to 5 times the whole, and 28 over; 
and the proportion of the former to the latter part was 9 to 
16. Required the height at first. 

104. Two messengers start from the two towns, A and B, 
to travel toward each other, but one started 2 hours earlier 
than the other. They meet each other 2^ hours after the 
starting of the second messenger, and they reach the towns, 
A and B, at the same instant. In how many hours did each 
messenger perform the journey ? 

105. A ship, with a crew of 175 men, set sail with a supply 
of water sufficient to last to the end of the voyage ; but in 30 
days the scurvy made its appearance, and carried off 3 men 
every day ; and at the same time a storm arose, which pro- 
tracted the voyage 3 weeks. They were, however, just 
enabled to arrive in port without any diminution in each 
man's daily allowance of water. Required the time of the 
passage, and the number of men alive when the vessel reached 
the harbor. 

106. What are the dimensions of a rectangular court, which, 
if lengthened 7 feet and made 4 feet broader, would contain 
363 feet more ; but if made 4 feet shorter and 3 feet narrower, 
would be diminished 208 feet ? 

107. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and finds the remainders in the proportion 
of 4 to 7. He then puts into the less 3 gallons, and into the 
greater 4 gallons, and the proportion is that of 7 to 12. How 
many gallons were there in each at first ? 
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108. A and 6 traveled on the same road, and at the same 
rate, from Cumberland to Baltimore. At the 50th milestone 
from Baltimore, A overtook a drove of geese, which was pro- 
ceeding at the rate of 3 miles in 2 hours, and 2 hours after- 
ward met a wagon which was moving at the rate of 9 miles 
in 4 hours. B overtook the same drove of geese at the 45th 
milestone, and met the same wagon 40 minutes before he 
came to the 31st milestone. Where was B when A reached 
Baltimore ? 

109. In one of the corners of a rectangular garden there is 
a fish-pond of similar shape, whose area is ^ of the whole 
garden, the periphery of the garden exceeding that of the pond 
by 200 yards. If the greater side be increased by 3 yards, 
and the other by 5 yards, the garden will be enlarged by 645 
square yards. What is the length of each side of the garden ? 

110. The number of deaths in a besieged garrison amounted 
to 6 daily ; and, allowing for this diminution, their stock of 
provisions was sufficient to last 8 days. But on the evening 
of the sixth day 100 men were killed in a sally, and after- 
ward the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth day to 
support 6 men for 61 days, it is required to find how long it 
would support the garrison, and the number of men alive 
when the provisions were exhausted. 

111. A wall was built round a rectangular court to a certain 
height. The length of one side of the court was 2 yards less 
than 8 times the height of the wall, and the length of the 
adjacent side was 5 yards less than 6 times the height of the 
wall. The number of square yards in the court was greater 
than the number in the inside face of the wall by 178. 
Required the dimensions of the court, and the height of the 
wall. 

112. Find the value of Vf to within .001. 

113. Find the value of . V355 + Vm ^^ ^.^^.^^ ^^ 

^ V355 - Vll3 
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114. Find the commeDSurable roots of the equation 7^ — 

115. Find the commensurable roots of the equation oi^ -\- 
4a;'-«2-16a;-12 = 0. 

116. Find the commensurable roots of the equation a^ — 
12a^ + 47aj* - 72aj + 36 = 0. 



